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CHEBYSHEVIAN COMPOSITIONS IN FOUR
DIMENSIONAL SPACE WITH AN AFFINE
CONNECTEDNESS WITHOUT A TORSION

Musa Ajeti

Abstract. Let A4 be an affinely connected space without a torsion.
Following [7], we define the affinors a2 and b2, that define conjugate
compositions X X Xoand Y x Y, in As. We define a third composition
Z X Zz with the help of the affinor ¢ 2 = ic2, (i* = —1), where & =
—a2b%. We have found a necessary and sufficient condition for any of
the above composition to be a (ch-ch) composition. We have found the
spaces A4 that contain such compositions.We have shown that if the
compositions X x X2, Y x Y2 and Z x Z» are of the kind (ch — ch) then
the space A4 is affine.
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1. Preliminary

Let Ayx be a space with a symmetric affine connectedness without a tor-
sion, defined by I'? 5 Let us consider a composition X,, x X,, of two differen-
tiable basic manifolds X,, and X,, (n + m = N) in the space Ay. For every
point of the space of compositions Ay (X, x X,,) there are two positions of
basic manifolds, which we denotes by P(X,,) and P(X,,).

The defining of a composition in the space Ay is equivalent to the defining
of a field of an affinor a2, that satisfies the condition [2], [3]

(1) a? af = op.

g
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The affinor a? is called an affinor of the composition [2]. According to [3]
and [5] the condition for integrability of the structure is

(2) ajVia g —agVig agy = 0.
The projective affinors a2 and @9 [3], [4], defined by the equalities
ng _ Liss o o8 mg _ Liso _ o0
ah = (65 +al), al, = =(05 —al)
2 2
satisfy the conditions
BOLWS _gf B WA gp.

For every vector v® € Ayn(X,, x X,,,) we have

m

n
v* =af v’ +af o’ =V Ve,

where V& = Eg v? € P(X,,) and Ve = 73%‘ v? e P(X.,,) [4].

According to [3] the composition of the kind (ch — ch), for which the
positions P(X,,) and P(X,,) are parallelly translated along any line of X,,
and X, respectively, is characterized with the equality

2. Conjugate compositions in spaces Ay

Let A4 be an space with affine connectedness without a torsion, defined by
e, (a,8,0 =1,2,3,4). Let v, v* v* v be independent vector fields in Ay.
of 17273 4

Following [7], we define the covectors 0, by

(4) VP By =68 =P U5 =69
[0

[e%

According to [6], [7] we can define the affinors

1 2 3 4
(5) agzifﬁva+121ﬁva—gﬁva—gﬁva,
that satisfy the equalities (1). The affinor (5) defines a composition (X, X X,;,)

in A4.
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According to [7] the projective affinors are
1 1 2 2 3 4
(6) al =y5va+gﬁva, a? =gﬂva+gﬁva.

Following [7], let us choose for a coordinate net the net (111, U, Y, X) and

consider the vectors

(7) w* =0+ 0%, w® = v* + v, w = v* —v?, w® = v* —v°.
1 1 3 2 2 4 3 1 3 4 2 4
We define the covectors W, by the equalities
(8) 15” Wy = 07 15‘7 5},,:55.
By (4) and (8) hold the equalities
1 11 3 2 2 4
wa_i(va'i_va)y Wq = (Ua+va);

Sw
Q

I

| =
~~
S
Q

|
Sw
Q
—
IS
Q

|
N = N =

Let consider the affinor
1 2
(10) b§:1f)ﬁwa+’%lﬁwa—1§) wa—ti}ﬁwa,
which according to [7] satisfies the equality b2b% = 5. -
Therefore the affinor (10) defines a composition Y2 x Y5 in A4. By P(Y3)

and P(Y3) we denote the positions of this composition. By (4), (9) and (10)
we obtain

(11) bg :vﬁ%aJrv’Gzl)aJrvﬁ%aJrvﬁ%a.
S 3 2 4
According to [7] the compositions Xa x X and Y3 x Y, are conjugate.
Following [7], let us consider the affinor
(12) Cfﬁr = _agbgv

that satisfies the equality c2c? = —52. By (4), (5), (11) and (12) we get that
(13) cg :vﬂ%}a—vﬁga—i—vﬂ%a—vﬁ%a.
3 1 4 2

