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Abstract In this note we investigate the generalized modulus of convexity V) and
the generalized modulus smoothness p*). We find some estimates of these modulus for
X = {,. We obtain inequalities between WCS coefficient of a Kéthe sequence space

X and 5&)-‘). We show that for a wide class of Kothe sequence spaces X if for some

1 V3

e € (0, 55] holds dx(g) > 3 <1 — 2) g, then X has normal structure.
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1 Introduction

The weakly convergent sequence coefficient WC'S(X) of a Banach space X was intro-
duced by Bynum in [1]. The connections of the coefficient WC'S(X) with some geomet-
ric parameters is widely investigated. The notation of normal structure was introduced
by Brodskii and Milman in [2]. A reflexive Banach space X with WCS(X) > 1 has
normal structure [1].

Inequalities between the weakly convergent sequence coefficient WC'S(X) and the
modulus of smoothness px and the constants J(X), Cy;(X) are found by in [3]. These
inequalities are used to show that if J(X) < (1++/5)/2 or Cys(X) < (1++/3)/2 then

0
X has normal structure [4, 5]. It is known that if px(f) < ) holds for some 6 € (0, 1]

then X has normal structure [6]. This result was sharpen in [3] by the statement if

0—24++0%2+4
px(0) < 5

The generalized modulus of convexity 0V was investigated by [7]. It was shown
there that 5 shares the same properties as like as the Clrakson modulus of convexity

J.

holds for some 6 € (0, 1], then X has normal structure.

Following the ideas in [7] we define a generalized modulus of smoothness p® and
we show that 6 and p™ are connected by the same formula as are 6 and p. We obtain
some upper and lower estimates for 58) and pé;\), for p > 2, which are sharp for p = 2.

1
According to [8] if dx () > € holds for some ¢ € (0,3/2] then X has uniform normal

V3

1
structure. Following the ideas in [3] we show that if dx(g) > 3 (1 - 2) e holds for

some ¢ € (0, %] then X has normal structure, provided X is a Kothe sequence spaces.
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2 Preliminaries

We use the standard Banach space terminology from [9]. Let X be a real Banach space,
Sx be the unit sphere of X, N be the set of natural numbers and R be the set of the
real numbers. Let (Y stand for the space of all real sequences i.e. z = {z;}2, € °,
x; € R for every ¢ € N.

For a sequence {z(™}°° | of X, we use the following notation:

A{a®}) = Timsup{]le® — 20| 17,5 > n.i # j).
n—oo

Definition 2.1 [1] The weakly convergent sequence coefficient of X, denoted by WCS(X),
1s defined as follows:

WCOS(X) = sup{k: for each weakly convergent sequence {x™}> . there ewists

some y € co({x™} ) such that klimsup||z™ —y|| < A({z™})},
n—0o0

where co({x™1%° ) denotes the convex hull of the elements of {x(™}°2 ;.

It is easy to see that 1 < WCS(X) < 2. A Banach space X is said to have weak
uniform normal structure if WCS(X) > 1 [10].

Recall that a Banach space has Schur property if every weakly null sequence is
norm null. We will assume in the sequel that the Banach spaces, we investigate are not
Schur spaces. Thus there exists a weakly null sequence {z(™1}>°, € X, which is not

norm null. We will use the notation ™ —% 0 to indicate that {2(™}>°, converges
weakly to zero.

It is known that Banach space with normal structure has the fixed point property
2, 1], and every reflexive Banach space X with WCS(X) > 1 has normal structure

[1].

Definition 2.2 A Banach space (X, || - ||) is said to be Kithe sequence space if X is a
subspace of 19 such that

i) Ifxel’, ye X and |x;| < |yi| for alli € N then x € X and ||z]] < ||y|;

ii) There exists an element v € X such that x; > 0 for all i € N.

