Gateaux Differentiable Norms in Musielak—Orlicz Spaces !
R. Maleev, B. Zlatanov

ABSTRACT Equivalent [a(®)]-times uniformly Gateaux differentiable norms are constructed
for large classes of Musielak—Orlicz spaces Lg (€2, X, 11). Equivalent [p]-times uniformly Gateaux
differentiable norms are constructed in Nakano sequence spaces £y}, where 1 < p = liminf p,, <

n—oo

limsup p, < oo and the set A ={n € N: p, < p} is finite.

n—oo

1 Introduction.

The existance of smooth bump functions on a Banach spaces is important for many problems
of nonlinear analysis [3], [4]. It is well known that in a Banch space an equivalent norm of some
order of smoothness generates a bump with the same order of smoothness. Thus all positive
results on the existence of smooth equivalent norms are transferred directly for bumps.

The problem of best order of Fréchet differentiability of bump functions for L,-spaces is
solved in [1], [12] and for Orlicz spaces in [9], [10]. An excelent overview of the depelopment of
the smoothness problems in Banach spaces may be found in [5].

Estimates for the order of Fréchet differentiability of norms in Musielak—Orlicz sequence
spaces and of bump functions in Nakano sequence spaces habe been found in [11]. Troyan-
ski [13] found equivalent p-times Gateaux differentiable equivalent norms in L, over o-finite
space, p odd, thus showing that the best order of Gateaux differentiability in the class of all
equivalent norms in this case is better that the best order of Fréchet differentiability. The same
phenomenon was established in [8] for Orlicz sequence and function spaces.

Our aim is to constract equivalent norms, that are uniformly Gateaux differentiable in
some Musielak—Orlicz and Nakano spaces and to find cases when the order of Gateaux differ-
entiability of the norm is higher that the best order of Fréchet smoothness of the space.

2 Preliminaries.

In what follows X and Y are Banach spaces, Sx and Bx the unit sphere and the unit ball of
X respectively. By N we denote the naturals and by R the reals. The space of all continuous
symmetric j-linear forms

T: XxXxXx---xX =Y
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equiped with the norm
|7y = sup{||T'(z1,...,2;)| : @i € Bx,1 <1 <j}

is denoted by B/(X,Y). We write T'( xz,...,x )= T(2%).

————

j — times
Definition 2.1 The map f : X — Y 1is said to be Gateaux differentiable at x € X if for each
heX )

/ th) —

t—0 t

exists and is a linear continuous function in h, i.e. f € B(X, Y). The higher order Gateaux
differentiability is defined inductively. Suppose the (k — 1)-th derivative f=1) of f is defined
in a neighbourhood U(x) of z, f*V(y) € B*"Y(X,Y) for every y € U(z). Then f is called
k-times Gateaur differentiable at x if f*=V : U(z) — B*Y(X,Y) is Gateaur differentiable at
x, i.e. if there exists f®)(x) € B*(X,Y) such that for each h € X

R D@ rth ) — fED(: )
@ o t

where the limit is understood with respect to the norm in B*~V(X,Y).

The class of all k-times Gateaux differentiable maps at any z € A C X is denoted by G¥(A). If
f € G*(Sx) and the limit in (1) is uniform on x for every fixed h then we say that f is k—times
uniformly Gateaux differentiable on Sx and we write f € UG*(Sx).

We mention that if the limit s above are uniform for h € Sy the map is said Fréchet (k—
times Fréchet) differentiable in 2. A Banach space which possesses k—times Gateaux (Fréchet)
differentiable bump function (real valued function with bounded support) is called G*(F*)-
smooth.

Throughout the paper (€2, %, 1) is a measure space.

We recall that M is called an Orlicz function, provided M is even, convex, continuous
nondecreasing in [0, co) function with M (0) = 0, M (t) > 0 for any t # 0.

