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Abstract

We obtain an expression for computation of the Riesz angle in weighted Orlicz sequence spaces. We use this

expression to find some estimates of the Riesz angle for large classes of weighted Orlicz sequence spaces.

1 Introduction

In order to generalize the technique in [14] for ¢y to a larger class of Banach lattices, J. Borwein and B.
Sims introduced in [3] the notion of a weakly orthogonal Banach lattice and Riesz angle a(X). A Banach
lattice is weakly orthogonal if lim, oo || |2n| A |z] || = 0 for all € X, whenever {x,}52, is a weakly null

sequence, where |z| A |y| = min(|z|, |y|). The Riesz angle a(X) of a Banach lattice (X, || -||) is

a(X) = sup{||(lz| V [yDI| : l=]] <1, [lyl] <1},

where |z| V |y| = max(|z|, |y|). Clearly 1 < a(X) < 2. If there exists a weakly orthogonal Banach lattice Y
such that d(X,Y).a(Y) < 2, where d(X,Y) is the Banach-Mazur distance between the Banach spaces X
and Y, and a(Y") is the Riesz angle of Y, then X has the weak fixed point property [3]. The coefficient
R(X) for a Banach space X is defined and a connection between a(X) and R(X) is found in [8]. If there
exists a Banach space Y with weak Opial condition, such that d(X,Y).R(Y) < 2, then X has the fixed
point property [8]. A N—dimensional Riesz angle for a Banach lattice is introduced and studied in [2]. A

fixed point theorem is proved involving the N—dimensional Riesz angle of the space [2].



The Riesz angle is an important geometric coefficient in Banach lattices [1], [4], [5], therefore the finding of
formulas for its calculation or estimation is an interesting problem. Estimations of the Riesz angles in
Orlicz function spaces are found in [10]. Some estimations of the Riesz angles in Orlicz sequence spaces
equipped with Luxemburg norm and Orlicz norm were found in [21]. Later a formula for computing the
Riesz angle in Orlicz spaces is obtained in [22]. We refine the technique in [22] to obtain a formula for the
Riesz angle in a wide class of weighted Orlicz sequence spaces. We apply this formula to find the Riesz
angle in some classes of weighted Orlicz sequence spaces.

An open problem is to find formula for the computation of the N—dimensional Riesz angle, defined recently

in [2], in Orlicz spaces.

2 Preliminaries
We use the standard Banach space terminology from [12]. Let X be a real Banach space, Sx be the unit
sphere of X. Let ¢° stand for the space of all real sequences i.e. z = {z;}52, € £°, N is the set of natural

numbers and R is the set of the real numbers.

Definition 1. A Banach space (X, || - ) is said to be Kéthe sequence space if X is a subspace of £° such
that
i) Ifx €’ ye X and |x;| < |yi| for alli € N then z € X and ||z| < ||y|);

it) There exists an element v € X such that x; > 0 for all i € N.

We recall that M is an Orlicz function if M is even, convex, M (0) = 0, M (¢t) > 0 for ¢ > 0. The Orlicz
function M (t) is said to have the property As if there exists a constant ¢ such that M (2t) < cM (t) for
every t € R. A weight sequence w = {w; }$2; is a sequence of positive reals. Following [9] we say that

w = {w; }$2, is from the class A if there exists a subsequence w = {w;, }72; such that limy_,o w;, = 0 and
2211 w;, = 00. A weighted Orlicz sequence space £ (w) generated by an Orlicz function M and a weight
sequence w is the set of all sequences x € £°, such that the inequality M(x/)\) =22 wM(z;/)) <
holds for some A\ < oo.

It is well known that the space £3;(w) is a Banach space if endowed with the Luxemburg’s norm

llzl|ar = inf {r >0: 3.2, w;M(z;/r) <1} or with the Amemiya’s norm

|@||[ar = inf {4 (1 4+ D02, wiM (ka;)) : k> 0}.

