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Abstract An exact estimate is given for the modulus of smoothness in weighted
Orlicz sequence spaces and the best order of LHω–smoothness of bump functions is found
for αM ≤ 2.
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1 Introduction

For many problems in the Geometry of Banach spaces and non linear analysis in Ba-
nach spaces, the existence of bump function with prescribed order of smoothness or with
derivatives sharing properties of Holder’s type is of essential importance.

As a Frechet smooth norm immediately produces a bump function of the same
smoothness, all negative results about bump functions are negative results about the
smoothness in the class of all equivalent norms.

The question of finding an upper bound of the order of Frechet differentiability of
bump functions in arbitrary Orlicz space is solved in [10]. Recently in [11] Ruiz has proved
that for a given Orlicz function M all weighted Orlicz sequence spaces `M(w), generated
by a weight sequence w = {wn}∞n=1 verifying the condition

lim
k→∞

wjk
= 0,

∞∑

k=1

wjk
= ∞,(1)

for some subsequence {wnk
}∞k=1, are mutually isomorphic. This result raises the question

whether the best possible ω1–Holder properties of the first derivatives of bump functions
in `M(w) depend on the sequence w = {wn}∞n=1 verifying (1)

For the proof of the main result we shall need an estimate from below of the modulus
of smoothnes in weighted Orlicz sequence space `M(w). Maleev and Troyanski [9] have
found an upper estimate for the modulus of smoothness of an arbitrary Orlicz space. Figel
in [3] has shown that this estimate is exact up to equivalent renorming in Orlicz spaces.
Using the method of Figel, we will show in Section 4, Lemma 1, that the estimates found
in [9] are exact up to equivalent renorming also weighted Orlicz sequence space.

2 Preliminary results

We denote by X a Banach space, X∗ its dual one, SX the unit sphere in X, N the naturals
and R the reals. Everywhere differentiability is understood as Frechet differentiability.
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An Orlicz function M is an even, continuous, convex and monotone function in
[0,∞) with M(0) = 0, M(t) > 0 for any t 6= 0. The Orlicz function M is said to have the
property ∆2 if there exists a constant C such that M(2t) ≤ CM(t) for every t ∈ [0,∞).

To every Orlicz function M the following numbers are associated

α0
M = sup

{
p : sup

0<λ,t≤1

M(λt)

M(λ)tp
< ∞

}
,

α∞M = sup

{
p : sup

1≤λ,t<∞

M(λ)tp

M(λt)
< ∞

}
,

αM = min{α0
M , α∞M}. (see e.g.[5], p. 143 and [6] p. 382)

Let (S, Σ, µ) be a positive measure space. The Orlicz space LM(µ) is defined as the
set of all equivalence classes of µ–measurable scalar functions x on S such that

M̃(x/λ) =
∫
Ω M(x(t)/λ)dµ(t) < ∞

for some λ > 0, equipped with the Luxemburg’s norm

‖x‖ = inf
{
λ > 0 : M̃(x/λ) ≤ 1

}
.(2)

For S = N and w = {wj}∞j=1 = {µ(j)}∞j=1 we get the weighted Orlicz sequence spaces
`M(w). In this case we have x = {xj}∞j=1 ∈ `M(w) iff there exists λ > 0:

M̃(x/λ) =
∞∑

j=1

wjM(xj/λ) < ∞.

Clearly, the unit vector sequence is an unconditional basis in `M(w). When wj = 1 for
each j ∈ N, we obtain the usual Orlicz sequence space and denote it by `M instead of
`M(w).

Let w = {wj}∞j=1 be a sequence and wj > 0 for every j ∈ N. By w ∈ Λ, we mean
that there exists a subsequence {wjk

}∞k=1, verifying conditions (1)
We call modulus of smoothness of X the function:

ρX(τ) =
1

2
sup {‖x + τy‖+ ‖x− τy‖ − 2 : x, y ∈ SX} , τ > 0.

We introduce the following function necessary for the estimation of ρ(`M (w),|·|)(τ)
with respect to an appropriate equivalent norm | · | in `M(w)

GM(τ) = τ 2 sup

{
M(uv)

u2M(v)
: u ∈ [τ, 1], v > 0

}
, τ ∈ (0, 1]

The function f : X → R is said to be differentiable at x ∈ X if there exists z∗x ∈ X∗,
such that

f(x + ty) = f(x) + tz∗x(y) + r(x, y, t),(3)
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where limt→0 t−1 sup{r(x, y, t) : y ∈ SX} = 0. The functional z∗x is called derivative of f
at x and is denoted by f

′
(x).