Definition 2.2 A two variable real valued function ®(u,s) : [0,00) x Q — [0,00) is called a
Musielak—Orlicz function with a parameter or a Musielak—Orlicz function or MO function if
for a.a. s € Q, u — P(u,s) is an Orlicz function and for all u € [0,00), s — P(u,s) is
Y -measurable.

Definition 2.3 The Musielak—Orlicz space Le (€2, 3, 1) is the space of all classes f of equivalent
pu—mesurable functions over the measure space (2,3, ) such that:

Eﬁ(ﬁ) :/Qcp<f(;),s> dp(s) < o

for some A > 0.



The space Lg(€2,3, 1) is a Banach space if endowed with the Luxemburg’s norm:

||f||q>:inf{A>0:613<§> :1}.

The most common examples of Musielak—Orlicz spaces are the sequence spaces {4, }, the func-
tion spaces Lg(0,1) and Lg(0, 00) that correspond to the cases: Q countable union of atoms of
equal mass, Q2 = [0, 1] and ©Q = (0, 00), p the usual Lebesgue measure.

Definition 2.4 We say that the Musielak—Orlicz function ® : R x  — R satisfies the A*P
condition if there exist a positive constant k and a nonnegative integrable over € function h,
such that:
(2) O(At,s) > kAP(D(t,s) — h(s))
foranyt >0 and A > 1.

If h =0 then we say that ® satisfies the uniform A*P condition.

Definition 2.5 We say that the Musielak—Orlicz function ® : R x Q — R satisfies the A4
condition if there exist a positive constant K and a nonnegative integrable over €0 function h,
such that:

(3) D(At,s) < KN(D(t,s)+ H(s))

foranyt >0 and A > 1.
If H =0 then we say that ® satisfies the uniform A? condition.

Definition 2.6 Given a Musielak-Orlicz function ®, lower and upper indices o(®), B(P) re-
spectively are defined as follows:

a(®) =sup{p: ® € A"}, [(P)=inf{q: ® € A7}

Definition 2.7 Let {p,}>°,, pn > 1. The space of all sequences {x,} such that

< 00

N(z/A) = i

In
A

Jor some X\ > 0 is called a Nakano sequence space and denoted by £y,,1.

We consider the usual Luxemburg’s norm.



3 Main results

Theorem 1 Let @ be a Musielak—Orlicz function with 1 < a(®) < B(P) < 0o and let for some
ke ll,a(®):

i) there exist non—negative integrable over Q) function h and positive constant cq such that:
®(uv, s) < cou®(®(v, s) + h(s))

for allu €[0,1], v € R" and a.a. s € Q;
D (u, s)
uk
Then for any measure space (2,3, i) with a positive measure there is an equivalent UG*—smooth

norm in Le(Q, X, ).

ii) lin% =0 for a.a. s €.

Theorem 2 Let {p,}°, be such that 1 < p = hmmfpn < limsupp, < oo and the set

n—oo

A={ne€N:p, <p} is finite. Then there exist an equivalent UGP—smooth norm in Ly, 3.

4 Auxiliary results

4.1 Uniform Gateaux differentiability of Musielak—Orlicz spaces

Following [8] for any ¢ > 1 we denote by F(c) the class of all non-decreasing continuous
functions f: RY — R™, f # 0, such that:
(%) £(0) =0;
(o) £(b) = f(a) < c(b—a)L2 for any 0 < a < b, b#0.

Let f(t,s) : Rt x Q — RT. Denote I(f) = I(f)(u,s) = [5 f(u,s)du and inductively
1m(f) = 1"(f)(u, 8) = I{I" () (u, 5))-

Theorem 3 Let f(t,s) : RT x Q — R" and f € F(c) for a fivzed ¢ > 1 and almost all s € ().
Then for every measure space (€,3, u) with positive measure p the Musielak—Oricz function
space Ly (2,3, 1), ® = I¥(f) admits equivalent UG*—smooth norm.

We omit here the proof because it can be obtained by carefully following step by step the proof

from [8] of the analogous result for Orlicz spaces.