We will write £y (w, || - [|ar) and €pr(w, ||| - |||ar) for the weighted Orlicz sequence spaces equipped with the

Luxemburg’s and Amemiya’s norm respectively. Luxemburg’s and Amemiya’s norms are connected by the



inequalities:

-1l < I Ml < 21 [l
We will write £3;(w), when the statement holds for the weighted Orlicz sequence space equipped with both
norms — Luxemburg and Amemiya. The space £j;(w), endowed with the Luxemburg’s or Amemiya’s norm
is a Kothe sequence space. In [18] C. Ruiz proved, that the weighted Orlicz sequence spaces ¢y (w) are all
mutually isomorphic for the weight sequences w = {w, }52; € A. Sharp estimates are found in [13] for the
cotype of €3 (w), which depends only of the generating Orlicz function, when the weight sequence verifies
the condition w = {w,}>2; € A. Tt is proved in [23] that £y;(w), endowed with the Luxemburg’s or
Amemiya’s norm, has weak uniform normal structure iff M € Ay at zero, when weight sequence verifies the
condition w = {w, }52; € A. Weighted Orlicz sequence spaces were investigated for example
in [7], [15], [11]. Let us mention that if the weight sequence is from the class A, then a lot of the properties
of the space £3;(w) depend only on the generating Orlicz function M [13], [23], which is in contrast with
the results when w ¢ A [9], [18], [23]. All these inspired us to find the Riesz angle in wide class of weighted

Orlicz sequence spaces.

3 Main results
Theorem 1. Let M be an Orlicz function with the Ay—condition and w = {w;}2, € A. Then the Riesz

angle of X = (Uar(w), || - ||) can be expressed as:

~ 1
a(X)=sup k, : M, xr = -,% € Spp(w) ¢ -
ky 2
Theorem 2. Let M be an Orlicz function with the Ay—condition and w = {w;}2, € A. Then the Riesz

angle of X = (Uar(w), ||| - ||]) can be expressed as:

where

—~ kx kE—1
d(X)= su inf <d,r: M, = — 5.
(%) z||F1’€>1{ o “’(dm> 2 }

4 Auxiliary results
Lemma 1. Let w = {w;}2; € A and v = {v;}2, € A be an arbitrary subsequence of w. Then there exist

sequences of naturals {mgs)};’il, {kgs) 2., s €N, such that

1 1
1<miV <kl



]’{:7(11)1 <m(") mz('S) Sk?)’ k( s) <m(5 1)
for nji,seNn>2i+s=n+1

and for every i € N there holds the equality

£
Vj = W;.
(s)

i

00
s:1J

j=m

Proof By v € A it follows that there is a subsequence {v;; }32,, such that lim; . v;; = 0 and

J=1
> =1 vi; = 00. For the simplicity of the notations let denote the subsequence {v;,}32; by {v;}32,. We will
prove the Lemma by induction on n:

I) Let n = 1. We can choose mgl), k§1), so that

mgl) < k%l)

and
k(D
1
wy — 5 < E v; < wip
j=m{"
Let us use the notation .

II) Let n = 2. We will show that we can choose mES), kl(s), i+ s =3, so that
Y <m® <k <« ml < kY

and
3—i k"

W; - .
w; — 55— SZ Z v; <w;, for i=1,2.
s=1 i ()

Indeed let choose first m§2), k‘?) eEN: kzgl) < m(12) < k§2), such that
K
w1 — — < f(1,1) Z v; < wi.
m®
=my
Then we choose mgl), kél) eN: kf) < mgl) < kél), such that

k(1>

772§ Z vj < wa.

Jj= m(l)



III) Suppose that for n = p we have chosen {m(é)}l 1 {k( )}Z 1, 1 + s =p+1 with the properties:

K0, < m?, m < K,k < mlis)
fori4+s=p+1 and
w; p1—i k()
wiij_ig Z Z v; <w;, for i<p.
s=1 jpn(®)

IV) Let n = p+ 1. We will show that we can choose {miS > {k; S)}Z 1, i+ 8 =p+2 sothat

) < m ™ < KO, KO < 7

fori+s=p+2 and

+1 i k(s)
W; Z Z
w; — 72])4’1 T > 'U] < ws,
s=1 j= m(S)

fori <p+1.