A sequence {v;}22, in a Banach space X is called Schauder basis of X (or basis
for short) 1f for each x € X there exists an unique sequence {a;}° =% of scalars such

that z = Za v;. If {v;}5°, is a basis in X such that the series Za v; converges

=1
whenever sup Zaivi < 00, then it is called a boundedly complete basis of X. A

neN ||;—1
Pn+1
sequence of non zero vectors {z(™}% | of the form Y a;v;, with {a;}22; scalars and
i=pn+1

0 =p1 < p2 < p3...an increasing sequence of integers is called a block basic sequence
or block basis of {v;}°, for short. By {e;}32, we denote the unit vectors.
The main tool in thls note will be the next theorem:



Theorem 1 [11] Let X be a Kothe sequence space with {e;}2,~boundedly complete
basis. Then

Pn+1
WCS(X) = inf {A({x(”)}) ca = 3" w,(i)e; € Sx, L 0,0=p, <ps<Dps.. } :

i=pn+1

Modulus of convexity [12] is the function dx : [0, 2] — [0, 1] given by

ix(e) =it {1- |2 s vy € Bl -yl 2 <}
It is well known [13] that
rT+y

5x(2) :inf{l _

| oy e S llo =yl =} (1)
In [7] a generalized modulis of convexity (5&}\), A € (0,1) is defined by
0% () = inf {1 — [ Az + (1= N)y|| : 2,y € Sx. [l —y|| > ¢}

and is investigated. It is shown there that 5&?) shares the same properties as like as dx.

3 Main result

Theorem 2 Let X be a Kdithe sequence space with basis {e;}52, both shrinking and

1 3
boundedly complete. If 0x(e) > = <1 — \é_> e for some ¢ € (0,9/10], then X has

3

normal structure.

4 Generalized Modulus of Convexity and Smoothness

Let us recall that modulus of smoothness py is defined by the formula:

1
px(r) = sup {5 (Ila + 7yl + llo =7yl = 2) s 2y € Sx |

Lindenshtrauss proved in [14] that

px+(T) = sup{g8 —0x(e) e €0, 2]}

and
TE

px(T) = sup {2 —dx+(e) e €0, 2]} ,
where px+ and dx« are the modulus of smoothness and convexity in the dual space X*
with respect to the dual norm || - ||*.

Following the same idea as in [14, 7] we define the generalized modulus of smooth-

ness pg?) by

2A 2(1 — XNz — -2
pgpm_sup{n 47l + 120 = Ve = ||x||:wesx}?ke(o,l),wo,




Theorem 3 Let X be a Banach space with a generalized modulus of convezity 5&’\) and

p§?2 be the generalized modulus of smoothness of the dual norm || - ||*, then for any
7 > 0 holds
TE
PR =sup { = 00 (e) e e 0,21}, )

and let pg?) be the generalized modulus of smoothness and 5&?) be the generalized modulus
of convezity of the dual norm || - ||*, then

PO (r) = sup {7'25 —5V(e) e € [0, 2]} | (3)

Proof: We will prove (2), the proof of (3) is similar.
We claim first that for any e € [0,2] and any 7 > 0 the inequality

Wy s TE
-2
holds. Indeed let x,y € Sx be such that ||z — y|| > €. Choose f,g € Sx+ such that

(4)

SOz + (1 =Ny) =[[]Az+ (1 =Nyl and gz —y) = |z —y|.
From the definition of p$) we have
200 (r) = |20 +7gll" +[12(1 = A)f — gl — 2
> (2Af+7g)(x) + 2L =) f —Tg)(y) —2
= 2Mf(2) +2(1 = A)f(y) + 7g(x) — Tg(y) — 2
2(f(Ax) + f((1 = Ny)) + 79(x —y) — 2

= 2f( Az +(1=Ny)+7g9(x —y) — 2

= 2z + 1 =Nyl +7llz -yl -2

v

2| Az + (1 = Nyl + 7e — 2.

Hence the inequality
TE A
L=+ (1= Nyl = 5 = pR(7)

holds for every € € [0,2], 7 > 0 and z,y € S, such that ||z — y|| > e. Thus from the
definition of 5&?) we get (4) and consequently

pﬁ?)(r) > sup{gE —6&?)(5) tE€ [0,2]}.