4.2 Musielak—Oricz functions satisfying simultaneously uniform A*” and A? con-
ditions

Definition 4.1 We say that ®, is equivalent to ®5 and we denote it by &1 ~ Py if there are
constants C;, K;, 1 = 1,2 and non—negative integrable over § functions h;, i = 1,2 satisfying

(4) C191(Kqu, s) < Po(u, s) + hi(s),
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(5) CQCI)Q(KQU, S) S CI>1(u, S) + hQ(S)
for allu >0 and a.a. s € €.

It is well known that for equivalent Musielak—Orlicz functions ®; and ®, the Musielak—Orlicz
spaces Lg, and Lg, are isomorphic (e.g. [6])

It is well known (e.g. [6],[7]) that if a Musielak—Orlicz function ® satisfies the A* (A7)
then there exists an eqivalent Musielak—Oricz function ¥ which satisfies the uniform A* (A9)
condition. For the proof of the main result we will need the following stronger result which
could be of interest by itself.

Theorem 4 Let © satisfies the A™ and A conditions for some 1 < p < g < oo. Then there
exists & ~ O and positive constants ki, K1, such that

(6) kNB(L, s) < DML, s) < KAFHD(t, s)

forany A >1,t>0, s € Q, i.e. ® satisfies the uniform AP and AP+ conditions simultan-
tously.

Proof: Suppose that ¢ satisfies (2) and (3).

Denote by(s) = ®1(2h(s)), Bi(s) = @ 1(Hy(s)), b(s) = max{b;(s), Bi(s)}. Obviously
by, B1,b € Lg are non—negative functions. Following [6] one can easily prove that there exist
positive constants ko and K, such that

(7) ko NP (2, 5) < B(ME, 5) < Ko\ (2, 5).

for t > b(s), A > 1.
Indeed (2) and (3) imply for ¢t > b(s) and for any A > 1:

1 .
N BN, 5) > kA (cb(t, 5) — 2<I>(b1(s),s)) > SNB(t,5),
O(AMt,s) < KX(DP(t,s) + P(Bi(s),s)) < 2KNID(t,s).

Consider ®(z,s) = [y o(t, s)tP~1dt, where

®(b(s), s)

<t <
brHi(s) 0<t<b(s)

(9) p(t,s) =

A

(v, 5)
sup , t>b(s).
TR

We will prove that ® satisfies (6) and is equivalent to ®.
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For the constants in (8) do not depend on s € € to get (6) it is enough to prove that for
any Orlicz function ¥ the inequality

(10) o NP (8) < U(NE) < KoM\0(t), forall t>bA>1

implies the existence of positive constants k1 and K5, depending only on k5, K5, p and ¢ such
that for any A > 1, ¢ > 0 the inequality holds:

(11) ko NP (1) < W(AL) < Ko\TU(1),

where U (t) = [¢ ¥(u)uP~*du with

‘;fff L 0<t<b
U(t) =
T e
Obviously .
(12) qf(t):fp(ffgﬂ, 0<t<b
(13) U(t) = ]:I]j_b)l + /bt bgylgx \ij(g)xp_ldx, t>b.

By using (10) we easily get for any A > 1 the following inequalities that we will need in the
sequel:

U(y) 1 U(At)
14 su < — :
14 b<y<p)\t yP T ko (AP
N\ U(A Y
(15) sup (v) _ sup ) g ror ()
a<y<xt YP o b<y<t (Ay)P b<y<t YP

Consider separately the cases:
I case: 0 <t < At < b Obviously (12) implies ¥(\y) = APT1U(t), i.e. (6) with &y = K; = 1.
IT case: 0 <t <b< At. Now (12) and (13) imply:

W(b)  W(b) NP —bP
p+1 b p+1

oy ("

At
T(M) = Y0y /b U ()P du >

v




On the other hand using (14), (10) and (12) we get

At
U (b) 1\11()\15)/ Pl < U(b) _i_illl()\t)
p+1 ke (A)P p+1 ko p
1 1 1 1
< —— 4+ — ¥ (N) < K. 7—1-7 AW (b
S e ) L EL A PR PO 0
U(b) Pt
b”“p—i—l_

V()

< K \prat+l — A7/

< K >\p+q+1\1,( )

1
where K35 = K <1+p+ )
pk

_ Ab Xt
IIT case: 0 < b <t < At. First we put W(At) = / W (u)uPtdu + W (u)uP*du and
0

Ab
estimate the two integrals separately.