Indeed let choose first mlp+1 k:(pH) eN: k;(l m?’*” < k?“), such that

k§p+1)
w1
Wi~ 5ot < f(1,p) + Z v; < wy.
j:mgp+1)

Then we choose mép), kgp) eN: kng) < m(Qp) < kép), such that

k(?)

w2——<f2p—1 Zvj<w2

j= m(p)

(p—i0+2) k(l’ i0+2)

If for 79 < p — 1 we have chosen m,; ki

€ N to satisfy the inequalities

k:gfﬂﬁl) < mgfﬂﬁz) < k§§7m+2), such that

E(P—io+2)
Wi, . '
Wi, — op—iot? = f(’Lo, — 109 + ].) E Vj < Wi s
j= m(p ig+2)
0
then f (p—io+1) 1.(p—io+1) (p Z0) (P 10+1 (p—io+1) h th
en for ig + 1 < p we choose m; 1" 7, k; 14 €N ki < k; 4, ' ,such that
wi0+1 . .
Wi+l = Spiot < flio +1,p — o)
(p—ig+1)
kb§+10
+ E Vj < Wig41-
jmmiy o



On the last step for ¢ = p + 1 we choose méﬁl, k(l)l eN: k(Q) < m( ) < k;(:1+)1’ such that
o
Wpt1 = p; < Y vu=fp+11) <wprr
j=myy
By (1) it follows that nll_}I{.lo Zl Z( )UJ = w; holds for every i € N. O

Theorem 3. [6] Let be given the iterated series Y~ | > o, ab. If the series Y~ > oo |as| is

convergent, then for any permutations m,o : N — N the series Zn s WE )) is convergent and
o(s) _ o 00
Zn,s a"n’(n) - Zn:l Zs:l a’fl'

Lemma 2. Let M be an Orlicz function with the Ax—condition and w = {w;}2, € A. Let £p(w) be
equipped with Luzemburg’s or Amemiya’s norm. Then

1) For every x € £y (w), such that Mw()\x) < 00, for every A > 0, there are y,z € €y (w), such that
lyl A z| =0, Mw()\y) = Mw(Az) = Mw()\x), for any A > 0;

2) For every x € S(g,,(w),|.|), there are y, z, such that [y| A |z| =0, y,2 € Sy, (w).|-);

3) For every x € S([M(w)v‘H‘HI)7 there are y, z, such that |y| A\ |z| =0, y,z € S(gM(w)ym‘m).

Proof 1) Let © = {2, }22, € ¢p(w) be arbitrary chosen. By M € A, it follows that Mw(Ax) < oo for every
A > 0. By w € A it follows that we can choose two subsequences v = {v;}52;, © = {u;}52; of w, such that
vueAvNu=0vUu=w.

By Lemma 1 there are sequences of naturals {m(s)} ° 1 {k(s)} ° 1 {a( )} 21 {B( )}Z 1, s € N, such that
Lm® < kD 1<l < g0
FOL < n® <, KO < )
for n,i,seNn>2i+s=n+1
gy < of,af? < BB < oy
for n,i,seNn>2i+s=n+1

and there hold the equalities
k) o AP

> Y wmu=) Yow

sflj mz s= 1j:a§s>

for every ¢ € N.



Put

oo kYY) o BY
Yn = § § Tn€j, 2n = E § Tn€j
s=1 j:m&f) s=1 j:ozgf)

and y = 32°0 yn, 2 = 3.°°, 2,. We will show that My, (\y) = M,,(Az) = M, (\z), for any A > 0.