To prove the converse inequality, let 7 > 0 and f,g € Sx~. For any n > 0 there
exist x,y € Sx such that

A +79)(x) = [2Af +79lI" —n

4



and
2A=Nf=79)(y) 20 =N f —7g/I" —n.

Therefore
12Af + Tgll* +12(1 = A f —7gll* <2Mf(2) +2(1 = A) f(y) + 7g9(x) — T9(y) + 2
= 2(f(A2) + f((1 = Ny) +79(z —y) + 2
= 2(f(Ax+ (1 = Ny) +7g9(x —y) + 21
< 2 Az + (1= Nyl + 7g(z —y) + 2n.
Put e = ||z — y|, then | Az + (1= N)y| < 1 -6 (). Therefore
120 +7gll* + 200 = N f — 7gll <2 —269)(e) + 72 + 20

and consequently

12Af +7gll" + [[2(1 = A)f = 7gll* = 2|l _ 7= _
)

5 0% () + .
Thus

2) 20 =N f =Tyl -2
I2A7 7ol 120 - N7 =l =ML g (72 0y 0 < <2 g

Since 1 > 0 is arbitrary chosen, we get

2 201 = A f — TgF =2
12\ f + Tgl* + [|12( . A —7gll” =2 f]] Ssup{;é‘_(;g?)(g):ogggg}’

le.
pg}\)(T) < sup{T; - (55}\)(5) 0<e< 2}.

The dual statement is obtained similarly. a

Proposition 4.1 Let X be a Banach space with generalized modulus of convezity 5&?).
Then

8 (e) = inf{1 — Az + (1 = Nyl : 2,y € Sx, |z — yl| = €}
Proof: By a simple geometric argument we have
0 (e) = inf {1 — Az — (1 = Nyl : z,y € Bx, ||z — y|| = £} .

Also, by multiplying x and y by the same number so that one of them reaches Sx we
have:

() = inf{1—[[]Ax— (1 - Ny : 2,y € By, |Jz — y| = €}
= inf{1— Az — (1 - Nyl :z € Sx,y € Bx, ||z —yl| =¢}.
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Consider the half plane H cut by the line through =z and —z in which y lies.
Consider the family of pairs of points {u,u +y — x}, u € HN Sx. If u = z, then
u+y—x =y € int By. If uis the intersection of the ray x + t(y — ), t > 0 with
Sx, then v +y — x &€ Byx. Therefore, by continuity there is u € Sx N H, such that
u+y—x € Sx. Let £, be the line through u, 2 and ¢; be the line through Az + (1 — M)y,
u+(1—A)(y—x). By

Az 4+ (1 =Ny = (u+ (1 =Ny —2)=r—-y

it follows that ¢; and ¢, are parallel. Let w be the intersection of ¢; with the ray
emanating form the origin and passing through Az + (1 — A)y and z be the intersection
of ¢ with the ray emanating form the origin and passing through u + (1 — \)(y — z).
By argument using similar triangles it follows that there is o > 0, such that

12l = allu+ (1 =Ny =), fwll = afrz+ (1 =Nyl

There are two cases:

1) The points z, u, w, z are in this order in the ray emanating from = and going through
u. By convexity of the norm function on this ray it follows that ||z|| > ||w| > ||u] =
|z|]| = 1 and therefore ||u+ (1 — A)(y — x)|| > [[ Az + (1 — N)y]l.

2) The points z, w, u, z are in this order in the ray emanating from = and going
through u. By convexity of the norm function on this ray it follows that ||z|| > ||u|| =
1 =||z]| > ||w]| and therefore ||[u + (1 — X\)(y — z)|| > || Az + (1 — N)y]|.



Put in both cases v = u +y — x. Then u,v € Sy, |lu—v| = ||r — y| and
[Av+ (1= Nul| = [lu+ (1 =)y —2)| = [[Az+ (1= A)yl| 0
Let H be a Hilbert space. It is easy to check [7], that the equality (59)(&‘) =

- <1 — (M1 A))2>1/2 holds.

