FIXED POINTS FOR MAPPINGS WITH A CONTRACTIVE
ITERATE AT EACH POINT

SAMET KARAIBRYAMOV* AND BOYAN ZLATANQOV**

ABSTRACT. We generalize the results of Sehgal and Guseman for mappings
on a complete metric space with a contractive iterate condition at each
point.

1. INTRODUCTION

Let (X, p) be a metric space and T': X — X be a map. If there is a < 1,
such that p(Tz,Ty) < ap(z,y) holds for every z,y € X, then T is called a
contraction. A well known theorem of Banach [1] states that if X is a complete
and T is a contraction, then T has a unique fixed point z and for any x € X
the sequence of the successive approximations {T”x}:o:l converges to z, where
Tz =T(T" 'xz). Sehgal has generalized this result in [8], by considering maps
that a contractive at a point. The result of Sehgal has been generalized by
Guseman [7]. In these two papers the authors have imposed weaker contraction
conditions on the map, but again the fixed point can always be found by using
the Picard iteration, beginning with some initial choice x € X. Some other
articles that consider mappings that are with a contrective iterate at a point are
(2, 3, 4, 5, 6].

2. MAIN RESULT

Theorem 2.1. Let (X, p) be a complete metric space and T : X — X be a map
with the properties:
(a) there exist subsets U, C X, n € N, such that T : U, — U,, and
ﬂff:l Un # 0;
(b) there exists o € (0,1), such that for every x € X there are ny,ng € N,
such that for every u € UZC:”O U, there holds the inequality

p(T™ 0, T x) < ap(u, ).
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Then there exists z € X with the properties:
(i) There exists n, € N, such that Tz = z;
(ii) For every y € X there is a sequence of naturals {¢;}32,, such that
lim T%y = z;
1— 00
(iii) For every x € (.2, U, there holds lim,_,o. T"x = z.
Proof. Let x € (,—, Uy, be arbitrary chosen. By T : U, — U, it follows that
for every s € N we have T%z € ()., U,. Following [7] and [8] let define the
function r(z) = sup{p(T"z,x) : n € N} for any z € X. First we will prove that
for any = € (., U,, there holds the inequality r(z) < 4oc.
Let choose an arbitrary « € (),—, Uy, then there exist n;(x),no(z) € N, such
that the inequality p(T™ @y, T"(*)z) < ap(u, ) holds for any u € Uzozno(x) U.,.
Therefore for any s € N there holds the inequality

p(Tnl(ac)(Tsx)’Tm(x)x) < ap(Tz,z).

Put I(z) = max{p(T*z,2),s = 1,2,...,n1}. For any s € N there is k € N, such
that kny(z) < s < (k+ 1)ni(x), then we can write the chain of inequalities:

p(Tz,3) < p(T™@ (T @) T @) 4 (T @)z, )

< ap(Ts~™ @y ) 4+ p(T™ @y, ) < ap(T*™ @, 2) +1(z)

< ap(Tm@)(Ts=2m@) ) 7@y 4 ap(T™ @, x) 4 1(z)
< o2p(T* 2@z 2) + (1 + a)l(x)
< a2p(T™ @) (Ts=3m @) g) Tm@) ) 4 o2p(T™M @) g, z)
+(1+ a)l(zx)
< aBp(Te 3@y x) + (1 + a+ o?)l(x)
e
< afp(Ts @y gy + (1 +a+a®+--- 4 aF Di(2)
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Now we will construct inductively a convergent sequence {x;}32,. Let choose
an arbitrary x € ﬂzozl U,. Put mg = ni(z), z1 = Tz, my = n1(x1), 3 =
T g,. If we have defined m;_; € N and z; € ﬂzozl U,, then put m; = nq(z;)
and z;41 = TMix,.

We will show that {z;}$2, is a Cauchy sequence. Indeed by the inequalities

p(@iv,xi) = p(T™wi,x;) = p(T™ = (T wi—q), T™wi1)
< p(T™iwig, i) = ap(T™i=2(TMiw_2), T™ 22, )

< agp(Tmixi,g,l‘i,z) < <L aiP(Tmix’x) < Oéir(x)

we get

P(Titp, i) = p(Titp Tigp—1) + P(Tigp—1, Tigp—2) + -
cot @iy, igr) + p(Tig1, T4)

< r@) NP e < r(a) @

s=1i = T—a?

which ensures that {z;}32; is a Cauchy sequence and taking into account the
completeness of X it follows that there is z € X, such that lim; .. x; = z.