(s)
Let A > 0 and put a? (\) = M(Azy,) Zk (s U5 for n,s € N. Let consider the infinite matrix
j=may,

ai(\) af(d) ai(d) aj (M)
ay(\) a3(A)  a3(\) a3 ()
a,(A) az () ap(N) ar(A)

)
For every n € N the equality 3°°, a%(X) = M(Az,) 300, S5 v; = w, M (Az,) holds and thus
j=m;

Yoo > ab(N) = >0 waM(Axy,) < oo for every A > 0. By a$(X) > 0 for every n,s € N and Theorem

00 ao(s)

s W(n)(/\) is convergent and there

3 it follows that for any two permutations m,0 : N — N, the series )

hold the equalities

n=1 s=1

Yl =3 as(N) = My (M),

Consequently there exist two permutations 7,0 : N — N, such that we can write the chain of equalities

M, (\y)

Il
IS
3T

|
3
—~
X



()
Similarly if we put b%(\) = M (Az,,) EB" (s V; for n,s € N we get the chain of equalities
j=a

oo p—1

My(A2) = D3 8N

p=2n=1
oo p—1 B

= ZZ Z u; M (Azy,)

p=2n= 1 (3)

- széz%

2) If A =1 then by Mw(y) = Mw(z) = Mw(z) =1 we get that that if x € Sy, (w),|.)) then

Y> 2 € S(ear (w). |-

3) Ifx e S(ZM(W)’\H'H\)’ then by 1) it follows that %(1 + Mw()\y)) = %(1 + Mw(/\z)) = %(1 + Mw()\x)) for
any A > 0. Therefore if |||z||| = 1, then |||y|]| = |||z]|| = |||=||]| = 1. O

Lemma 3. Let M be an Orlicz function with the Ag—condition and w = {w;}$2, € A. Then for every

T € Sp(w), |- and k > 1, there exists a unique dy > 1, such that Mw (ﬁ) = %

Proof Let x € S, (w),||||)) @nd k > 1 be arbitrary chosen and fixed, then we define the function

S(d) : [1,+00) = R by S(d) = M, (B2) = 3% w; M (%21). By the inequality M (%2:) < M (kz;) and the

convergence of the series > =, w; M (kz;) it follows that Y .o w;M (kg) is uniformly convergent on
[1,400). Thus S is a continuous function. It is easy to see that S is strictly decreasing function on

[1,400). Therefore by the inequalities

~ k-1
70 = Ma(kr) > [[Rallla — 1=k —1> "2
and
. . ~ [(kx k—1
we get that there is a unique d ; > 0, such that f(d, ) = ]Tjw (Cl’i—"’”k) = % a

Lemma 4. ( [22]) For a Kithe sequences space (X, | - ||), the Riesz angle a(X) can be expressed as
a(X) = sup{||(|z| V [yl - 2,y € Sx, [«[ Aly| = 0},

where |z| A |y| = min{|z|, |y|}.



5 Proof of main results
Proof of Theorem 1: Let x = {x,};2; € S(s,,(w),|||) Pe arbitrary chosen. By w = {w;}72, € A it follows
that we can choose two subsequences v = {v;}5°,, u = {u;}32, of w, such that v,u € A, vNu =70,
vUu=w.
It follows from Lemma 1 that there exist sequences of naturals {mgs) Ead {kgs)}fil, {ags)}gﬁl, {Bi(s)}fil,
s € N, such that

1<mV <kV, 1<al <

(D)

n—1

< mgn), mgs) < k§5)7 kgs) < mgi_ll)
for n,i,seNn>2i+s=n+1,

B <ol o <8P, A <altlV
for n,i,seN,n>2i+s=n+1

and there holds the equalities

oo
v =w; = E u;j

5=1 j_ () s=1 5o
for every i € N.
We can put

oo K& oo B

Yn = § E In€j, 2Zn = § E Tn€j
=L j=m 5=1 j=al?

and y = Zzo:l Yn, 2 = Zzozl Zn-
By using Lemma 2 we get that y, 2 € Sy, (w),|) and M, (Ax) = My (A\y) = M, (Az) for any A € R.
By the choice of the subsequences v, u C w we have that |y| A |z] = 0 and ||(|y| V |2])|| = ||y + z||. Therefore

we can write the chain of equalities:

1 = JTIU( y+z)
PEE
o () + 7 ()

