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ABSTRACT: We show that if the dual of a Musielak—Orlicz sequence space g is stabilized
asymptotic £, space with respect to the unit vector basis then f¢ is saturated with com-
plemented copies of /1 and has the Schur property. A sufficient condition is found for the
isomorphic embedding of £, spaces into Musielak-Orlicz sequence spaces.
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1 Introduction

The notion of asymptotic ¢, spaces first appeared in [14], where the collection of spaces
that are now known as stabilized asymptotic ¢, spaces were introduced. Later in [13]
more general collection of spaces, known as asymptotic ¢, spaces, were introduced.
Characterization of the stabilized asymptotic ¢, Musielak-Orlicz sequence space was
given in [4].

A Banach space X is said to have the Schur property if every weakly null sequence
is norm null. It is well known that ¢, has the Schur property and it’s dual £, is obviously
stabilized asymptotic £, space with respect to the unit vector basis. A characterization
of the Musielak—Orlicz sequence spaces fg possessing the Schur property, as well as
sufficient conditions for f¢ and weighted Orlicz sequence spaces £j;(w) to have the
Schur property were found in [8]. Using an idea from [1] we find that if the dual of a
Musielak—Orlicz sequence space is stabilized asymptotic /., space then it is saturated
with complemented copies of ¢; and has the Schur property. While simple necessary
conditions for embedding of ¢, spaces into Musielak-Orlicz spaces {4 were found in
[16], the problem of finding analogous sufficient conditions, as it is done in [11] for
Orlicz ¢y, appeared more difficult. We find a sufficient condition for the existence of
an ¢, copy in ¢ in Paragraph 4.

2 Preliminaries

We use the standard Banach space terminology from [11]. Let us recall that an Orlicz
function M is even, continuous, non-decreasing convex function such that M(0) = 0
and lim; ., M(t) = co. We say that M is non—degenerate Orlicz function if M (t) > 0
for every ¢t > 0. A sequence ® = {®;}2, of Orlicz functions is called a Musielak—Orlicz
function or MO function in short.

The MO sequence space f¢, generated by a MO function @ is the set of all real
sequences {x;}:2, such that >>>°; ®;(Az;) < oo for some A > 0. The Luxemburg’s norm
is defined by

|z]|ls = inf {r 2053 By )r) < 1} .

i=1
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We denote by hg the closed linear subspace of /¢, generated by all x € /g, such
that >°7°, ®;(Az;) < oo for every A > 0.

If the MO function ® consists of one and the same function M one obtains the
Orlicz sequence spaces ¢y; and hy;.

Let 1 < p;, © € N be a sequence of reals. The MO sequence space {3, where
® = {tP}2, is called Nakano sequence space and is denoted by (3. In [3] it was
proved that two Nakano sequence spaces (1, {4, are isomorphic iff there exists
0 < C' < 1 such that .

Z CoYpi=ail ~ 5o
i=1
An extensive study of Orlicz and MO spaces can be found in [11], [15], [6] and [9].

Definition 2.1 We say that the MO function ® satisfies the 6o condition at zero if
there exist constants K, 3 > 0 and a non—negative sequence {c,}>2 | € {1 such that for

every n € N
D, (2t) < K®,(t) + ¢,

provided t € [0, P, (3)].

The spaces fg and hg coincide iff ® has d, condition at zero.

Recall that given MO functions ® and ¥ the spaces {3 and f{y coincide with
equivalence of norms iff ® is equivalent to W, that is there exist constants K, > 0
and a non-negative sequence {c,}>°, € {1, such that for every n € N the inequalities

O, (Kt) <V, (t)+ ¢, and U, (Kt) < P,(t) + ¢,

hold for every ¢ € [0, min(®,1(3), ¥, }(3))] .