7
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The affinors a? and b2 are defining a hyperbolic composition, but the affinor
2 is defining an elliptic composition. The eigenvalue of the matrix (c2) are
(14) 2% =v*4+w% 2% =v+w" 2%=0v"—iw* z%=0v%—w

1 1 3 2 2 4 3 1 3 1 2 4

where 2 = —1. The affinor Eg =1 cg defines a composition Zs x Zs in Ay

3. Chebyshevian compositions in A,
According to [8] we have the following derivative equations
v «
(15) Vo =T, 0%, V,05=-T, 5.
o (03 v v
Let us consider the composition X x X4 and let us accept:
a, B, 7, o, ve{l, 2,3, 4} i, 4, k, s€{1,2}; 1,7, k, 5€{3,4}.
Theorem 1. The composition Xo x Xo is of the kind (ch — ch) iff the
coefficients of the derivative equations satisfy the conditions

i i
(16) T, v*=0, T, v*=0.
ik J ok

Proof. By the equalities (5) and (15) we have
v 1 v v 2 v
Vgangov'BllJa—Tgvﬁva—FTgvﬂ%a—Tavﬁva
1 v v 1 2 v v 2
(17) v 3 v 4 v

3 4
—Tgvﬁva—i-Tavﬁ?l;a—Tgvﬁva—l-Tavﬁva.
3 v v 3 4 v v 4

It follows by (3) and (17) that the composition Xo x X5 is of the kind
(ch — ch) iff the equality

(18)

v 3 v v 4 v
_g[a 13}04] gﬁ +¥:[a Va] gﬁ _{[U %a] gﬁ +¥:[a Va] Uﬁ =0

NS
Y
S
L.
Il
o

3 1y, 2
1o Va] + T[a Va] = 0, T[a Va] +
4 3

k=

(19)
3 1 3 2 4 9 2
TUUa]+TUUa]:Oa T[ava]+T[ava]:0a
i 2| 1 2
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because the vectors v° are independent. After a contraction of the equali-
«

ties (19) with v7 and go‘ and taking into account (4) we get (16).

Theorem 2. If the net (v v, Y, Z) is chosen as a coordinate one, then

the composition Xo x Xo of the kind (ch — ch) is characterized by the following
equalities for the coefficients of the derivative equations

(20) Tp=0, Tp=0
J 7
and by the following equalities for the coefficients of connectedness
(21) Iy =T =I5 =1%5,=0.
Proof. Let choose the net (v v, v, v) for a coordinate. Then

4

(22) v*(1,0,0,0), v%(0,1,0,0), 2%(0,0,1,0), v%(0,0,0,1).

By equality (15) we have 9,0° + T2, v* = T, v and after using (22) we

obtain

(23) Ly, =

o
Q

Equalities (20) follow from (16) and (22). Then from (20) and (23) we get
the equalities (21).

The equalities (21) are obtained in [3], when the coordinates are adaptive
with the composition Xs x Xo. This happens so, because the chosen coordinate
net raise adaptive with the composition coordinates.

Theorem 3. The composition Yo x Yo is of the kind (ch — ch) iff the
coefficients of the derivative equations satisfy the conditions
e

(b= (h1) e (1 b)e=(1
o (bt )bt (b0)i- ()
(bt (h e (b= ( s

9
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Proof. Because of the equalities (11) and (15) we have

v 3 3 v 1
Vb =T, v vangvﬁ5a+Tgvﬁva7TUv
1 v v 1 3 v

v

(25)

v 4 v 2
+ T, P %Q—TU P ZQ—I—TU P %Q—TU P
2 v v 2 4 v v 4

v

From (3) and (25) it follows that the composition Y5 x Y3 is of the kind
(ch — ch) iff the equalities
v 3 v 12 1 1 v
T[ va] Uﬂ — T[{, Vo VP + T[U Vo P — T[U V) VP
1 v 1 3 v v 3
(26)
2

v 4 v v 2 v
+ T[g {4)(1] VP — T[U Vq) VP + T[U Uy WP - T[g Vq] v =0
2 v v 2 4 v v 4

hold.
Taking into account that the vectors v” are independent we find that
[e%

equality (26) is equivalent to the equalities

13 3y 11 14 12
TioVa] = Tio Vo] + To Vo] T T (o Va] + 1[5 Vo) =0
1 v 3 2 4

23 201 2 4 4y 2. 2
To Vo) + Tio Va) + Lo Vo) = Lo Va + T'fo Va) =0
(27)