2% (o)

Consequently it follows that for every x € S, (w),|-|), there exists k, = ||(|y| V |2])|[, such that

~ 1
M., (;) =5 By Lemma 4 we get the inequality

— 1
a(X) > sup{kw : My, (:) =5 € SX}



where X = (Lpr(w), | - ]))-

On the other hand let put

T

—~ 1
D = sup {km s My, (h) =57 € S(Zkf(w)vl'”)} :

It follows from Lemma 4 that for every ¢ > 0 there are ,y € S/, (w),||)> || A [y| = 0, such that

(=] v [yDIl > a(r(w)) —e.

Since
i, (L) 5, (2) + i (4)
1 1
s 5gt5=1

we get the inequality ||(Jz| V |y|)|| < d, which implies a(€p(w)) < d 4 €. By the arbitrariness of € > 0 we
obtain that d > a(fp(w)). O

Proof of Theorem 2: Let us denote

~ [ kx k-1
d= sup infldyp:My|—)=—7. 4
mﬁilk>1{ * (d%k) 2 } (4)

For any € > 0 there exist x = {2, }22, € S(ZM(WMH‘HD and k > 1, such that dy ,, > d —¢.
By w = {w;}{2, € A it follows that we can choose two subsequences v = {v;}{2;, u = {u;}$2; of w, such
that v,u € A, vNu=0,vUu=w.
It follows from Lemma 1 that there exist sequences of naturals {m "} {k{¥12e  {a!9}e (8},
s € N, such that

1<miV <k 1<alV <M

k(l)

O, <, ml <k, KO <mly?
for n,i,seN,n>2i+s=n-+1,
50, <af”, ol < B, 4 <al”

for n,i,seNn>2i+s=n+1

and there hold the equalities
s o B

oo

E ’Uj:’wi:g E ’LLj
©)
k2

s=1 . (s) s=1 ._ (s
i J=o

for every i € N.

10



We can put

ok o B
Yn = § § Tn€j, 2n = § § Tn€j
s=1 j:mgf) s=1 j:oz,(f)

and y = ZZL Yn, 2 = Zf:l Zn.

By using Lemma 2 we see that y, z € S, (w),|||-|I])> and Mw(Ax) = ]T/[/w()\y) = Mw()\z) for any A € R. Let

D, = inf 1 <1+1\ZU <k(y+z))>
0<k<1 k d—e¢

Dy = inf + <1+J\7w <k(y+z))>
k>1k d—e¢

Therefore by the chain of inequalities

put

and

Dy — it (1407, (MUE2)
k>1k d—e
.1 —~ kx

- ligflk(1+2Mw(d—e>)
1 ~ kx
> inf - o

N ’igt;k(1+2Mw (dx,k>)

1 kE—1
= ;f;flk(”?z)—
and

H‘gtg ( — min{Dy, Dy}

Y

min {1, D,} = 1

we get that |||y + z||| > d — . By the arbitrariness of £ > 0 and Lemma 4 we obtain the inequality
a((Lar(w), || - 111)) = d.

On the other hand for any e > 0 there are x,y € S(s,, (w),||-I)> |Z] A ly| = 0, such that there holds the
inequality |||(Jz| V |y])I|| > a((€ar(w), ||| - |]])) — €. Tt follows from (4) and Lemma 3, that for every e > 0

there are k,h > 1, such that d, , < d+¢, dy,, < d+ ¢, where d, ;, and d j, are the solutions of the

equations Mw (dkxk) = % and Mw (dhyh) = % respectively. WLOG, we may assume that 1 < h < k.
x, Y,

11



By the chain of inequalities

d+e

(z|v]yD) ‘ H

IN
=
N
=
_|_
s

h(\wl\/\yl)>)
d+e

3 3 3 5)
we obtain the inequality |||(|z| V |y])||| < 3 d+ € and hence a(fy(w)) < 3 d+ EE Since € > 0 is

d. O

N W

arbitrary chosen it follows that a(¢(w)) <

6 Some estimates of the Riesz angle in weighted Orlicz sequence spaces
For the estimation of the Riesz angle in weighted Orlicz sequence spaces we will need some well known
indices. For an Orlicz function M we consider the index function Gs(u) = 3:171((273)7 u € (0,+00) [16].