Throughout this paper M will always denote Orlicz function while ® - an MO
function. As the properties we are dealing with are preserved by isomorphisms without
loss of generality we may assume that ® consists entirely of non—degenerate Orlicz
functions, such that for every i € N the Orlicz function ®; is differentiable, ®;(0) = 0
and ®;(1) = 1. Indeed, we can always choose a sequence {«;}, such that a; < 1/2,14 €

N, 3%, ®;(a;) < oo and consider the sequence of functions o;(t) = [3 wiT(s)ds, where

D () 2

, 0<t< o
Vi(t) = of
(1), t> oy

Obviously the MO function ¢ = {;}3°, consists of differentiable functions and ¢;(0) =
0 for every ¢ € N.
For every ¢ € [0, a;] we have ¢;(a;) = % and

©;(t) = /Ot wi(S)ds = /Ot (I)i(ai>sds = (bi(ai)tQ.

s o? 202

For every t > a; we have

pi(t) = /Oai q)i(ai)sds + /t q)i<8)ds = Pila) + /t‘ (I)i(s)ds.




By the convexity of ®; follows that

(I)Z(Oél)
2

(1) pi(t) < + @;(t)

for every t > 0.

In order to get the opposite inequality we consider separately three cases:
I) Let o < £ then

wi(t) = /oai wiES)dS + /t/2 wi(s)ds + " i) ds

«; S t/2 S
Dy () b ®(s) D; ()
> 2ild) ds > ®,(t/2) .
S +/t/2 s Bz Tl

IT) Let £ < a; < ¢ then

pilt) = W+/t;q’i(s)ds—/f 2ils) g,

2 s S
> @(20@) + @i(t/2) — Cilas) = Bi(t/2) - @i(zai> |
IIT) Let t < a; then
P < gy + 20
(T;)MS ‘M;/ 2 < oty + GI)i(zm)

for every ¢t > 0. By (1) and (2) it follows that ¢ ~ ® and thus ¢, = {3. To complete
it is enough to normalize the functions ¢; by considering ¢ = {®;/¢i(1)}52,.

Definition 2.2 For an Orlicz function M, such that lim;_o M(t)/t = 0 the function
N(z) = sup{t|z| — M(t) : t > 0},
15 called function complementary to M.
Definition 2.3 The MO function ¥ = {W;}3,, defined by
U, (z) = sup{t|z| — ®;(t): t >0},7=1,2,...,nm,...
1s called complementary to P.

Let us note that the condition lim; o M(t)/t = 0 secures that the complementary
function N is always non-degenerate. Observe that if NV is function complementary to
M, then M is complementary to N and if the MO function ¥ is complementary to the
MO function ®, then ® is function complementary to W. Throughout this paper the
function complementary to the MO function ® is denoted by W.



It is well known that h}, = ¢x and hj = ly. Well known equivalent norm in
(g is the Orlicz norm |[|z]|§ = sup {Z;";l riy; 0 25 Vilyy) < 1}, which satisfies the
inequalities (see e.g.[7])
I-lle < 11118 < 211 lo

We will use the Holder’s inequality: 332, [z;u;] < ||lz[|$]lyllw, which holds for
every x = {7;}32, € lp and y = {y;}32, € Ly, where ® and ¥ are complementary MO
functions.

By {e;}52, and {e}}32, we denote the unit vector basis in hg and hy respectively.
For a Banach space X Wlth a basis {v;}2, and element z € X, x = > 2, z,u; we
define suppr = {i € N : x; # 0}. We write n < z if n < mm{suppx} and z < y if
max{suppz} < min{suppy}. We say that x is a block vector with respect to the basis
{vi}i2, if o = X, 4v; for some finite p and ¢ and we say that  is a normalized block
vector if it is a block vector and ||z|| = 1.

Definition 2.4 A Banach space X is said to be stabilized asymptotic (o, with respect
to a basis {v;}32,, if there exists a constant C > 1, such that for every n € N there
erists N € N, so that whenever N < x1 < ... < x, are successive normalized block
vectors, then {x;}I, are C'—equivalent to the unit vector basis of (7, i.

Zaazz

=1

1
— max |a;| <

& max < C max |a;l.