Ab Ab v(b W (b) \POP — bP b
/ U (u)uPtdu = +/ JuPtdu > (b) + (b) dt = )\p/ W (u)uP~du,
0 D + p+1 p+1 v p+1 0

and

Al ~1 ¢ ~1 ! U(y) po1 ! ~1
/ U(u)uP™ du = )\p/ U(Au)uP™ du = /\p/ sup —=uP" du > /\p/ U (u)uP~ " du.
b b b b<y<iu YP b

The last two inequalities give us:
W(At) > NPU(1).

As above, by using (14) and (15) we obtain

TOM) = TOb) + N /t\lf()\u)up_ldu

b

IA

— ¢ 1 1%
K3\PHat10(b) + >\p/ ( sup Yv) + sup (y)) uP~tdu
b \b<y<ab YP M<y<iu YP

-~ 1 U(Ab) U(y)\
KA+ (b +)\p/ ( #osup = Ly
: ©) B 0P R, T

< KaWHIE(D) + AP (L 4 1) KpA1 P fb U (u)uP~du

IN

< KN (W) + f W (u)ur du) = K\ ().

The inequality (10) is proved with k; = 1, K; = max {1, Ky (1 + ’]’:’Tj)}. Therefore ® satisfies
(6) with k1, K4, not depending on s € Q, A > 1 and t > 0.
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Finally we show that ® ~ ®.
By using (8) we have for ¢ > b(s):

6(ta S) = 6<b(5)7 S) + fbt(s) Supb(s)gygu q)(y@gS) w’~ du = (p_lg = + ko fb

(16)

< 1?124>(t,s) (t—b(s)) + 2 < 1 5 ((D(t s) + ’” 1@ (b(s), ))-

t p+1

As @ is increasing the inequality holds true for 0 < ¢ < b(s) also.
On the other hand the A? condition (3) implies that

(17) O(2t,s) < LP(t,s) + G(s), forall t>0,
where L is positive constant, while G is non-negative integrable over {2 function. Equivalently
1
(18) ©(t/2,5) 2 7 (0(t,s) = G(s)).
Now we easily get for t > b:
FS s),s (u,s u,S b(s u,s
B(t,s) > 2o g i Bled gy — 200L) 4 jrls) gy, — [ 2l g
> 2oy b 2 gy — B(b(s), 5) > D(t/2,5) — L B(b(s), )
> L(0(1,9) — G(s)) — L (0(s). )
- L p+1 T
le.
_ Lp
O(t,s) < LO(t,s) + G(s) + ——P(b(s), s).
p+1
Obviously ®(t,s) < ®(b(s), s) for t < b(s). Therefore
D(t,s) < LO(t,s) + Gi(s), forall ¢ <b(s),
L
where G1(s) = G(s) + %@(b( s),s) is non-negative and integrable over Q. O
p

Corollary 4.1 Let ® be a Musielak—Orlicz function with 1 < a(®) < B(P) < oo and let for
some k € [1,a(®P)]:
i) there exist a non—negative integrable function h and a positive constant ¢y such that:

d(uv, s) < cou®(®(v, s) + h(s))

for allu €[0,1], v € RY and a.a. s € Q;
d(u, s)
uF

Then there exists a Musielak—Oricz function ® ~ ® satisfying 1), i) and the uniform A*P
and APTITL conditions (6).

i) lir% =0 for a.a. s €.



