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ABSTRACT: Upper estimates for the order of Gateaux smoothness of bump functions in
Orlicz spaces £3/(T") and Lorentz spaces d(w, p, I'), I" uncountable, are obtained.
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1 Introduction

The existence of higher order Fréchet smooth norms and bump functions and its impact on the
geometrical properties of a Banach space have been subject to many investigations beginning
with the classical results for L,—spaces in [1], [7]. An extensive study and bibliography may
be found in [2]. As any negative result on the existence of Gateaux smooth bump function
immediately applies to the problem of existence of Fréchet smooth bump functions and norms
the question arises of estimating the best possible order of Gateaux smoothness of bump func-
tion in a given Banach space. A variational technique (the Ekeland variational principle) was
applied in (Proposition 11.5.5 [2]) to show that in ¢;(I"), T—uncountable, there is no continuous
Gateaux differentiable bump function. Following the same idea and using Stegall’s variational
principle, an extension of this result to Banach spaces with uncountable unconditional basis
was given in [6]. As an application it was shown that in ¢,(T’), I' uncountable, there is no con-
tinuous p-times Gateaux differentiable bump function when p is odd and there is no continuous
([p] + 1)-times Gateaux differentiable bump function in the case p ¢ N. The same result was
obtained independently in [12]. This is essentially different from the case ¢,(N), p-odd, where
equivalent p—times Gateaux differentiable and even uniformly Gateaux differentiable norms are
constructed (see [14] and [11] respectively). Moreover, from the above results form [6], [13], [14],
it follows that £,(I"), I' uncountable, p odd, represent a negative answer to the question whether
the existence of a k—times Gateaux differentiable bump function in each separable subspace of
a Banach space X implies the existence of such a bump function in the whole space X. We
mention that the analogous problem for Fréchet C*—smooth bump functions (Problem V.3 [2])
is still unsolved. It turns out that the variational technique is useful in the case of spaces with
uncountable symmetric basis too (Theorem 1 below). As examples, Orlicz spaces ¢,,/(T") and
Lorentz spacesd(w, p,T'), T' uncountable, are considered. Estimates for the order of Gateaux
smoothness of bump functions are obtained. As a corollary sharp estimates for the order of
Gateaux differentiability of continuous bump functions in £,;(T") are found. It is worthwhile to
mention that results about differentiability of bump functions in ¢,(I") cannot be used directly
for £)/(T) and d(w,p,T). Indeed, in [5] it is proved that ¢,(A) is isomorphic to a subspace of
d(w,p,T) iff A is countable. On the other hand ¢;,(T) for M ~ t?(1 + |logt|)? at 0, p > 1,
q # 0, contains an isomorphic copy of £,(A) iff A is countable.

Let U be an open set in the Banach space X and let f : U — R be continuous. Following
[6] we shall say that f is GO ,-smooth, k € N, in U (f € GY, ,(U)) for some w : (0,1] — R¥,
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limy ot *w(t) = 0 if for any x € U, y € X the representation holds:

k4

t . .
flz+ty) = flx)+) ﬁf(”(iv)(yl) + R (z,y, 1),
i=1
where f)(x), i =1,2,...,k are i-linear bounded symmetric forms on X and

fing RS (2, . )| /(1) = 0

If U = X we use the notation va[p] instead of G&[p] (X) and Gy, k € N, for the set of continuous

k-times Gateaux differentiable functions on X, for which lim,_o [R} (2, y,t)|/w(|t]) = 0.
In what follows, for sake of simplicity we use “bump” instead of “bump function.”

2 Main Result

Let X have symmetric basis {e, },ey with symmetric constant 1 and 0 # 2z € X, z = Y72, we,,
vi # 75 for i # j. A sequence {2ifren, 2k = 2iog UiCay,,, Yk 7 oy for (i,k) # (j,1), aup €T,
is called a block basis generated by the vector z.

Denote
n

Sz

Jj=1

An(z) =

Theorem 1 Let X be a Banach space, let {67}761'*, i > Ny be a symmetric boundedly complete
basis in X with symmetric constant 1, and let k € N, such that

(1) lim A, (z)n "% =0,

n—oo

for every z € X.
Let w : [0,1] — R" be such that for every x € X there exist y € X, suppy N suppz = 0,
and sequence t, \, 0 that satisfy the inequality

[ + tnyll = llzll = w(tn), neN.

Then in X there is no continuous:
(i) G, . —smooth bump when w(t) = o(t*);
(i) GO ;.1 —smooth bump when w(t) = o(t"™), k even;
(iii) k-times Gateaur differentiable bump if w(t) = t*;
(iv) (k + 1)-times Gateauz differentiable bump if w(t) = t**1 k even.