3 3 3.1 4

Tio va) + T va) = T[a Ua]+T[a va]+T[ ba) =0
4 3 41 44 4 9 2

T[U Vq] JrT[U Vq] JrT[U Vq] JrT[U Vg 7T[U Vo] = 0.
1 3 2 4 v

After a contraction of the equalities (27) with v and g“ and using (4) we

get (24).

Theorem 4 If the net (v v, Y g) is chosen as a coordinate one then

the composition Yo X Yo of the kind (ch — ch) is characterized by the following
equalities for the coefficients of the derivative equations

(28) 7;127;3, 7;2:2;4, §1=€4, §2={1

10
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and with the following equalities of the coefficients of the connectedness

(29) 'ty =T%;, 9y =T, Iy =T%5, gy =T9y.

Proof. Let us choose the net (111, v, 9, 2}) for a coordinate net. The

equalities in (28) follow from (22) and (24), and the equalities in (29) follow
from (23) and (28).

Theorem 5 The composition Zo x Zsy is of the kind (ch — ch) iff the
coefficients of the derivative equations satisfy the conditions

3 1 3 1 1 3
(TU—FTJ) — (TU—I—TU) v7, (TU—&—TU> v7 = (
1 37 )2 2 4 1 3 1 3
1 3 3 1 3 1
(30) <T(7 + TU> v7 = <TU - TU) v7, (TU — TG> v7 = (
3 1 4 4 2 1 3 1 2
3 1 3 1 3 1
<T,,+TU) v7 = <TUTU) v7, (TUTU> v7 = (
2 47 ) 4 4 27 ) 2 3 1 4

Proof. By the equalities (13) and (15) we obtain

v

~ . 1 1 L4 3 3
Vs g =1 (Tavﬁva — TU’U’B’ZQ - Tovﬂva + Tavﬁfltj)a
3 v v 3 1 v v 1
(31)
v 2 2 v 4 4
+T 0P8, — Tavﬁga — T, %0, + Tgvﬁll;a) .
4 v v 4 2 v v 2

Therefore, by (3) and (31) it follows that the composition Z x Z; is of the
kind (ch — ch) iff the equality

v 1, v 3,

T[a%)a]’l)’@ — T[UUQ]U’B — T[U%a]vﬁ + T[U’Ua]’UB

3 v v 3 1 v v 1

(32) S \

[U%Q]U’B — T[gva]vﬁ + T[U’Itj)a]vﬁ =0.
4 2 v v 2

NS

v.o2
[6pt] + z;[ov(x]luﬁ -

v

holds. Taking into account that the vectors ©? are independent, we can
(0%

11
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rewrite (32) in the following form

1 1 3, 1, 1
T16Va] — TioVa) + ToVa] + ToVa] — T'[oVa) =0,
3 1 v 4 2

21 2 3 2 2 2 4 4y
13—‘[0',00(] - ?[Jva] + {[o’va] - g[ava} + T[Uva] =0,

3 1, 3 5 3 3
T[ava] - T[ava] - T[UUDL] + T[ava} - T[G'Ul)é] =0,
3 v 1 4 2

4 4 4 4 2, 4
T[U’Ua] — T[UUQ] + T[O—Ua] - T[[,Ua] - T[(,Ua] =0,
3 1 4 v 2

and after a contraction of the above equalities with v” and g"‘ and using (4)
v

we get (30).

Theorem 6. If the net (111, v, Y, g) is chosen as a coordinate one then

the composition Zo x Zo from the kind (ch—-ch) is characterized by the following
equalities for the coefficients of the derivative equations:

(34)

»—-ﬂg

a o a
1:—T a2:—T4 T1:—T4
337 il 5 )

whMe
[\v]
Il

ISR}
—

and with the following equalities of the coefficients of the connectedness:
(35) Yy =-I5;, T =-T4, I'fHhy=-I%, IH=TI%.