Let for the rest of the proof {z;}$2; be the sequence, that was constructed
above and z be the limit of the sequence {z;}2;.

We will show that slggo p(T*x,z) = 0. Choose ¢ > 0. There is ip € N, such

that the inequalities p(2,z;) < €/2 and a'r(z) < /2 hold for every i > ig. Put

So = 220:0 m;. Then for every s > sy we can write the chain of inequalities

P2, Ta) < p(z,T™oa,) + p(T™0a,,, Tx)
< plzwiger) + aplaiy, T~ ox)

- g +ap(Tmi071xio—1vT87miox)

< A ap(ai, T Moo )

< < ot a (e, T %) < g +atlr(z) <e.

€
2
By the arbitrary choice of € > 0 it follows that limg_, o, p(T%x, z) = 0.

There are n(z),no(z) € N, such that p(T™u, T"1(*)2) < ap(u, 2), holds

for any u € Uzozno(z) U,,. By the construction of the sequence {z;}2, it follows
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that for any s,7 € N there holds T%xz; € (,—, U, and thus the inequality
p(T™ P2y, T 2) < ap(a, 2) (1)

holds for any i € N. Let € > 0 be arbitrary chosen, then there exists jo € N, such
that for any i > jo there hold p(x;,2) < €/3 and a'r(z) < /3. Consequently
by (1) we get p(T™(*)z;, T (*)2) < £/3 and the chain of inequalities

p(T" Py i) = p(Tm™= (T Py q), T i)
< ap(T™ Bz y, 2 )
= ap(Tmi—2(T™E) g, o), T™i—2x,_5)
< a?p(T Pz s, 25 )

< < alp(Tm B ) < afr(x) < /3.

We will proceed with proving of (1)—(iii).

(i) Indeed we have that for any € > 0 there exists jo € N, such that the
inequality

p(T™ P 2 2) < p(T™ O 2, T ) 4 p(T Py ) + plai, 2) < €
holds for every ¢ > jy and thus by the arbitrary choice of € > 0 it follows that
Ty = 2,

(ii) Let y € X be arbitrary. We will construct inductively a sequence {y;}52;.
Put po = ni(y), y1 = TPy, p1 = ni(y1), y2 = TP'y1. If we have defined
pi—1 € N and y; then put p; = n1(y;), yir1 = TPy; and ¢; = Z;:()pj~ By the
construction of the sequence {z;}22, it follows that for any s,i € N there holds
Tx; € oy Un, thus

p(T4x, TPy;) < ap(TT'x,y;) = ap(TT 2, TP~ y;_1)

IN

a?p(Th2x,y; 1) < --- <@ lp(a,y).

Therefore lim;_, o p(T%x, TPiy;) = 0. Since lims_, o p(T%x, z) = 0 and the tri-
angle inequality

p(TP yi,z) < p(TPy;, T ) + p(T" x, 2)

we get that lim; o p(T%y, z) = lim; o p(TPiy;,2) = 0.

(iii) By (i) and the arbitrary choice of z € (.2, U, it follows that for every
y € N, Uy, there is z, € X, such that lim,_,o Ty = z,. To finish the proof
it enough to show that z, = z. Let suppose the contrary i.e. there exists
y € (o, Up, such that lim,_,o, Ty = z, # 2. We have just proved in (ii) that
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for any y € X there exists a sequences of natural numbers {g;}5°,, such that
{T'%y}32, is convergent to z and consequently z, = z. O

Let for the proofs of the next Corollaries we use the notations from the proof
of Theorem 2.1.

Corollary 2.1. Let (X, p) be a complete metric space and T : X — X be a map
with the properties:
(a*) there emwist subsets U, € X, n € N, such that T : U, — U,, and
ﬂff:l U, 7é Q];
(b*) there exists o € (0,1), such that for every x € X there is ng € N, such
that for every u € |Jo° , Un there holds the inequality

p(Tu, Tz) < ap(u,x).
Then there exists z € X, such that:
(i*) Tz = z; A
(ii*) For every y € X holds lim T'y = z.
11— 00

Proof. The proof follows immediately by the proof of Theorem 2.1, because
ni1(z) =1, and p; = ny(y;) = L. O

Corollary 2.2. Let (X, p) be a complete metric space and T : X — X be a map
with the properties:
(a) there exist subsets U, C X, n € N, such that T : U, — U,, and
Moty Un # 0;
(b) there exists o € (0,1), such that for every x € X there are ny,ng € N,
such that for every u € Uflo:no U,, there holds the inequality

p(T™u, T™ x) < ap(u,x).
Let there holds one of the following conditions:
(c.1) If there is x € (o, Un, such that T is continuous at lim; o T"x;
(c.2) If there is x € (., Un, such that lim; o Tz € (., Uy;
(c.3) If the sets {U,}22 ¢ are closed,
then there exists z € X, such that Tz = z.