1<i<n

The following characterization of the stabilized asymptotic /., MO sequence spaces
is due to Dew:

Proposition 2.1 (Proposition 4.5.1 [{]) Let ® = {®;}52, be a MO function. Then
the following are equivalent:

(i) he is stabilized asymptotic Lo, (with respect to its natural basis {e;}32,);

(i1) there exists X\ > 1 such that for all n € N, there exists N € N such that whenever
N <p<qandYi_, ®;i(a;) <1, then

S

zq: (aj/A) <

Let X be a Banach space. By Y — X we denote that Y is isomorphic to a
subspace of X .

3 MO spaces with stabilized asymptotic /., dual with respect to the unit
vector basis

We start with the following

Lemma 3.1 Let ® has dy condition at zero and hy, generated by the MO function ¥,
complementary to @, s stabilized asymptotic {, with respect to the unit vector basis
{ex}52,. Then every normalized block basis {xMYe  of the unit vector basis in Ly
contains a subsequence {x™)}2, such that:

4



a) {z(")Y2 is equivalent to the unit vector basis of {1;

b) The closed subspace [z, generated by {x")}° | is complemented in Ly by means
of a projection of norm less then or equal to 4\, where X is the constant from Proposition
2.1.

Proof: a) Let {z(™}22, be a normalized block basis of £, where 2™ = 75! x(n)ej,

{m,,} strictly increasing sequence of naturals. For every n € N there exists y™ =
1 yj(n)e;'f € hy such that

S W) <1 and Zyjn) 2 >1/2.

7j=1 7j=1

WLOG we may assume that supp y™ = supp ™. We claim that

oy —_— g
lim » ;2| =1lm > =0,
n—oo = >\ n—oo A

Jj=mn+1

where A > 1 is the constant from Proposition 2.1.
Indeed, by assumption hy is stabilized asymptotic ¢, space and according to
Proposition 2.1 there exists A > 1 such that for every m € N there is N € N

Mp+1

so, that whenever m, > N the inequality holds Z v ( ) < 1/m. Thus

j=mn+1
Mn+1 (n)
Jim >0, )\ = 0.

Jj=mnp+1

Now passing to a subsequence we get a sequence {y™)}, oy, y(™) = Z?ank yj(-"’“)ej-

such that
oo 4ng ( k)
IR <1
k= 1]—pnk
Denote y = Y52, y™) = 22 ( = yj(nk) *) Obviously y € £y and ||y||lg < A. Thus

ylIg < 2[lylle <2
Let now a = {a;}32, € ;. Then

S 1 & & ) ()] < 1 < (14) )
Zakx( © > TS Z Z ’akyj ’ z; = 2\ Z ’a’fyj *
k=1 (] U k=1 j:pnk k=1 j:pnk
0o an 00
> LZ‘QH Zk y(nk)x(”k) > iZ’akl — iHaHl
- 2A . J T T AN 4\

Obviously || 35, axz™)||¢ < ||all; and thus {z(™)}2  is equivalent to the unit
vector basis of /;.
b) Define now for each k € N the functional Fj, : {o — R by
1 S (),
qny, Z y *

(ng) nk) J=Dn,,
> Y

J =Pny




and the map P : lp — (g by P(x ZFk 2™) Then for every k € N holds

any,
n () : s oot
1 F%ll < 2|ly™)||¢ < 2 (1 + ) U ( )) < 4. Furthermore P is a projection of /4
J=DPn,,
onto [x,, |32, with
qny,
Z y( k) Oo -
_ J=Pny, (nk) (nx) .
[Pl = sup Ty V"< 2 sup Z ’y ’
lzlle<1| k=1 (ng) _(ng) lzlle<1f=1j= =pn,,
>y
J=DPny,
< 2 sup Z|yg%| <2 sup ||ya||q,||90||<1><4>\
lzlle<1j=1 llzlle<

The following two theorems are simple corollaries of Lemma 3.1.

Theorem 1 Let ® has 0o condition at zero and hy, generated by the MO function W,
complementary to @, is stabilized asymptotic l, with respect to the unit vector basis
{ej}321. Then Ly has the Schur property.