In the applications often are considered functions, which are not only differentiable
but share properties of Hölder’s type.

By Ω we denote the class of functions ω : R+ → R+ such that ω(t) = o(t) and
ω1(t) = ω(t)/t is nondecreasing function, satisfying the condition ω1(λt) ≤ λω1(t) for
every λ ≥ 1.

We say that f : X → R is locally Hω–smooth in the open subset V ⊂ X if f
is continuously differentiable in V and for every x ∈ V there exist δ = δ(x) > 0 and
A = A(x) > 0 such that

‖f ′(y)− f
′
(z)‖ ≤ Aω1(‖y − z‖) = A

ω(‖y − z‖)
‖y − z‖(4)

for every y, z ∈ B(x; δ) ⊂ V (see [1]).
If there exists A > 0, such that (4) is fulfilled for arbitrary y, z ∈ V the function f

is called Hω–smooth in V . The class of all Hω–smooth (locally Hω–smooth) functions in
V will be denoted by Hω(V ) (LHω(V )), respectively.

We say that b : X → R is a bump function if supp b = {x ∈ X; b(x) 6= 0}‖·‖ is a
bounded non empty set.

It is easy to observe that if there exist Hω(X) (LHω(X))–smooth equivalent norm,
then there exists a Hω(X) (LHω(X))–smooth bump (see e.g. [2] p. 9). The converse is
not true. Haydon [4] gives an example of space with C∞–smooth bump, which has not
even a Gâteaux differentiable equivalent norm.

3 Main result

Theorem 1 Let X = `M(w), where M is an Orlicz function, satisfying the ∆2–condition
at 0 and at ∞, αM ∈ (1, 2], w ∈ Λ and ω ∈ Ω1. If b is LHω–smooth bump function in
`M(w) then

GM(τ) = O(ω(τ)).

4 Modulus of smoothness of weighted Orlicz spaces

In the proof of the next Lemma 1 we shall use the following result

Proposition 1 ([3], [6]). There exists a positive absolute constant L such that ρX(σ)/σ2 ≤
LρX(τ)/τ 2, whenever 0 < τ < σ.

Lemma 1 Let X = `M(w), where M is an Orlicz function, satisfying the ∆2–condition
and w ∈ Λ. Then for every equivalent norm |·| on X, there exists a constant K = K|·| > 0,
such that

ρ(X,|·|)(τ) ≥ KGM(τ), τ ∈ (0, 1].
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Proof: We can assume WLOG that |x| ≤ ‖x‖ ≤ b|x| for every x ∈ X, where ‖ · ‖ is the
Luxemburg norm (2). As the norm | · | is fixed we can denote ρ(τ) = ρ(X,|·|)(τ) and we
shall denote the subsequence {wjk

}∞k=1 fulfilling (1) again by {wj}∞j=1 just for simplicity.
Observe that from the equivalence of the norms it follows that

∑n
i=1 ρ(|xi|) ≤ 1,

provided
∑n

i=1 ρ(‖xi‖) ≤ 1. Hence by Lindenstrauss’ Theorem (in the Figiel’s form [3])
there exist signs εi = ±1, i = 1, . . . , n so that |∑n

i=1 εixi| ≤ 1 +
√

3, which gives us that
∥∥∥∥∥

n∑

i=1

εixi

∥∥∥∥∥ ≤ (1 +
√

3)b = d,(5)

whenever
∑n

i=1 ρ(‖xi‖) ≤ 1.
For every given τ, u ∈ [τ, 1], v ∈ (0,∞) we put n = [1/ρ(u)], c = uv, where by [a]

we denote the largest integer not greater than a.
For every v we can choose a sequence of integers {mk}∞k=1:

1
2M(v)

<
∑mk+1

j=mk+1 wj <
1

M(v)
, because w ∈ Λ. Let xk ∈ X, k = 1, . . . , n be disjointly supported vectors such that

xk = c
mk+1∑

j=mk+1

ej,

where {ej}∞j=1 is the unit vector basis in X. Obviously

1 =
mk+1∑

j=mk+1

wjM(c/‖xk‖) = M(c/‖xk‖)
mk+1∑

j=mk+1

wj <
M(c/‖xk‖)

M(v)

So we obtain that ‖xk‖ ≤ u, which yields the inequalities
∑n

i=1 ρ(‖xi‖) ≤ nρ(u) ≤ 1.
Using (5), we obtain immediately the inequalities

1 ≥
n∑

k=1

mk+1∑

j=mk+1

wjM(c/d) = M(c/d)
n∑

k=1

mk+1∑

j=mk+1

wj ≥ M(c/d)
n

2M(v)
.