3 Proof of Theorem 1

We prove (i) and (ii). The proof of (iii) and (iv) is essentially the same. Suppose b is a
continuous bump, b € G, . (X) (b€ G ., (X)). WLOG we assume b(z) = 0 for ||z|] > 1. Put

5(z) = { biz(x)a b(x) # 0

+00, otherwise.
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Then for every x,y € X, b(x) # 0 we have

) iy | (o) () = 0 (Yo [R5 (. ) o[£ = 0)

Let
0(z) = ||zl +2, b(z)#0
~+00, otherwise.

mmz{

Obviously ¢(x) > ||z|| for all x € X. X has the Radon—Nicodym property. Applying Stegall
variational principle for ¢ in X we get xy € X, b(z) # 0 and f € X* such that for any y € X
the inequality holds:

(3) p(zo +y) = o(z0) — f(y)-
Let yo € X, supp yo Nsupp xo = () and ¢, \, 0, be such that

(4) 20 + tnyoll + [0 = tagoll = 2||zol| = 20(tn)

Let {Ya taca, SUPD Yo Nsupp zo = 0, $A > Ny, be a block basis generated by yo. As for every

{a;}52, C A the sequence {y,,}5°, is symmetric basis in span{y,, ;’gl”'” satisfying (1), then

lim P(ya,) = P(0)

1—00

provided P is polynomial, deg P < k. This fact goes back to [1].
Then there exists oy € A such that

6(]')(3:0)(3/&0) =0, j=1,2,...,k
and Taylor’s formula gives
6(1;0 + tyao) = 5(1]0) + ng(mo, Yap s t)

k+1

(k+1)!

G@rwmﬁzﬂ%%F ﬁﬁwmxﬁfb+%“w%www)

Using 3 we obtain

R (%0, Yoo, 1) = 0(20 £ o) — 0(20) = (|70 = tyaoll — [12oll F f (Yao)

(5)

tk+1

k+1
R§™ D (@0, Yag, ) > 20 tyao | = [170ll F £ ( (Yao) + gy 0®+ ) (w0) (&) .

Obviously (5) implies

|R§(x07yao’t)| + |R§(x07yao’ _t)| > ||$0 + tyozo” + ||$0 - tyao” - 2”950”
(6)

(|R§+1(x07y007t)| + |R]6€+1(x07ya0’ _t)| > “IO + tyao” + ”'TO - tyao” - 2||ZL'0”) :

As (4) implies
120 + tnao | + 120 = tnyao | = 2[z0ll = 2w (tn)
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it is easy to obtain from (6)

|R§(IO’ Yap> tn)| + |R§($07 Yap> _tn)|

>2>0
w(tnl)
|ng+1(m0’yaoatn)| + |R§+1<x0’yo¢07 _t”)| >2>0,
w([tn])
which contradicts § € G2, (X) (6 € G2, ;,1(X)). Theoreml is proved. 0

In what follows we shall apply Theoreml for Orlicz and Lorentz spaces, ¢3/(I"') and
d(w, p,T'), T—uncountable.

4 Orlicz Spaces /(T

We recall that M is called an Orlicz function, provided M is an even, convex function with
M(0) = 0, M(t) > 0 for any t # 0. The Orlicz space ¢/(T") is the space of all vectors
T = {2y}, cr such that

M(z/N) =3 M(z,/)) < oo

~el

for some A > 0, endowed with the norm
|z = inf{\ > 0: M(z/\) <1}.
According to [10] the Boyd indices of £); are determined by
ay = sup{p : sup{ M (uwv)/uP M (v) : u,v € (0,1]} < oo},

By = inf{p : inf{ M (uv)/u’M(v) : u,v € (0,1]} > 0}.

We consider only spaces generated by Orlicz function M satisfying the As-condition at 0, i.e.
By < 00, which implies of course

(7) M(uwv) > u?M(v), u,v € [0,1]

for some q > [y (see [9], p.140).

Finally we mention that the unit vectors {e,} .p form a symmetric basis of £,(T") with
symmetric constant 1, which is boundedly complete.

For g : (0,1] — R™ denote

dp(g) = sup{ M (uv)/g(u)M(v) : u,v € (0,1]}.
To apply Theorem 1 for ¢,,(I") we need the following Lemmas.

Lemma 4.1 Let p > 1 and M be Orlicz function satisfying the conditions

(8) 1161—r>% M(t)/tP =0
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(9) dy(tP) = ¢ < 0.