Proof: The proof is an easy consequence of Kaminska, Mastylo characterization of
MO spaces possessing Schur property ([8], Theorem 4.4). Consider a ®—convex block
of @, i.e. a sequence of convex functions {Ml(t) = P (taj)}zl, where n; is
a strongly increasing sequence in N and {a;}32, is a sequence of positive numbers
such that 70 ) ®;(a;) = 1 for each i € N. It is easy to observe that the sequence

{ui = Z?Q:i 41 ozjej}il is normalized block-basis of the unit vector basis of /5. Lemma
3.1 now implies that the closed linear span [u;, |32, for appropriate subsequence {u;, },-,
is isomorphic to ¢;. On the other hand [u;, |72, is obviously isometrically isomorphic to
the MO space /¢ My} generated by the subsequence {M;, } of the given ®—convex block.
Thus every ®—convex block contains a subsequence equivalent to a linear function and

therefore /4 has the Schur property. O

Theorem 2 Let ® has 0o condition at zero and hy, generated by the MO function W,
complementary to ®, is stabilized asymptotic o, with respect to the unit vector basis
{ex}52,. Then every subspace Y of Ly contains an isomorphic copy of {1 which is
complemented in lg.

Proof: According to a well known result of Bessaga and Pelczinski [2] every infinite
dimensional closed subspace Y of f4 has a subspace Z isomorphic to a subspace of (g,
generated by a normalized block basis of the unit vector basis of /. Now to finish the
proof it is enough to observe that by Lemma 3.1 the space Z contains a complemented
subspace of fg, which is isomorphic to /5. O
Remark: It is well known ([18]) that every subspace of MO sequence space {¢ with
d satisfying the d2 condition, contains ¢, for some p € [1,00]. If 4 has in addition
the Schur property, as no ¢,,p # 1 has the Schur property, it follows that /¢ is ¢;
saturated.



4 (, copies in MO sequence spaces

Let & be a MO function consisting of differentiable Orlicz functions. Denote:

_ z®,, (x) .
a(®,,) :sup{p> 0:p< B, (1) T € (0,1]} ;

b(@n):inf{q>01q2m,xé((),l]}.

The following indexes, introduced by Yamamuro ([17])

a(®) = lim inf a(®,) , b(P) = limsupb(P,)

appear to be useful in the study of MO sequence spaces (see for example [11], [16],
[8] and [12]). Obviously 1 < a(®) < b(P) < oco. By the results of Woo ([18]) and
Katirtzoglou ([9]) it follows that an MO function ® satisfies the do condition at zero iff
b(®) < oo. Analogously to the case of the classical Orlicz sequence spaces if ¢,, ,p > 1
or ¢g for p = oo is isomorphic to a subspace of hg, then p € [a(®P), b(P)] (see [16], [18]).
However, the converse fails to be true in general (see [16]) for MO sequence spaces,
which confirms their more complex structure. Sufficient conditions for the isomorphical
embedding of £,, ,p > 1 in hg are given by the following:

Theorem 3 Let & = {®;}7°, be a MO function and p € [a(P),b(®)]. If there exist
sequences {7,132, {y; 1521, 1651321 and constants 0 < k <1 < K such that:

1)e; >0, 0<y; <1 0<7;<1 foreveryjeN;

2) limj_mTj = O,

8) 352, ‘I’jéyj) = 00;

4) ktei < tp(]ID(f(ygjj)) < K(1/t)% for every t € [r,1];

5) Y22, CHei < oo for some 0 < C <1,

then £, — hg.

Proof: The condition 5) obviously implies lim;_..c; = 0.

We may assume that 7; < 1/2 for every j. Indeed, by 2) we easily get 7; <
1/2, 7 < jo for some jy and can consider the MO sequence space h{(pj}?ijo = he.

Consider first the case: #{j € N : ®(y;) > 1/2} < oco. For the same reason as
above we may assume that ®(y;) < 1/2 for every j € N.