Proof: Without loss of generality we may assume ¢y > 1. Choose p with a(®) € (p, p+1)% and
q < B(®). Then & satisfies the A*P—condition and A%-condition. Consider now the Musielak—
Orlicz function ® constructed in Theorem 4. Taking into account (16) and

(19) B(t,s) = (I)(;(j)is) (b(i)) . 0<t<b(s)

we can write

— 1 ky t
D(t,s) < — | D(t Db .
)< (0000000
Now for any u € [0, 1] we get:
D(uv, s) < ]:ZCI)(UU, s) + ukq)(;(_i)is), < v < b(s);

_ 1 0
P(uv,s) < —d(uv, s) +
O D

By using once more the property i) of & we obtain:

D(uw, s) < Cuf(®(v, ) + hyi(s)),

uF(®(v, s) + h(s), b(s) <w.

where C' = co(é + ]ﬁ) and hy = h(s) + ®(b(s), s). To show that & satisfies i) it is enough

simply to use the equivalence ® ~ ® in the last inequality. On the other hand ® obviously
satisfies the condition ii) according to (19). O
We mention that a “better” result than Theorem 4 holds true:

Theorem 5 Let @ satisfies the A™ and A conditions for some 1 < p < g < oo. Then there
exists & ~ O and positive constants k’l, K 1, such that

(20) ky APD(t,5) < DAL, s) < K ND(t, 5)
forany A >1,t>0, s € Q, i.e. D satisfies the uniform A*P and A? conditions simultaniously.

The proof is similar to that of Theorem 4, by considering ®(z, s) = [; (¢, s)tP~'dt, where

M 0<t<bs
) I I
’ o Py, 9)
inf , t>0D(s).

b(s)<y<t y9(s)

The function @ in this case does not inherit the properties i) and ii) in Corollary 4.1 and we
will not use it in the sequel.

2If ® satisfies the A**(®)—condition we simply choose p = a(®)
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5 Proof of Theorem 1

Theorem 1 Let ¢ be a Musielak-Orlicz function with 1 < a(®) < B(P) < oo and let for some
kell,a(®):

i) there exist non—negative integrable function h and positive constant cq such that:
d(uv, 5) < cou®(®(v, s) + h(s))

for allu €[0,1], v € R" and a.a. s € Q;
D(u, s

)t 20

Then for any measure space (2, %, i) with a positive measure there is an equivalent UG*—smooth

norm in Le(Q, X, ).

Proof: Choose p with a(®) € [p,p+ 1) and ¢ € (3(®), +0o0) and consider the function ® ~ &

constructed in Corollary 4.1, which satisfies simultaneously the uniform A*? and APT4*l Put

u Pt
B=p+q+1and ®(u,s) = / (t’ S)dt, u > 0. Obviously
0

=0 for a.a. s € ().

(22) <I>(ué2,s) < Py (u,s) < d(u, s),

ie. ® ~ ®; at 0 and co. Denote

and f%(u,s) = max{p(t,s) : t € [0,u]}, u > 0. We will prove first that f&(u,s) € F(c) for some
positive constant c. Indeed

(23) D(u,8) < c290(u/2,s) < 27T ®(u, s).

Let 0 < a < b, d; = max{u € [0,0] : p(u,s) = f&(b,s)}. Obviously f£(b,s) = fk(a,s) if d, < a.
If a < dg by the convexity of ®; and (22), (23) we get for some 6 € (0,1)

®y(dg, s) — P1(a, s) — (d, ) ®(a+0(d; — a),s)
dk ’ d¥(a+0(ds—a) ’

d(dy, 5)
it

f£<675> - fé(aﬂg) <

< CzﬁJrl(b . CL) fé(b7 S)

S (ds_a) b

and obviously u — f%(u, s) is nondecreasing, continuous for v > 0 and f¥(0,s) = 0 and thus
the space Ly(Q2,%, i) is UG*—smooth on the unit sphere, where N = I*(f&).
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It remains to show that ® is equivalent to N.