Proposition 4.2 Let X be a Banach space and H be a Hilbert space. Then the in-
equality
A A
0% (e) < 8 ()

holds for every € € [0,2] and any X\ € (0,1).
Proof: Since, by a well known theorem of Dvorezky [15], every infinite dimensional

Banach space contains nearly isometric copies of ¢ for all n it follows that

1/2

sV <1 (1 _ (g M1 — )\)>2> — sV (e)

for every € € [0,2] and any A € (0,1). O
There is a direct geometric proof of Proposition 4.2 for A = 1/2 [16].
For the next several Lemmas we will need the following function:

oM () =1 - 60() + <1 1o - A)) ‘.

Lemma 4.1 For any Banach space X with a generalized modulus of convexity 5&?) the
inequality

1§a(’\)(t)§1+<1— 1—/\(1—)\)>t (5)

holds for every t € [0, 1].



Proof: The righthandside inequality is obtained if taking into account that 5&?) (t) >0
for every t € (0,2] and X € (0,1).

By Proposition 4.2 it follows that 6" (£) < 6% (t)=1-— \/1 — t2A(1 — A) holds for
every t € [0,2]. Tt is easy to check, that for every ¢ € [0, 1] the inequality

\/1—t2>\(1—)\)21—(1— 1—)\(1—>\))t

holds. Therefore for every A € (0,1) and every t € [0, 1] the inequalities

aM(t) > 16+ (1-\/1-A1-N)t

= J1-2A1-N+(1-/1-a1-N)t>1

hold for every ¢ € [0, 1]. O
For simplicity of the notations let put: WCS(X) = d,

farea(t) = (d+e) (1= JT=M1=N)) 2+ (d+e—1+/1-AN1-X))t—-2+¢,
Doy=(d+e—1+ 1—>\(1—/\)>2+4(2—5)<1— 1= A1-)))(d+¢) and
L—d—c—/1-M1=X) +,/De»

2(d+e) (1—/1-21-))

Lemma 4.2 Let X be a Banach space and X\ € (0,1). Then for any t € [0,a(d, \))
there exists eg > 0, such that for every € € (0,e0) the inequality

RN Il
dre\ amp) =

a(d+¢e,\) =

holds.

Proof: By (5) we have the inequality:

1 1—-¢ 1 1—¢
d+e (HQ‘”(t)) = T (1+1+(1\/1)\(1>\))t)'

1 1-—
The inequality 1+ c > t is equivalent to the in-
d+e L4 (1= /1=21-N)t
equality

Jarea(t) <0. (6)

For any ¢t > 0, A € (0,1), 0 < &1 < &5 holds
Jare a(t) < faren(t), (7)

and for any ¢ > 0, A € (0,1), 0 < ¢; < t5 holds
Jaren(t1) < fayen(ta)- (8)

8



By faren(0) = =24 ¢ < 0, for € € [0,2) it follows that for every ¢ € [0,2) and
every A € (0, 1) the two roots ¢; and t5 of the equation:

Jarea(t) =0 (9)

have different signs.

Denote by t. ) the positive root of the equation (9). Then ¢, = a(d + ¢, \) and
tor = a(d, X). Obviously lim._,ot. y =t for any A € (0,1).

By (7) for any 0 < €; < €2 < 2 we have the inequalities 0 = fu1o, 2(t:,0) <

fd+52’)\(t517)\) and 0 = fd,)\(to,/\) < fd+€17)\(t07,\) and therefore tsz,)\ < tsl,)\ < t07)\ = a(d, )\)
Thus for any ¢ € [0,a(d, X)) there is g9 > 0, such that ¢ < ¢, < to.» = a(d, A) and for
any € € (0,0] using (7) and (8) we get

faren () < fareor(t) < fateon(teon) =0,
which is (6). O

Theorem 4 Let X be a Kdthe sequence space with {e;}32,~boundedly complete basis
and with a generalized modulus of convexity 5&?). Then for any t € [0,a(d,\)) the

mequality
AW _.1— _
WOSY) L= 20 + A (1= /1=21 - 1))t 10)
(1= ) =01 + (1= 1= M1 = X)) 1)
holds.