Proof. Tt follows by Theorem 2.1 that there exists z € X, such that for any
uw € 2, U, there holds lim; oo T"u = z and there exists ni(z), such that
TG = 4,

Let holds (c.1), i.e. T be continuous at z. Choose arbitrary u € (,—, U,, and
put u; = T'u, then for every ¢ > 0 there exists ko = ko(u) € N, such that for
every i > kg there hold p(z, Tw;) = p(z, T'u) < £/2 and p(Tu;, Tz) < /2. Now
by the inequality

p(z,Tz) < p(z,Tu;) + p(Tu;, Tz) < e
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we obtain that Tz = z.
Let holds (c.2). Suppose that Tz = v # z. Then T™ )y = TME)(Tz) =
T(T™(*)z) = Tz = v. By the choice of n;(z) € N and Theorem 2.1 we get

p(v,z) = p(Tnl(Z)Uanl(Z)z) < ap(v,z),
which is a contradiction. Consequently Tz = z.

Let holds (c.3). The proof follows form (c.2), because if {U,}22; are closed
then for any u € (-, U,, will hold lim;_,oc T%u € oy Un. O

Corollary 2.3. Let (X, ||-||) be a Banach space and T : X — X be a map with
the properties:
(a**) there ewist subsets U, C X, n € N, such that T : U, — U,, and
ﬂZil Un # 0;
(b**) there erists a € (0,1), such that for every x € X there are ny,ng € N,
such that for every u € Uzo:no U,, there holds the inequality

|7 — T | < allu— .

If there is © € (o, Un, such that the sequence {T"z}°, is weakly convergent
toT (limiﬁoo Tix), then there exists z € X, such that Tz = z.

Proof. By Theorem 2.1 there is z € X, such that for any z € (N, U, we
have lim;_, .. Tz = 2. Let take z € ﬂff:l Uy, such that {T"z}$2, is weakly
convergent to T’ (limiHOO Tix) = Tz. Then {T'z — 2}, is weakly convergent
to Tz — z and therefore we have | Tz — z|| < lim; , ||T%x — z||. Now using that
T'zx is convergent to z we get that Tz = 2. g

3. EXAMPLES

Now we will illustrate the above results with some examples.

Ezample 1: Let f : [0,1] — [0,1] be a convex function, such that %:C <
f(z) < 2x. We will construct inductively sequences of real numbers {a,}5%,
and {B2n4+1}52 ;. Let a1 = 1. Put agz,, n € N to be the solution of the equation

—Q2p + a2n—1 = f(azn), (2)
Bani1, n € N to be the solution of the equation

2a2;, + Bont1 = flazn) (3)
and as, 11, n € N to be the solution of the equation

202,11 + f(azn) = 2az,. (4)

Define T : [0,1] — [0,1] by
—T + agp—1, N E N ze [a2n7a2n71]
Tr =
2z + Bont1, nEN € (a1, a2
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and T(0) = 0. The graphic of the function T is shown in Fig. 1.

FIGURE 1. Graphic of the function in Example 1.

It is easy to see that lim, . a, = 0. Indeed by (2) and (4) we have the
inequalities ag, = agn—1— f(a2y) < a2n—1— 202, and 23,11 = 2a2, — f(az,) <
209, — %agn = %agn. After combining the last two inequalities we get that
aon+1 < %agn_l holds for every n € N. By the inequalities as,y1 < ag, <
agn_1 it follows that lim, oo a, = 0. Put U, = [0,a2,.1] for n € N, then
M, Un = {0} 0.

Let z9 € [0,1] be arbitrary chosen and fixed. Then there is kg € N, such
that @ € [agk,+1,a2k—1)- By lim, o0 a, = 0 it follows that there is ng € N,
such that the inequalities T'(u) < T'(z¢) and 2u < fasn41 < 229 — T(20) hold
for every u € U,Z,,, Un, n > ny. Thus for any u € {J;_, U, there hold the
inequalities

T () — T(w)| = T(x0) — T(w) < %(xo Cw)—Tu< gm) )

and therefore by Corollary 2.2 it follows that T" has a fixed point z and for every
x € [0, 1] the sequence T"x converges to z.