Following [20], [22] we define the indices:

Oé?vf = ligljgf Gy (u),

aj\rfo = liminf, o Gar(u),
(5)
a%;oo = min{a?wv a?\_/loo}v

~ . -1
o = inf { A]y,l(g?) cu € (0, +oo)} .
Let mention that for an Orlicz sequences spaces ¢j; only the behavior of the Orlicz function M at zero is

important and therefore the above indices are defined only at zero in [20], [22].

Theorem 4. Let M be an Orlicz function with the Ay—condition and w = {w;}2, € A. Then

L al(arw), | ) = =

0,00
Qpr QN

Proof We will prove first that a((€xr(w),] - ) = ==

Chose arbitrary = = {x;}%2, € S(s,, (w).(.1) and put u; = =M (x;). It is easy to check the equality
i=1 (Car (w),[I-11) 2

12



IN
(]
g
=
2
Q
=
S

- Soeas (e (22)

For every @ = {2;}32, € S(¢,,(w),||) there exists k,, such that M, (é) = 3 and thus by (6) it follows the

inequality k, < %M Therefore
~ x 1
a(X) = supqky,:M,|— ) ==,z Sx
ks 2
1
< =
€33
where X = (L (w), | - ).
Now we will prove that a((¢p(w), |- 1)) > ﬁ

For any u € (0,+00) there are sequences of naturals {p,}52;, {¢n}22,, such that p, < g, < pny1, for

ne€Nand > 00 Y0 =1,

i=pn u

Put z =70 30" M~'(u)e;. It is easy to see that My (z) =1 and thus z € S(trs (w), |- By the

equality
—~ T 1
M'w M—1(u) = )
M=t (u/2)

we get that for any u € (0, 400) there holds

) < af(eartw. )

the inequality and therefore
a%w = sup{ﬁ Tu € (0,+oo)}

< a(ly(w))

Thus we have proven that
al(tar(w). [ ) = 5 ™)

The proof of the inequality a?}‘) < a((lpr(w),] ) follows directly by equality (7) and the inequality
ag}loo > any. O

13



Theorem 5. Let M be an Orlicz function with the Ay—condition and w = {w;}2, € A. Then

1 3
< . < .
e S o) 110 € 5o
Proof T) We will prove first that
3
14 . < —.
(w111 < 5o
Let chose arbitrary x = {2;}72, € Sy, (w),||1|)- By M € Ay and the equality

1=||z]|| = inf{; (1+1\7w(kx)) k> 0}

it follows that there exists kg > 0, such that the equality Mw(kox) = ko — 1 holds [16].

1
Put u; = §M (kox;). Then similarly to (6) we can write the inequality:

Mw(ko&Mx) = Z’LUZM(I{Q&MZ'J
i=1

IN

- S o (220

i ’wiM(koQ?i) o k‘o -1
B 2 2

i=1

%M, where d j, is the solution of the equation Mw (d’“ ) = %,

and consequently we get that d, i, <

k > 1. Thus for any k > 1 there holds the inequality

1
inf{dy 1 k> 1} < dgp, < =

By the arbitrary choice of x = {;}{2, € S(¢,,(w), ||| and (8) we obtain that
3 .
a((Car(w) lIl-11D) = 5 M inf{d, j : k > 0}
z|||=1
3
< —.
- 2aypy
From the inequalities || - || < [|| - |[| < 2| - || it follows that for any =,y € S, )11, With || A |y| =0
there holds the inequality
a(X) = sup{[|[(f=] v DI [HII], [yl = 1}

> sup{|[ (2| v [yDIF = fl=ll; flyll < 13

= a((la(w), |- ),

14



where X = (Lpr(w), ||| - |])-

Therefore we get that

a((@ar (@), 11 11D) = al(eas(w), | - 1)) = =
anm
IT) By (9) we obtain the inequality
a((€ar(w), [[1-1I1)) = a((ar (w), [ - 1)) = 01,00'
Cpr

O

Definition 2. We say that the Orlicz function M satisfies the Vo condition if there exists | > 1, such that

M(z) < 5 M(lz), for every x € [0,+00) and we denote this by M € V.