N(u,s) < lul*fg(lul,s) < N(2"u,s)

M < Py(u,s <\U’f<1>(|u‘ s)

5 <
< max{ @1 (t,s) :t €0, ]u\]}
< max{ :te|o, \UH}
< co(P(u, ) +

and thus

17/ u

3 (W s) < N(u, s) < co(B(u, s) + h(s)).

6 Nakano spaces

The function ®(u, s) = u?*), p: Q@ — [1,00) is a special case of Musielak—Orlicz function called
Nakano function with a parameter. The space L) (€,3, 1) = Lo(€2,3, 1) is called Nakano
function space. We will apply Theorem 1 in order to prove the following:

Theorem 6 Let p : Q@ — R" and 1 < p = essinfyco{p(s)} < p = esssup,co{p(s)} < oc.
If 1 < k < p then for any o—finite measure ju on Q the Nakano function space Ly (S, X, )
admits equivalent UG* —smooth norm.

Proof: As for a o-finite measure x on €2 the space Ly (2,3, ) is isometric to Ly (€2, X, 1)
for a suitable probability measure v, we may without loss of generality consider only the case
w1(§2) < oo, Q free of atoms.

t N
Put N(t,s) = / 1<5’S)
0

du, where

uP)T e 0, 1]
Ni(u, s) =
P, u > 1.

It is not hard to check that Lp)(2, 2, 1) = Ly(€,3, ). On the oder hand p = a(N) <
B(N) < oo. To finish the proof it is enough to observe that N satisfies the conditions:

11



i) N(uv) <u*N(v) for u € [0,1], v € R and a.a. s € Q;
v N(u)
ii) hn%] -
u— U
If €2 is a countable union of atoms of equal mass then we get the Nakano sequence space
lip,y- An equivalent definition for £y, y is Definition 2.7

=0foraa s€. O

Lemma 6.1 Every Nakano sequence space Ly} is embedded isometrically in some Nakano
function space Ly5)(0,1) for a sutable function p(s) : Q — [1,00) with p = ig{f)p(s) = irelgpn.
Proof: Let {p,}5°, pn > 1,0 =09 < a; < ... < a, < apy1 < ... <1, T}Lrgoan = 1. Let
hyp = |ans1 — an|_ﬁ, p(s) = py for s € [a,, an41] and

| ha, t € an, ant]
xn(8> B { 07 t g [anaan—i-l]‘

Then £,y is isometric to the subspace of Ly (0, 1) generated by {z,(s)}52,. Indeed, if {c,} €
Cipny, 1e. X |cn [P < 0o holds:

X i Cnn(S)

p(s)

/ n=l ds = Z/an+1 " ds
o | llzleg,,, an ”fo{pn}
o0 Pn [e's) c Pn
= lani1 — an| = n =1.
S ] e el = X e

O
Now we are ready to prove
Theorem 2 Let {p,}>°, be such that 1 < p = hmmfpn < limsupp, < oo and the set

n—oo

A= {neN:p, <p} is finite. Then there exist an equivalent UGP—smooth norm in Ly, .
Proof: First let us note that £y, = £y, for

=1 P Pn>p
" P, Dn <D

By the previous lemma £y} < Lg(5)[0, 1] and 1 < p = essinf e 1)q(s) < esssup e 17q(s) < oo.
The result now follows directly from Theorem 6 O

Remark 6.1 Theorem 2 holds true and if the set A = {n € N : p, < p} is not finite but
Y oneA Crom < 00 for some constant 0 < C' < 1. It follows from [2]. Moreover {gqy = Lip.y,

where
Jpn if ngA
U if neA.

Now from Theorem 2 we get that {y,,, admits equivalent UGP norm.

12



Remark 6.2 If p, > p, p odd integer and lim,_.o p, = p by [11] the space Ly, is UFP~!-
smooth and there is no p—times Fréchet differentiable bump in Ly,.y. On the other hand Theorem
2 implies the existence of equivalent UGP—smooth norm. The same remains true for p even if
Uip,y 98 not isomorphic to £, which is F'*°~smooth.
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