It is interesting in this example that there are open sets V;, = (up,t,), such
that lim,, oo u, = 0 and for any v, € V,, there holds the inequality |T?v,, —
Tvy,| > |Tv, — vy,|. Indeed take v, = agp—1 — asp+1. By using the inequalities
(2) and (4) we get

3
Q2 — Up = 202p — U2p—1 + Q241 = G2 — §f(a/2n) <0
and therefore v,, € (a2n, a2,_1). Then T'(v,,) = —v,+a2,_1 = a2, 41 and T?v,, =
Tagn+1 = 0. Thus |T?v, — Tv,| = agny1 and [T, — v,| = G2p_1 — 202,41,
because ag,—1 — 2a2,+1 > 0. Consequently
_ f(a2n)
|T21}n - T’Un| . a2p41 a2n 2

> 1.

|Tvn - vn| B agn—1 — 2a2n+1 B 2f(a2n) — Qa2np
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By the continuity of T it follows that there are open sets V,,, such that v, € V,
and for any v € V,, there holds

|T%v — Tw|

> 1.
|Tv — |

Example 2a: Let us consider the Cantor set. It is is obtained by repeatedly
deleting the open middle thirds of a set of line segments (starting from [0, 1]).
More specifically, let K7 be the unit interval [0, 1] with its middle third removed,
that is K3 = [0,1/3] U [2/3,1]. Let Ky be K; with its middle thirds removed,
that is Ky = [0,1/9]U[2/9,3/9]U[6/9,7/9]U[8/9, 1]. Continuing in this manner,
we generate a sequence of closed sets K,,. The Cantor set is defined by C =
N, K, # 0. There is and explicit formula for the open middle third sets that
are removed. Put V5 = (1/3,2/3)J(1/9,2/9) |J(7/9,8/9) and

oo m—3 gk+3 _ g gk+3 _ 7 gk+3 _ o gk+3 _q

m=2k=—1

then C = [0,1]\V. Put 4 = V5\Q and B = V\ (VoUQ) and let define Ty : A —
R and Ty : B — R by

1 3k+3_g
51’ — 93mFl T €

1 3k3_7
1Tt e, TE

gkt4_g3 gk+3_z7
3m+1 b} 3m \Q

1 3k+3_o 3k+3_o gkti_gp
3m y»  3m+1 \@

51’ — 93mFIl S

1 3kt3_1
1T+ fgmrr, TE
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Let define a map T[0, 1] — [0, 1] by

éx, re(QnvyucC

Tr=4 Ti(z), v€A

T>(z), =€ B.
An approximation of the graphic of T is plotted in Fig. 2.

=1,
B
1 2 A
3 3 9

2
9

1

-
- A
9

©loo

FI1GURE 2. An approximation of the graphic of the function in
Example 2a.

We will show that the map T with the sequence of sets {U,}5%,, where
U, = K,,, satisfies the conditions in Theorem 2.1.

Let zy € [0, 1] be arbitrary chosen. There are two cases 29 € V or g € C.
Case I) Let zp € V.

If zy € V\Vj, then there are mg > 2 and kg € {—1,0,1,...mg— 3}, such that

3k+3*8 3k+377 3k+372 3k+371
xO E ( 3m ) 3m U 3m I 3m M Put
. gk+3_g gkt3_7 gkt3_g 3k+3_
r:sup{)\>0.(x0—)\,xo+>\)c( T g U T g

Choose ng = mo+1 and n; € N be such that (1/2)"1~! < (r/3). Then for every
u € U,_,,, Un there hold the inequalities

™ ™ 1\ ! 1
|T™ g — T | < (2) xo + <2> u < <2> < g < g\xo — ul,

because Tz < g, for every x € [0, 1].

If g € Vo, then choose ng = 2and put r = sup {A > 0: (xg — A, 20 + \) C Vp}.
Choose n; be such that (1/2)™~! < (r/3). Then for every u € |J.—, U, there
hold the inequalities

™ ™ 1\t 1
|[T™ xg — T ul < <2> xo + (2> u < (2) < % < g\xo —ul.
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Case II) Let zg € C. Then for any u € |J,-, U,, there holds
1
|Txg — Tu| < §|:1:0 — ul,

because Ta > ~ for every z € [0,1] and Tx = L for every ¢ € C. Now we can
apply Theorem 2.1. Let us mention the result

Theorem 3.1. [8] Let X be a Banach space, and T : X — X a continuous
mapping satisfying the condition: there exists a constant o € (0,1) such that for
each x € X, there is a positive integer n(x) such that for ally € X

p(T" )y, T z) < ap(y, o).