L+ A (1= /1=21-N)t
Proof: If 5&?) = 0 then ( ( >>

< 1 and consequently (10) holds
L4+ (1—/1=21-N)t

true.
If 6 (t) > 0 for every t € (0,2] and every A € (0,1) then X is reflexive, because
according to [7]

2min{\, 1 — A}o(t) < 6N (t) < 2max{\, 1 — \}6(¢t)

for A € (0,1). Let {z,}52, be a weakly null, block basic sequence in Sx. Assume

that d = lim |zn — @ || exists and consider a normalized functional sequence
n,m — 00

m#n
{zZ}>°, such that z¥(x,) = 1. Note that the reflexivity of X guarantees that there

exists * such that a7 Y 2*. By Lemma 4.2 for every ¢ € [0,a(d, \)) there exists &,
such that for every ¢ € (0,¢p] the inequality




holds. Choose an arbitrary € € (0,¢¢], then there exists N € N, large enough so that
|z*(xN)| < €/2 and

d—e<|zy —xn|| <d+e
for all m > N. Note that
n — Tm
d+e

TN

Hgl and H < 1.
d+e

lim ‘
n,m — 0o

m#n

By the assumption that X is a Kothe sequence space and that {x,, }°°, be a block basic
sequence we have that ||z, — z,,|| = ||z, + 2.,|| holds for every n,m € N. Therefore we
can choose M > N large enough, such that the inequalities

$N+$MH
d+e

IN —TMm ) ( )
<1<1-— +(1—4/1—=X1-— 11

|(z3; — ) (zn)| < /2 and |z ()| < €/2 hold. Hence

(2 (n)] < [(@hy — 2%) ()] + 2" (2n)] < e
XN—XM XN+XM

d+e¢ " (d+e)aM(t)
easy to see that oV (t) < 2, therefore z,y € Bx. We will need the next two inequalities

A (@) +1 = Nay — AaM () — 1+ Ny
(d+e)aM(t)

o (e +1 = Naj(ex) — Aa®(E) — 1+ Ny (za)

- (d+e)aM(t)

S ANty +1—-A—¢

- (d+ e)aM(t)

By (5) it follows that o™ (¢) > 1 and it is

Az + (1 =Nyl =

and
1@ (#) + Day — (@M (1) = Day|
(d+ €)aM(t)
(W (@) + Dy (war) — (@ (1) = Dy, (xn))
(d+ e)aM(t)

lz -yl =

v

aMN(t)+1—¢
— (d+e)aM(t)
By Lemma 4.2 we get the inequalities

aM(t)+1—¢ 1 1—¢
— > > 1 > t.
le=vl = G Samay = d+5< * )

By the definition of 5&?), we obtain

AaMNE)+1—-X—e
daM(t)

X <1 e+ (1 -Nyl <1-

10



Letting ¢ — 0 we get

(\)
1= = =50

Consequently the inequality

AW (#) +1— 1—>\5§?)(t)+)\(1—\/1—)\(1—>\))t 12)

= (1= )a () (1-0Qm) (1 - o) + (1- 1= A1 -N))t)

holds for any weakly null, block basic sequence {x,}>2, C Sx. Since t € (0,a(d, \))
was arbitrary choosen we get that (12) holds for every ¢ € [0,a(d, \)) and therefore
according to Theorem 1 we get (10). O

Corollary 4.1 Let X be a Kdthe sequence space with {e;}2,-boundedly complete basis
and with a modulus of convezity dx. Then for any t € (0,a(d,1/2)) the inequality

2—0x(t)+ (1— )t
WCS(X) > =
2(1 = dx (1) (1 — ox(t) + (1 — %) 1)

(13)

holds.

Corollary 4.2 Let X be a Kdthe sequence space with {e;}2,~boundedly complete basis
and with a modulus of convexity dx. Then for any t € (0,a(2,1/2)) the inequality

2—0x(t)+ (1— )t
WCS(X) >
2(1 = 6x(1)(1 = dx(t) + (1= ) 1)

holds.