Then every block basis {z;}52, of the unit vector basis {e,},er in y(T), generated by one
vector, satisfies

lim n-/P = .

n—oo

n
Z Zj
j=1

Proof: Let z = 3372, wie,, € £(T) and {e;;}52,, j = 1,2,... be disjoint subsets of {e,},cp.

Then z; = >27°, u;ej;, j =1,2,... form a symmetric block basis of {e,}, generated by z.
Denote pu(t) = M(t)/t?. From (8) and (9) it follows

(10) ln u(t) = 0,

(11) ,U/(tl) < C)\(fg), provided ti1,to € (O, 1], t1 < to.

Let € > 0 arbitrary. Find m such that

i M (u;) < €/2c.

i=m-+1

From
1:M<Zz]/ Zz]): M(zj/ Zz]):nﬂ(z/ Zz])
j=1 j=1 j=1 Jj=1 J=1
we obtain .
(12) Jim 1>z =0,
j=1

n
Z Zj
7j=1

(13) ( ,

p 0
n‘l/p) = ufpu (ui/
i=1

Using (10) and (12) we obtain for large n
) <e/2

i ug,u(ui/ )Sci[\/l(ui)<5/2

i=m-+1
p
( nl/p> <e

which completes the proof. O

n
Z Zj
j=1

) |

5t o
i=1

n
Z Zj
j=1

On the other hand (11) implies

n

sz

Jj=1

and we get from (13)

n

> %

j=1




Lemma 4.2 Let dy(w) = oo. Then for every x € (y(T') there exist y € £y(T'), supp y N
supp = = () and a sequence {t,,} \, 0, such that

(14) 2+ tayll = [Jz]] + cw(tn)
for some ¢ > 0 and any n € N.

Proof: We note first that
liminfw(t)/t = 0.

=0
If z = 0 choose sequence t,, \, 0 such that lim,_,. w(t,)/t, = 0. Then (14) holds true trivially
for any y # 0 with ¢ = ||y|| > 0.

WLOG suppose M (1) = 1.

Fix arbitrary « = Y272, x;e,, € £y (T), ||z|| = 1 and choose sequences {¢,}, {v,} such that

(15) th 0, v, \\ O, t,,v,>0;
(16) M (t,v,) /w(tn) M (v,) > 2%
(17) M(v,) < 27"

Put m,, = [1/2"M(v,)] + 1 and find k; € N such that
M(z;) < M(ujvy)/2, @ > k.
Define inductively a sequence of naturals {k,}>2; such that
k1 +mp—1 < ky,

M(z;) < M(t,v,)/2, i > k.

For a sequence {A,,}°°; of finite disjoint subsets of T', such that A, Nsupp = = 0, {4, = k,,
put

00
Yn = Un Z €y, y:Zyn
n=1

YEAR

Obviously M(y) = 2%, muM(v,) < 2, which secures y € £,;(T'). We have supp (z + ty) =
supp x U (U2, A,) for any t # 0 and therefore

(18) M(z 4 tyy) — M(z) > S M(tyv,) = maM(ty,) > M(t,0,)/2" M (v,).

Remove as many elements of the sequence {¢,} as necessary to have
0<d,=|z+tyl—-1<1

and keep the same notation for the remaining sequence. Now (7) implies

—~ T+t
Mz +tyy) — M(z) = M <Hx+tnyHHx+tyH> -

< lz+tayll? —1=(1+dn)? =1 < q217'dy,

(19)
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for some q > 3.
Combining (18) and (19) we obtain

|+ thyl| — 1 > eM(t,v,)/2" M(vy,),

where ¢ = (¢2971)~1.
Let z # 0 arbitrary. Find 7, supp ¥ Nsupp = = () such that

x
H”x“ + tny‘ — 12> cM(tyv,) /2" M(vy,).

Obviously for y = ||z||y we have from (16)
[+ tayll = [lz]l = cll|[M(tnvn) /2" M (vn) = cfjzf|w(tn).
which ends the proof. O

Theorem 2 Let M be an Orlicz function, M # t" at 0 forn € N and w : (0,1] — R*,
dy(w) = o00. Then

(a) if anr € N in £y(T) there is no continuous G, 1, 1-smooth bump;

(b) if anr € N in £y (T) there is no continuous G, . —smooth bump, provided dp(t*M) <

oo and there is no continuous G&aM_lfsmooth bump, provided dy(t*) = oo.

The proof in all cases is straightforward, applying Lemma 4.1 for appropriate p and
Lemma4.2.

Corollary 1 Let M be Orlicz function, M « t" at 0 forn € N. If f is a k—times Gateaux
differentiable continuous bump in €y (T"), then

[OzML dM<t[aM]) < 0
k< Ey =
ay — 1, ay €N, dy(t*M) = 0.