Proof. Let choose the net (11), v, Y, g) for a coordinate net. Then the

equalities (34) follow by (22) and (30), and the equalities (35) follow by (23)
and (34).

Corollary 1. If the conjugate compositions Xo x Xo and Yo X Yo are
stmultaneously of the kind (ch — ch) then in the parameters of the coordinate

net v, 0, Y, a}) the coefficients of the connectedness 'y 5 satisfy the conditions

F(lll = ng ) ng = Fff4, F?z = ngl )
(36)
Iy =Ty =19=I%=0.

12
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Corollary 2. If the compositions Xo x Xo and Zo X Zo are simultaneously
of the kind (ch—ch), then in the parameters of the coordinate net (11), v, Y Z)

the coefficients of the connectedness I'y 5 satisfy the conditions
Ify =-Ig3, T =-TI7, I'fy=-I3,
(37)
i3 =T7 =193 =1%,=0.
The conditions (36) and (37) can be written in the form
Iy =elgs, IS =clfy, Ify=elyy,
(38)

I'ts =Ty =19 =19, =0, where ¢ = £1.

Using [1] and (38), we find the following representation for the components
of the tensor of the curvature

(39) R123% = R124% = R311¢ = R342% = 0;
Rgij(.l = joi‘?‘ = 63Ffj +e (F%F?j + F?zFfj) s
R4¢j9‘ = R4ji(.)‘ = 34F?j + € (FS2F?J’ —+ F?QF?J-) s

Rig¥=c (@-F‘fl + 5T + Ftﬁﬂi) . 1F£ g,

Rigy® =¢ (82»1“32 +T5Thy + F(ﬁrgz) ;U FE

(40)
Ri3a® = Riaz® = ¢ (TS, + To0%,) + TS0, i # j,
Rijj® = 0T, — 9,y + TLy; + THLY; — RIS, — Ty, i #
R3as® = £(31y — 4T5y) + T 15, + T3, — DI, — T8I,
Rygs® = £ (04TF) — 0sT'%y) + T, T}, + TRI5, — T, — T T, .
Hence,
Ryy¢=0. Ry;%=0.

13
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Corollary 3. If the compositions Yo x Yo and Zo x Zo are simultaneously
of the kind (ch — ch) then in the parameters of the coordinate net (11), v, Y Z)

the coefficients of the connectedness I'y 5 satisfy the conditions

(41) r-=0, Ti=0
and
(42) T =0, TF.=0, Tg=I7

In this case, using [1], (41), (42) we find R;;® = 0 and R; ;3% = 0.

From [3] and (41) it follows that the composition X3 x X is of the kind (g —g).

Corollary 4. If the compositions Xo X Xo, Yo x Yo and Zo x Zo are
stmultaneously of the kind (ch — ch), then the space Ay is an affine space.

Proof. If the compositions Xo x X2, Yo x Yo and Zy x Zo are simul-
taneously of the kind (ch — ch), then by (36), (37), (41), (42) we obtain that
I'75 =0, and consequently Ay is an affine space.
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YEBUIMTEBM KOMIIO3UIINN B YETUPVMEPHO
ITPOCTPAHCTBO C A®MHHA CBBbP3AHOCT BE3 TOP3U4d

Myca Aiteru

Peszrome. Hexka e mganeno npocrpancTso ¢ apunna cBbp3anoct A4 6e3 Top-
sust. CuoiesiBaiiku [7] ce onpenenar adunopu ag u bg, KOUTO OIPEJIENIAT CIIPEr-
HaTn KoMmmosunnn X X Xo u Y X Yo B Ays. C momomra Ha adburOpa E'g = icg
(i? = —1), xbaero 2 = —aPb?, ce onpenens Tpera kKommosumus Z X Zs.
Hamepenu ca HeOOXOAUMH W JIOCTATHUYHNA YCJIOBHUS IIPU KOUTO BCSIKA OT TE3U
koMmmosunun e ot Buga (ch — ch). OupeJesienu ca npocrpascrsara Ay, KOUTO
ChIbPIKAT TaKHBa KoMmosumun. JlokazaHo e, ue ako kommosunuure X X Xo,

Y x Yo u Z x Zy ca ot Buga (ch — ch), To mpoctpanctsoto A, e adunmo.
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