Proof: It is easy to check that a(d, 1/2) is a decreasing function and therefore [0, a(2,1/2)) C
[0, a(d, 1/2)).

Corollary 4.3 Let X be a Kdthe sequence space with {e;}52, both shrinking and bound-
edly complete basis and with a modulus of convexity dx. If

3+2<1—\§>t—$9+4<1—f)tw(l—\@)z#

2

5x(t) > 1

for some t € [0,a(2,1/2)) then X has normal structure.

Proof: If the inequality

> 1 (14)



holds for some t € [0,a(2,1/2)) then by Theorem 4 it follows that WCS(X) > 1. The
inequality (14) is equivalent to

20% (1) — <3+2<1—\§> t) Sx(t) + <1—\é§>t<0 (15)

i.e. if the inequalities

o217 $ i)y

4

3”(“2) J‘gﬂ(l ?>H4<l_\§>tz. (17)

hold for some t € [0,a(2,1/2)) then WCS( ) > 1. It is easy to check that the
inequality (17) holds for every t € [0,2]. That’s why if holds

a(1-F)e- a1 2] a1 )
!

for some ¢ € [0,a(2,1/2)) then holds (14) and thus WCS(X) > 1. According to [1] a
reflexive Banach space X with WC'S(X) > 1 has normal structure. To finish the proof
we need to mention the well known fact that a Banach space X with a basis {e;} is
reflexive iff {e;} is both shrinking and boundedly complete. O

&

dx(t) > (16)

(Sx(t> <

5x(t) >

5 Proof of the main result

By the inequalities

3+2<1_?>t_J9+4<1_\f)t+4<1_\§>t2 1<1_\/§>t

<
4 -3

for every t € [0,a(2,1/2)), 0.9 < a(2,1/2) and Corollary 4.3 the proof follows. O

6 Some estimates of 52) and pg‘)

Lemma 6.1 For every a,b € R, p > 2 and X € [0,1] the inequality

p
2)10/2

A 4+ (1=X)b MN (a — b)

p/ A(1=X) (a _ b)

2p—2

< (])\a (1= b+

holds

12



Proof: The proof follows right away if taking into account that in R* ||z + y||, <
|z + y|l2, where z = Aa + (1 — A\)b and y = /2= (q — b). O

2p—2

Lemma 6.2 For every a,b € R, p > 2 and X € [0, 1] the inequality

N

(Aa+ (1 =N)b)?2 + (Mg,s (a—b)>2

) ) (19)
< <A2 + ({5 ) b ((1 -2+ (152 )
holds
Proof: Obviously
(o + (1= A+ ( /\(;p;)\)(a—b))
= Aa®+ 21— Nab+ (1 — N\)?p* + (1/ ) a* — 2ab + b?)
e (PEENY
ot w)) (e (55
- M(( A(l—)\) )
o2
I /\(1 /\(1 -
<(A(zp o)
because for any A € (0,1) holds
p=2 2(p=2)
7 -0 v
and thus p>\<;p_2)\)—)\(1—)\)>0. O

Lemma 6.3 For every a,b € R, p > 2 and \ € (0,1) the inequality

a? ()\2+ (;7)\(;1)—2)\)) ) +b? ((1_)\)2+ (p)\(;p—;\)) )
- (20)
< o+ PP (2500 - (3 4+ (- 0%) )

holds

13



Proof: By Holder inequality we get the inequality:

N NN TS TAY
#(P5=7) - e (i)

and

= <a2+b2>(”w>

(|a2|p/2 + |b2|p/2)2/p(1 34 153) 5 ( o A=) /\)) (21)

o2 ( M1 — )\)>2

p—2 2
= (Jap -+ P25 ()

IN

= (la]” +16/)

p—2

X+ B2 (1= N2 < ([af + [BP)YP (\)772 + (1= N)2)72) 7. (22)
Now by (21) and (22) we get the proof. O

Theorem 5 Forp > 2 and any A € (0,1) and € € [0,2] holds:

P\ 1/p p\ 1/p
1— (1 = (g” A(;p;k)) ) <6M(e)<1- (1_ <5pm(2£_—1 A)) ) _

Proof: For any =,y € Sy, and A € (0,1) by Lemmas 6.1, 6.2 and 6.3 we have

[e.e]

Z |>\$k +

k=1

IN

IA

IN

IN

s/ s
2 (2 r + 2

N yxl? + Z |SU1<: —yil?

