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ON THE UNIT GROUPS OF
COMMUTATIVE GROUP ALGEBRAS
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Abstract. Let RG be the group algebra of an abelian group G over
a commutative indecomposable ring R with identity of prime characteris-
tic p and U(RG) be the unit group of RG. Warfield [5, Zbl. 0231.13004]
introduces the concept KT-module M over a discrete valuation ring and
invariants Wy, 4(M), denoted by h(c, M), for an arbitrary limit ordinal o
and prime ¢g. Danchev [1, 2009, Zbl. 1183.16031] calculates the values
Wa ¢(U(RQG)), when the quotient group G/G), is finite (Proposition 10),
where G¢ is the torsion subgroup of G and G}, is the p-component of G.
In the present paper we establish that Proposition 10 is not valid and
does not a sense, since for an arbitrary prime r # p and G = A x B,
where A is a p-group and B is a cyclic group of order ", n € N, we
obtain the contradiction that Wy (U(RG)) is a fraction when (p» is a
primitive p™-th root of identity over R such that (,» is not a root of a
polynomial over R of degree les than r".
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Let p be a prime and « be an arbitrary limit ordinal. If M is a module
over a ring then we denote the torsion submodule of p*M by T,,. Warfield [5]
introduces the invariants h(a, M) of KT-module M over a discrete valuation
ring by

1) bl M) = dim(Va(M)),  Va(M) = p*M/(p*"' M + T,),
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where dimV, (M) is the dimension of V,,(M).
The concept a KT-group is a derivative concept of a KT-module. If A is
a multiplicative KT-group, then the introduced invariants (1) for A is

h(a, A) = r(AP" /AP AR")

where 7(A) is the rank of the group A and « is a limit ordinal. In the end of
the paper [5] Warfield considers T*-modules M and invariants g(e, M) of these
modules which now, in the contemporary scientific mathematical literature, are
called Warfield modules and Warfield invariants, respectively. We note, that the
class of the Warfield modules is broader and it concludes the class of the KT-
modules. By this reason h(a, M) are not called ”Warfield invariants” though
they are introduced by Warfield, since h(a, M) are invariants of a subclass of
the class of Warfield modules. Note that Fuchs [2] does not call them ”Warfield
invariants” and he only refers to these invariants as invariants given by Warfield.
Besides in [5], one can find, for example, a discussion for the Warfield modules
in [3].

Let U(RG) be the unit group in RG and let V(RG) be the group of the
normalized units in RG. We note, that in [1] Danchev considers the invariants
h(c,U(RG)) denoted by W, ,(U(RG)). Therefore, W, ,(U(RG)) must not
to be called Warfield invariants. In the titles of the paper [1] and of some
other articles Danchev uses incorrect the consept ” Warfield invariants”. These
titles and the obtained results insert a fallacy in the readers, since they do not
refer to Warfield invariants g(e, U(RG)). They are refered to the invariants
h(a, U(RG)) of the KT-groups.

Now we shall see that Proposition 10 of [1] does not have a sense. Propo-
sition 10 is the following.

Preposition 10. [1] Suppose R is an indecomposable ring of prime char-
acteristic p and G is an abelian group such that G;/G,, is finite. Then, for each
ordinal number o and prime q,

Wa q(U(RG)) = Z Z Wa q(R[C]") + Za(d) “Wa 4(G/ HGl)

d/|G:/Gp| a(d) I#p

where a(d) = |{g € G¢/G, : order(g) = d} |/[R[(4] : R].
In particular, if R is perfect,

Wap(URG) = Y a(d)-Wa,(G/T]G).

d/1Gi /G| I#p
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In Proposition 10 the numbers p and ¢ are fixed primes. Let r be a prime
distinct from p and let G be an abelian group such that G = A x B, when A
is an arbitrary abelian p-group and B =< h > is a cyclic group of order 7",
n € N. Suppose, that (,» is a primitive p”-th root of identity over R such that
(rn is not a root of a polynomial over R of degree les than ™. For example, we
can take (n = h € B. The element h is considered as an element of the group
algebra RB and in RB it is a root of a polynomial 2™ — 1 and h is not a root
of a polynomial of a degree less than r". Therefore, [R[(=] : R] = r™. We note
that (,» satisfies the condition which is indicated in [1]. We note also that the
number of the elements of order r™ in the cyclic group < h > is p(r™) < r™.
Therefore, in the expression of W, 4(U(RG)) in Preposition 10 participates the
number

a(r") = @(r")/[R[¢m] « Bl = @(r™) /7"

Hence we see that a(r™) is a fraction, that is we obtain the contradiction that
Wy (U(RG)) is a fraction. Consequently, Proposition 10 of [1] does not have
a sense and the result of this proposition is invalid.