The function M~ is a concave function and thus ]\]\4/[ @) 1 . According to ( [16], p. 22) M € V4 iff

L MY 1 L MY 1,
i gy ~ 2 v int ey > g e
MeVyeal, >1/2 and aj/® >1/2. (10)

Corollary 1. Let M be an Orlicz function with M € Ay and w € A is a weight sequence. Then

a) M & Vs iff a((Car(w), || - 1)) =

b) M € Vy iff a((£ar(w), || - 1)) <2

Proof a) Let M ¢ V5. Then from (10) it follows that a9, = 1/2 or a/f;° = 1/2 and thus by Theorem 4 it
follws that a((¢p(w), | - ]|)) > 2. Therefore by the inequalities 1 < a((¢pr(w), || - ])) < 2 it follows that

a(ly(w), || -) = 2.
Let a((@M(w) | -1/)) = 2. There are three cases a8, = 1/2, a/f7° = 1/2 or there exists to € (0, +00), such

that -2 (( =1/2.

Let holds o, = 1/2 or aj;° = 1/2 then by (10) it follows that M ¢ V.

Let there exists ¢ty € (0, +00), such that 1((220)) = 1/2. Then we can write the equality

M~ (2t0)=M "' (to) _ M~'(to)
to

GTr—— and consequently by the concavity of the function M~ it follows that the

points (0,0), (to, M~1(to)) and (2tg, M ~1(2t()) lie on a line. Thus the function M ~! is linear on the
segment [0, 2to] and therefore a9, = 1/2. Therefore by (10) it follows that M ¢ V5.

b) The proof follows directly from a). Indeed let holds M € V3, but do not holds a((€as(w), || - ) < 2.
Then a((£pr(w), ] - |)) = 2 and by a) it follows that M ¢ Vs which is a contradiction.

Let holds a((¢pr(w), ] - ]])) < 2, but do not holds M € V5. Then M ¢ V3 and by a) it follows that

a((lpr(w), ] -11)) = 2 which is a contradiction. O
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For the next Corollary we will need the indices form [19].

Put Fi(t) = f\/[p—((?), t € (0,400) where p is the right derivative of M. Let us define

A%, = liminf Fy (1), BY; = limsup Fy(t)
t—0t t—0+

ALPe =liminf Fa(t), Bjif° = limsup Fy(t)

t—+o0 t—+00

The above indices are connected by the formulas ( [12], p.149), ( [16], p.27).

1 1 1 1

T S |
Ay By Ay By

and
1 L 1 L I 1
AT B T A B
where N is the complementary function to M.
The inequalities
9~ 1/AM < oy, < o—1/BYy (11)
2—1/A;r/1°° S a+MOO é 2—1/87\;10C (12)

hold [17]. Let us mention that inequalities (11) are proven in [17]. The proof of inequalities (12) is similar.
We are sure that inequalities (12) are proven somewhere. Just for completeness we will prove (12) by using

the technique from [17].

If By = oo then clearly a7 = liminf, o %((212)) <1=2"1Bx". Assume that B < cc. For any

€ > 0 there exists tg > 0 such that thp—((tt)) = Fp(t) < Bi° + ¢ for ever t € [tg, +o0). Then for any

tog < t1 <ty < +00 we have

M(ty) ta p(t) ta BY>®4e
IOgM(ti) - Lf ]\I;I(t)dt— t12 M dt

BI>®+te
= log (t—f) . .

Put t; = M~!(u) and t3 = M~1(2u). Thus for any u € [M(ty), +oc) there holds the inequality

M~ (u) < 9-1/Bf+e

M=1(2u) —
By the arbitrary choice of € > 0 it follows the proof of the right side of the inequality (12). The proof of
the left side is similar.