Remark 1: The above estimates for the order of Gateaux differentiability are sharp.
Indeed, the statement is obviously true for ay; € N or apy € N, dps (%) = 0o because for such
M in £,;(T) there exist equivalent even Fj—times Fréchet differentiable norms (see [12]). On
the other hand if ay; = k € N, dy(tF) < oo, then lim;_o M (t)/t* = 0 (otherwise M ~ t* at 0).
Following step by step the construction from [12] with the corresponding changes in Lemmas
2 and 4 one can construct Orlicz function N ~ M at 0 such that N is k-times Gateaux
differentiable and for any z,y € {x(T)

k

— J

N(z+ty) =3 ﬁN(”(yj) < (N(@) + N(y)) @(¢) + N (ty)

where ®(t) = o(t*) depends only on M. This implies immediately that the norm in ¢y (T) is
k—times Gateaux differentiable in £ (I")\{0}.



Remark 2: Using Lemma 4.1 for p even integer and the obvious inequality in £, (T’),
2+ tyll + [l = tyll = 2llz]| > e(z, )", supp x Nsupp y =0,

we easily get as a corollary of Theorem 1 that in £,41(I"), p even, there is no continuous (p+1)—
times Gateaux differentiable bump. This result was obtained independently in [13] and [6].

Remark 3: Some new results have been obtained recently for Orlicz spaces hj;, with
apy = oo. In [4], by using the fact that every separable isomorphically polyhedral Banach
space has equivalent analytic norm [3], it was proved that hy(T'), aps = oo has analytic norm
iff I" is countable and hy(T") is isomorphically polyhedral. On the other hand Leung [8] gave
an example of an Orlicz function M for which aj; = oo but hy, fails to be isomorphically
polyhedral. The corresponding Orlicz space hy; is an example of a separable Banach space
with Fréchet C*°—smooth norm [12], which has no equivalent analytic norm.

5 Lorentz Spaces d(w,p,T)

Let 1 < p < oo and let w = {w, }5°, be a nonincreasing sequence of positive scalars such that
lim,, o w, =0 and > 72, w, = oc.

We denote by d(w,p,T") the Lorentz space of all real functions x = z(«) defined on the
set I" for which

00 1/p

el =sup{ S walata} < ox
n=1

where the supremum is taken over all sequences {«, }32 ; of different elements of I". There exist

a sequence {a’}°°, such that |z(aj)| > |z(ad)] > ..., lim, o z(a)) =0, z(a) =0 if a # o,

n=12,...and

ol = {3 wn|x<oc:;>rp}1/p.

The space d(w,p,TI") is a Banach space and the canonical basis {ev}yel" is a symmetric basis
[9].

Lemma 5.1 Let p > 1. For every z € d(w,p,T'), lim,_. Ap(2)n" /7 = 0.

Proof: Let z = >, ue,,, where |u;| > |ujq], i € N and z; = Y22, wse;;, where {e;;}7,
j=1,2,... are disjoint subsets of {e,},cp. Obviously

n p n 0o p o0 ni
2oz =2 we =3 > wiluwl”
j=1 j=11i=1 i=1 j=n(i—1)+1
Let € > 0 arbitrary. Find m such that
o0
(20) > wilul? < /2.
j=m+1



It is not hard to observe that (20) implies

00 ni 0
(21) Z Z wjlul”/n < Z Wh(i—1)+1|Us|? < €/2.
i=m+1 j=n(i-1)+1 i=m-+1

On the other hand

Y wilwl/n < ————3 il
=1 j=n(i—1)+1 n =1

Obviously lim,, o (wy + + -+ w,)/n = 0 and for n large enough

(22) >SS wlul/mze,

i=1 j=n(i—1)+1
p
n_l/”) < €.

Lemmab.1 is proved. O

which together with (20) implies

n
Z Zj
7=1

Lemma 5.2 For everyz € d(w,p,T') and everyw : (0,1] — R, w(t) = p(t)t?, lim; o p(t) =0,
wu(t) > t, there exist y € d(w,p,T), supp y Nsupp x = ) and sequence t, \, 0, such that

(23) [z + tayll = [l2]] + c(z)w(tn).