We note the well known decomposition U(RG) = R* x V(RG). Therefore,
the study of U(RG) is reduced to the study of V(RG). The ring R is called
p-perfect if RP = R, where RP = {rP|r € R}. We note that in Theorem 9
of [1] Danchev calculates the invariants W, ,(U(RG)), when G is a p-mixed
abelian group, that is when Gy = G\, R is a commutative ring with identity
of prime characteristic p and ¢ is a prime. For an arbitrary abelian group G
and a commutative indecomposable p-perfect ring R with identity of prime
characteristic p the invariants W, ,(V(RG)), denoted by h(a,V(RG)), are
calculated by Mollov and Nachev [4].

References

[1] DANCHEV, P., Warfield invariants in commutative group rings, Journal of
Algebra and Its Applications, Vol. 8, No 6, (2009), 829-836.

[2] FucHs, L., Infinite abelian groups, Vol. II, Academic Press, New York,
(1973).

[3] HUNTER, R., F. RICHMAN AND E. WALKER, Warfield modules, Abelian
Group Theory, Proc. 2nd New Mex. State Univ. Conf., Las Cruces 1976,
Lect. Notes Math. 616, (1977), 87-123.

[4] MoLLov, T., AND N. NACHEV, On the unit groups on the commutative
modular group algebras of K'T-groups, Communications in Algebra, 39,
(2011), 2299-2312.

95



Velika N. Kuneva, Todor Zh. Mollov, Nako A. Nachev

[6) WARFIELD, R., Classification theorems for p-groups and modules over a
discrete valuation ring, Bull. Amer. Math. Soc., 78 (1), (1972), 88-92.

Department of Algebra, Received 21 November 2011
University of Plovdiv
4000 Plovdiv, Bulgaria
e-mail: kuneva.1977@abv.bg
mollov@uni-plovdiv.bg
nachev@uni-plovdiv.bg

BBPXY MVJITUIIVINKATUBHUTE I'PYIIN HA
KOMYTATUBHU I'PYIIOBU AJITEBPUA

Benuka H. Kynesa, Tonop 2K. Mosios, Hako A. Haues

Pestome. Heka RG e rpynosata anrebpa Ha abesesa rpyma (G HaJi KOMYyTa-
TUBEH HEPA3JI0KUM pbered R ¢ equnuiia u npocra xapakrepuctuka p u U(RG)
e MyJTuiviMKaruBHaTa rpyna va RG. Yopbuin [5 Zbl. 0231.13004] sbBexina
nmousituero K'T-moyn M Haj TUCKPETHO HOPMUPAH MPHCTEH W MHBAPUAHTU
Wa. q(M), osnadenn ¢ h(a, M), 3a IPOU3BOJIHO OPJMHAJIHO YHCIO (¢ H IIPOCTO
ancio q. Janues [1, Zbl 1183.16031] uzuncnssa croitnocrure W, o(U(RG)),
koraro dakrop-rpynara G;/G, e kpaitna (IIpemmoxkenue 10), kbaero Gy e
nepronndHaTa noarpyna #Ha G n G, e p-komnonenTaTa Ha (. B macToamara
crarusi ycraHoBsiame, e [Ipeyoxkenne 10 e HEBAJIMIIHO U HIMa CMUCHJII, Tbil
KaTO 3a IPOU3BOJIHO 1TpocTo 1 # pu G = AX B, kbjero A e p-rpyna u B e nuk-
smdaHa rpyna ot peg ', n € N, nomydasame nporusopeunero,de Wy o(U(RG))
€ IpOOHO YHCJIO, KOTaTo (pr € HPUMUTHBEH p"-TH KOPEH Ha, €IHHHUIATA, TAKa
4ye (pn HE € KOPEeH Ha IOJIMHOM HaJi R oT cremen mo-maJka or 7.
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