Hence
M(c/d)

M (v)
≤ 2

n
≤ 2

2

n + 1
≤ 4ρ(u).

Since c = uv, then there exists a constant α, depending only on d and the ∆2–condition,
such that M(uv) ≤ αM(c/d). Finally, we obtain

M(uv)

M(v)
≤ α

M(c/d)

M(v)
≤ 4αρ(u).(6)

To finish the proof we need only to apply (6) and Proposition 1. Indeed,

GM(τ) = τ 2 sup
u∈[τ,1],v>0

M(uv)

u2M(v)
≤ τ 2 sup

u∈[τ,1],v>0
4α

ρ(u)

u2
≤ τ 24αL

ρ(τ)

τ 2
.

¤
Combining the result in [9] with Lemma 1 we find that the estimate of the modulus

of smoothness in weighted Orlicz sequence spaces is exact up to an equivalent renorming.
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5 Proof of the Main Result

In the proof of Theorem 1 we shall need a variant of known theorems (see e.g. [2], p.
199). As the proofs are literally the same we shall omit them.

Theorem 2 ([2],5.3.1) Assume that a Banach space X 6⊃ c0. Suppose that X admits a
bump function b(x) ∈ LHω(X). Then X admits a bump function f(x) ∈ Hω(X).

Theorem 3 ([2],5.3.2) Assume that a Banach space admits admits a bump function
b(x) ∈ Hω(X). Then X admits an equivalent norm | · | ∈ Hω(SX).

Proof of Theorem 1: Let f be a LHω–smooth bump in X = `M(w). Since there
is no isomorphic copy of c0 in X, then according to Theorem 2 there is a Hω–smooth
bump function in X. According to Theorem 3, there is an equivalent Hω(SX)–smooth
norm ||| · ||| such that

ρX,|||·|||(t) ≤ Kω(t), t ≥ 0, K > 0(7)

On the other hand, we have just proved that the best order of the modulus of smoothness
of any equivalent renorming of X is GM(t), i.e.

ρX,|||·|||(t) ≥ cGM(t), c = c|||·||| > 0(8)

for every equivalent norm ||| · ||| in X. Combining (7) and (8) we obtain

GM(t) ≤ K

c
ω(t)

¤
Remark: If αM = 2 and M , satisfying the condition

sup

{
M(uv)

uαM M(v)
: u, v ∈ (0,∞)

}
,

is solved in [8]
Remark: If M ∼ t2, then there exists an equivalent, infinitly many times Frechet

differentiable norm, and it is seen right away that GM(τ) = τ 2, so there is nothing to be
proved.

References

[1] R. Deville A Characterization of C∞ – Smooth Banach Spaces. Bull. London
Math. Soc., 22, (1990), 13-17.

[2] R. Deville, G. Godefroy, V. Zizler. Smoothness and Renorming in Ba-
nach Spaces. Pitman Monographs and Survey in Pure and Applied Mathematics,
Longman Scientific & Technical, Longman House, Brint Mill, Harlow, 1993.

5



[3] T. Figiel. On the moduli of convexity and smoothness. Studia Math., 56, (1976),
121-155.

[4] R. Haydon. Trees in Renorming Theory. Proc. Lond. Math. Soc., 78, (1999), 541-
584.

[5] J. Lindenstrauss, L. Tzafriri. Classical Banach Spaces I. Springer, New York,
1977.

[6] J. Lindenstrauss, L. Tzafriri. Classical Banach Spaces II. Springer, New York,
1979.

[7] W. A. Luxemburg. Banach Function Spaces. Doctoral thesis, Delft, 1955.

[8] R. Maleev Norms of Best Smoothness in Orlicz Spaces. Zeitschrift fuer Analysis
und ihre Anwendungen, 12, (1993), 123-135.

[9] R. Maleev, S. Troyanski On the moduli of convexity and smoothness in Orlicz
spaces. Studia Math., 54, (1975), 131-141.

[10] R. Maleev, S. Troyanski Smooth Functions in Orlicz Spaces. Contemporary.
Math., 85, (1989), 355-370.

[11] C. Ruiz. On the Structure of Rosenthal’s Space Xϕ in Orlicz Function Spaces.
Rocky Mount. Math. 27, (1997), 1223-1238.

[12] K. Sundaresan, S. Swaminathan. Geometry and Nonlinear Analysis in Banach
Spaces. Lecture Notes in Math., vol 1131, Berlin–Heidelberg–New York: Springer,
1985.

Department of Mathematics and Informatics
Plovdiv University,
24 “Tzar Assen” str.
Plovdiv, 4000
Bulgaria

6