Proof: Suppose ||z|| = 1 and let {z;}3°; be the decreasing rearrangement of the nonzero
coordinates of x. Choose decreasing sequence {¢,}°,, such that p(t,) < 27" and increasing

sequence of naturals {k, }52,
[e.9]

Z wi|x; P < w(ty),

i=kp+1

kn kn—l

Z w; > Z W;.

i:kn—l‘i’l i:kn—2+1

kn+1

1
Put u,, = (2/1(75”)/22-:,%“ wi) /p, n=1,2,.... Obviously u, > u,;1 for every n € N. Choose
a sequence {A,}>°, of disjoint subsets of ', A, Nsupp x = 0, $A4,, = k,1 — k, and consider
the sequence {yn}72 1, Yn = Upn Xca, €4 From

o0 kn+1 o0

uy, Z wj:2ZM(tn)§2
1 n=1

j:kn"‘l

n=

it follows that y = 22, y, € d(w,p,T).



Let us check that y satisfies (23). We have

k}n kn«l»l k)n
2+ tayall? > Y wilagl? +thul D wy =D wyla P+ 2w(t)
=1 kA1 =1
> ij\:cj|p +w(ty,) > 1+ w(ty).
j=1
Now from
- |7
||x—|—tny||p: x+tnzyj > ||x+tnyn||p
j=1
we obtain

|z + tay||P > 14 w(t,).

Denote ||z + t,y|| = 1 + d,. Remove those t, for which 1 < [¢,|||y||. Then from the
inequality
(1+d,)? <1+ p2rtd,

it follows (23) with ¢ = (p2¢—1) "
If ||z]| # 1 applying the above for x/||z|| we find 7 and ¢, \, 0 such that
[l + tollll gl = [l]] + cllzflw(tn),

i.e. (23) with y = ||z||y and c(z) = ||z]|.
Lemma 5.2 is proved. O
Using Lemmas 5.1 and 5.2 in Theorem 1 we get:

Theorem 3 Letp > 1, w, \, 0, 32, w, = 00 and w : [0,1] — R be such that w(t) = o(t*).
Then in d(w,p,T') there is no continuous Gg)’[p] —smooth bump.

Corollary 2 Let p > 1, w, \, 0, >, w, = oco. If f is a continuous k—times Gateaux
differentiable bump in d(w,p,T), then k < [p].

References

[1] N. Bonic, J. FRAMPTON. Smooth functions on Banach manifolds. J. Math. Mech., 15
(1966), 877-898.

[2] R. DEVILLE, G. GODEFROY, V. ZIZLER. Smoothness and Renorming in Banach Spaces.

Pitman Monographs and Surveys in Pure and Applied Mathematics, Vol. 64, Longman
Scientific & Technical, Harlow /New York, 1993.

[3] R. DEVILLE, V. FONF, P. HAJEK. Analytic and polyhedral approximation of convex
bodies in separable polyhedral Banach space. Israel J. Math., 105 (1998), 139-154.

10



[4]

[10]

[11]

[12]

[13]

[14]

P. HAJEK, S. TROYANSKI. Analytic norms in Orlicz spaces. Proc. Amer. Math. Soc.,
129 (2000), 713-717.

F. HERNANDEZ, S. TROYANSKI. On the representation of uncountable symmetric basic
sets and its applications. Studia Math., 107 (1993), 287-304.

F. HERNANDEZ, S. TROYANSKI. On Gateaux differentiable bump functions. Studia
Math., 118 (1996), 135-143.

J. KURZWEIL. On approximation in real Banach space. Studia Math., 14 (1954), 213-231.

D. LEUNG. Some isomorphically polyhedral Orlicz sequence spaces. Israel J. Math., 87
(1994), 117-128.

J. LINDENSTRAUSS, L. TZzAFRIRI. “Classical Banach Spaces. 1. Sequence Spaces”
Springer—Verlag, New York, 1977.

J. LINDENSTRAUSS, L. TzAFRIRI. “Classical Banach Spaces. II. Function Spaces”
Springer—Verlag, New York, 1979.

R. MALEEV. Higher order uniformly Gateaux differentiable norms in Orlicz spaces. Rocky
Mountain J. Math., 28 (1995), 1117-1136.

R. MALEEV, S. TROYANSKI. Smooth norms in Orlicz spaces. Canad. Math. Bull., 34
(1991), 74-82.

D. McLAUGHLIN, J. VANDERWERFF. Higher order Gateaux smooth bump functions in
Banach spaces. Bull. Austral. Math. Soc., 51 (1995), 291-300.

S. TROYANSKI. Gateaux differentiable norms in L,. Math. Ann., 287 (1990), 221-227.

Department of Mathematics  Department of Mathematics  Department of Mathematics

and Informatics and Informatics and Informatics
Sofia University, Sofia University, Plovdiv University,
5 “James Bouchier” str. 5 “James Bouchier” str. 24 “Tzar Assen” str.
Sofia, 1126 Sofia, 1126 Plovdiv, 4000
Bulgaria Bulgaria Bulgaria

11