Then T has a unique fixed point z and lim T°x = z for each x € X.
S§—00

It is easy to see that for any x € V N Q and for any n; € N we can choose
an irrational u, such that |[T™xz — T™wu| > |z — u| and thus the conditions in
Theorem 3.1 are not satisfied.

Ezample 2b: Let T : [0,1] — [0,1] be defined as in Example 2a, for every
x € (0,1)\{1/2}. Let T(0) =1, T(1) =1/2, T(1/2) = 1. Then all he conditions
in Theorem 2.1 are satisfied with with the sets U,, = [0,1/n], n € N. Tt easy
to see that n1(0) = 3. Therefore 72(0) = 0 and obviously there is no z € [0,1],
such that Tz = x.

Ezample 3: Let (X, - ||) be a Banach space with a basis {e;}22, such that

oo oo
if z= Zmiei,y = Zyiei with |2;| <|y;| for every i€ N, (5)
j i=1

i=1
then [lzf| < [ly[|.

Let {a;}22, be an increasing sequence of positive reals, convergent to 1. Let
T : X — X, be linear map defined by Ter = aper. Consider the sets U, =

{Z?Zl Niei 1D Nes|| < l}. Obviously (oo, U, # 0.
Let z = Zf; x;e; € X be arbitrary chosen. There is m; € N, such that

oo
E Ti€4

i:m1

< Lz
— |
8 b

which implies the inequality %||z|| < [|>-1"} @ie;]|. Choose my € N, such that

=
n% < t|lz| and put mg = max{my,mo}. Then for every m > mg and every
y € U,, there hold the inequalities

> el < Mel<t (G- L)<l
i gl =a\a"M ") =1

i=m-+1
1 1
7zl =yl < Zllz =yl

IN

=yl

m
E Ti€q
i=1

IN
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and
lyll < : <1|| ||<1H | 1|| ||<1|| |
— < -z —|lz]| — = — ||z — vyl
y_m_S - 4y_ y

Choose sy = s(z), so that max{a;® < 272 : i = 1,2,...,mg}. Let y €
Unz iy Uns then there is n > my, such that y € U, and y = >, Aie1, where
A; = 0 for every i > n. We can write the chain of inequalities:

mo o0
| TS50z — Tooy|| = Zafo (x; — Ni)e; + Z a;’xe;
i=1 i=mo+1
mo o0
< Zafo (x; — Ni)e; + Z ) (m; — Ai)e;
i=1 i=mo-+1
oo o0
+ Z (g — g )ziei|| + Z (0% — a8 Y Aie;
1=mo+1 1=mo+1
1 o0
< glle—wli+ > el +
i=mo+1

1 1 1 3
< glle=yll+ gl =yl + Zllz =yl = llz =yl

The sets U,, are closed for every n € N and by Corollary 2.2 there exists
z € X, such that Tz = z. It is easy to see that lims_,, T°e; = 0 and o is the
fixed point of the map T, where o is the zero vector in X. By Theorem 2.1
we have that for every y € X there is a sequence of naturals {g;}3°,, such that
lim;_,oc T%y = 0. Therefore for every € > 0, there exists k. € N, such that
|T%y|| < . By the fact that 0 < a; < 1 for every i € N it follows that for
every s > g, holds |a;|* < |a;|9%= for every i € N. Now by (5) it follows that
for every s > gy, there holds the inequality | T%y|| < . By the arbitrary choice
of € > 0 we get that lim Ty =o.

§—00

A Result that generalizes Theorem 3.1 is the following;:
Theorem 3.2. [7] Let X be a Banach space, and let T : X — X a mapping.
Suppose there exists B C X such that
(Gl) T(B) C B;
(G2) for some o € (0,1) and each y € B there is an integer n(y) > 1 with

p(T" W, T"Wy) < ap(x,y)
for all x € B;
(G3) for some x € B, cl{T*z:s € N} C B.
Then there is a unique z € B such that T(z) = z and lim T°z = z for each
S—00

x € B. Furthermore, if
p(T" Dz, T3)2) < ap(x, 2) (6)
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for all x € X, then z is unique in X and lim T°z = z for each x € X.
S—00

It is easy to see in Example 3, that for every 0 < o < 1 and every n € N
there is s, € N such that

[T"es, —T"a|| = [|T"es, || = (as,)"les, | = alles, | = alles, — |l

which shows that the condition (6) in Theorem 3.2 is not satisfied.

(1]
(2]
(3]

(4]
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