2 P/2
0 SN — A
S Az +(1—A yk’2+2( )> $kyk2>

k=1

2 p/2

0o 2/p . ) . o\ 52 p/2
(Z(kalp + kalp)> <2PP(A(1 — )7+ (AM +(1- A)pz> )]

k=1

[ _p=2 _a a5\
22/p P27 v + (2.2 p—z)
: —p—2 p/2

2 )} =1.

2

P p\ 1/p
Hence ||)\x+(1—)\)y||p+<5 Y Ag,f;“) < 1 and therefore (52)(5) > 1—<1 - (5 Y A;,:;“) ) :
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For the proof of the righthandside inequality let define:

I P ePA(1 — )
1—2/1—J1 (

1— |2X — 1]p)20-2"

o A1 =A)
PETRTE T 2a — 1p)2?

and z; = y; = 0 for i > 3. Consider x = {z;}2,, y = {y;}32,. Obviously |z|" =

o ePA(1—X) ePA(1-)) N
Hpr =1- (I=]2x—1[p)2r—2 + (1—[2x—1|p)2r=2 1

Az + (1= Ny|P = |Az1— Ay + 1P + [Axe — Aye + 2|P = |11]P + [2Ay2 — yo|?

EPA(1-)) A=A
= Tz T ez 22 — 1P

P
= 1- (5\”/ A;}”)

and PA(1 = \) A1 =)
6 pR— —
P = —o|P = 9P — eP 23
Claim 6.1 For any A € (0,1), and p > 2 holds the inequality:
AL — A) >1— |21 — 1], (24)

Proof: WLOG we may assume that A € (0,1/2]. Consider the function
Fo(A) = 2pA(1 = A) — 1+ (1 — 2\)7.

By f1(A) = 2p—dpA—2p(1—2)\)P~" = 2p(1— 20— (1—2)\)7"1) > 0 for any A € (0,1/2],

p > 2 it follows that 0 = f,(0) < f,(A\) for any A € (0,1/2], p > 2 and the Claim is

proved. O
Now by (23) and (24) we get that

2
o=yl = \f
P
p\ 1/p
1 _
(Sé:) (5\p/ 2/p> S 1-— (1 — (5 Y )\(2;02)\)) ) 5

p\ 1/p
o/ PA(1 — A
652\)(5) S 1— (1— (8 (2[)—1)> ) .
O

Remark: For p = 2 the estimate obtained in Theorem 5 is exact and coincides
with the result in [7] that

0 =1- (1 (et —a)) "
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Therefore

1.e.



Theorem 6 For any Banach space X the inequality

72

95) >+ -1
px (1) J AN(1—N)
holds for every T >0 and X\ € (0,1).

Proof: By Theorem 3 we have
A re A re A
PRI = subpceca {5~ 052(0)) 2 subocess {5 — 0 () ]

= SUPp<.<o {%5 -1+ \/1 —e2\(1 - /\)} :

Put re
fe)=5 -1+ V1—e2A(1 - \).
It is easy to check that f(e.) > f(e), where ¢, = ! is the

VAN (L = N2+ 72A(1 = \)
solution of the equation:
’ T 57-A<]_ — )\)

f<€T>:2_\/1—52>\(1—)\) -

Therefore

() = )

_ 7’ T T2M(1 - \)
204X (1 — A2+ 72A(1 — \) AN(1 = A2+ 72A(1 = A)
B 724 4N(1 = \) . VAN =) 1

20/ A1 — N)(A(L = A) + 72) 2,/A(1 = \)

2
.
= 1+ ——1.
\/ P YFESY
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