If limy o+ Far(t) exists we denote it by C9; and if lim;_, o Fas(t) exists we denote it by C;°. We put

Y = min{CY,, CF Y.
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Corollary 2. Let M be an Orlicz function with the Ay—condition and w € A is a weight sequence. Then:
a) If Fir is an increasing function on (0,400), then a(€p(w), || - |]) = 21/Cl

b) If Far is a decreasing function on (0,400), then a(fp(w), || - |]) = 21/Ci

c) If there is tg € (0,+00), such that Fy is a increasing on (0, M~1(to)) and decreasing on

(M~ (to), +o0), then a(lar(w), | - [[) = 2/

Proof a) If F is an increasing function in (0, 4+00), then C%; = lim; 04 Fis(t) exists and

Gu(u) = %:11((213) is increasing in (0, 4o00) [20]. Then from (11) we get

1
0 . ~
=2 U =1limG(u) = ay
t—0

and therefore a(£pr(w),| - ||) = 21/Chy .

b) If Fiy is a decreasing function in (0, +00), then C]J\}oo = limy 4 o0 Far(t) exists and Gpr(u) = 1314:11(213) is

decreasing in (0,400) [20]. Then by (11) we obtain

1
T of> . ~
al® =2 U = lim G(u) =ay
t——+o0

and therefore a(€pr(w), | - ||) = 21/CIr

c) If Fy is an increasing function in (0, M ~1(ty)), then C%; = lim;_,o; Fas(t) exists and Gps(u) = %((2’3)

is increasing in (0,%9/2) and if Fy is a decreasing function in (M ~1(tg), +00), then CF° = limy_, 00 Fas(t)
exists and Gp(u) = 3:171((2% is decreasing in (to/2, 4+00) [20].

L _ 1
From (11) it follows that af, =2 i, af® =2 i and hence ayy =2 N . By Theorem 4 we get

that a(fy(w), || - ||) = 22/Cn" O

7 Examples

Example 1 Let M (t) = 2|t|P + [t|?P, p € [1, +00). Then Fyy, (t) = 2p (1 - ﬁ), for ¢ € [0,400). The

function Fyy, is an increasing function and lim;—,g Fyy, (t) = p. By Corollary 2 we get that
a(lar, (w), |- ) = 2.
IP

Example 2 Let Ms(t) = l%(‘iw, p € [1,400). Then Fip(t) =p for t € [0,400). The

t

T (1t log(1+t)’

function Fyy, is an increasing function and lim;_,g Fys, (t) = p — 1. By Corollary 2 we get that
1

a(lar, (w), || - ) = 27-1.

Example 3 Let M3(t) = [t|Plog" (1 + [t]), p € [1,+0), r € (0,+00). Then

rt

——— :
(1+t)log(l+1t)’ or t € [0, 4o00)

FMz(t) =p+

17



The function F)y, is a decreasing function and lims_, oo Fiaz,(t) = p. By Corollary 2 we get that

a(lar, (w), || - 1I) = 2V/7.

Example 4 Let ¢ > 2 and p € [q — 1,2¢ — 1]. We define the function

1+ Tog ), 1] 1
My(t) =

O et s e, <

q q ’ -

The function M, is an Orlicz function. Then

1
p+ 1+logt?’ t=>1
FM4(t):
2(] (17m>, te [0,1],

where a = Qq_qp —L and b= %. The index function Fyy, is increasing on [0, 1] and is decreasing on

[0, 4+00), lim¢—,o Fir, (t) = q and limy_, o Far, (t) = p. By Corollary 2 we get that

1
allar,(w), || - ||) = 2=miray

Example 5 Let M5(t) = (1 + |t])log(1 + |t]) — |t|. Then Fi (t) s+t ¢ 5 decreasing function

= (+t) log(1+t)—t

on (0,400) and limy_ 4 oo Fis, (£) = 1. Thus a(€pz, (w), ] - ||) = 2. By Corollary 1 it follows that Mg & V.
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