Find sequence of naturals {k,} -, ,k; = 0, such that for every n € N:

n=1 >

kn+1_1 kn+1_1

1
5 < Z (Pj(yj) <1 ) q)kn+1<ykn+1) >1- Z q)j(yj)'
Put
kn+1—1
() = D Pi(yt) + Pryy (Tr o 1)



where

k:n+1—1
Obviously
kn+1 3
(4) > ) <
Jj=kn+1

and 0 <79 . < Yk, Let us note that u, = Zfiﬁ;ll Yi€j + Ypp o1 Chnyr s = 1,2, ..

represents a normalized block basis of the unit vector basis of hg. Obviously the
MO sequence space hg, generated by the sequence {p,} is isometrically isomorphic to
[4,]9° 1, which in turn is isomorphic to a subspace of hg. Further we find a sequence of
{nm}se_,, such that 7; < -4 for j > k,,,. Following [11] and [10] we easily check that

the functions ¢, , m = 1,2,... are equi—continuous in [0,1/2]. Indeed, from

t 1
D (H)dt > =t (t/2
|, B0t = 512(2/2)

t
@j(t):/ P’ (t)dt >
0
it follows immediately

|(I)j (put1) _ D (ut2) p®; (1/2)
Oi(n)  @5(n) ®;(n)

for every 0 < t1,t; < 1/2 and any p > 0. Now it is enough to apply the last inequality
to the functions ¢,,,, taking into account (3). The functions ¢, , m = 1,2,... are
also uniformly bounded in [0,1/2]. Using the Arzela-Ascoli theorem by passing to a
subsequence if necessary, which in order to simplify the notations we denote {¢,, }~_;
too, we have that {¢,,, } ~_, converges uniformly to a function ¢ on [0, 1/2], satisfying
the inequalities [|¢n,, — @[l < 55 for every m € N. Obviously ¢ is an Orlicz function
on [0,1/2] as uniform limit of Orlicz functions and the MO sequence space hy,, 3 is
isomorphic to the Orlicz space h,, when ¢ is non-degenerated. If we take into account
that hy,, 3 is isometrically isomorphic to [uy,,|ss_; to finish the proof it is enough to
show that h, and /), consist of the same sequences. Before starting the last part of the
proof we mention that according to the result from [3], mentioned in the preliminaries,
the condition 5) implies that the Nakano spaces é{pwjgj};x;l are isomorphic to ¢, for
every choice of the sequence of signs {v; = £1}52,.
Define the sets:

/

<Jt—t <2t~ 1

A = {5 €Nty 1< < b s 7y > )

and

Bm:{jGN:knm+1§j§knm+l,Tj<o¢m}.
It is obvious that A,, N B,, = 0 and A,, UB,, = {kn,, +1,...,ks,.,}. Let d,, =
max{e; : kp,, +1 <7 < Ky, }. Then {6, }or—; is a subsequence of {¢;}52, and thus

by 5) we obtain Y00, C*/%" < 0o. So the Nakano spaces £(,,,.5,.} consist of the same
sequences as £, for every choice of the signs {v,, = +1}.



Let now {a;}32, € £, ie. 352, a7 < co. We may assume that a; < 1/2 for every
j € N. Now we can write the chain of inequalities:

- g1 —1
Z_l P (am) = Z ( Z (I)j (amyj) + (I)knm+1 (O-/myknm+1 ))

m=1 \j=kp,,+1
kn’rn+1 o0 [ee]
< Z Yo Rilamy) < D0 D Pilamy) + DL D Pylamy))
m=1 j=kn,,+1 m=1j€EAm m=1jEBmn
< DY BTy + D D Kabmd(y))
m=1jEAm m=1j€Bm
0o Knpii-1 00 Enp,iq-1
< DY Ty K Y abtm Y By
m=1 j=kn,, +1 m=1 J=kn,, +1
3K [ 1 o
< = . P—0m
-2 {mz—:lmQ—{_mZ—:lam }<OO

where we used that 0 <7, ., < u,,, for the second and (4) for the last inequality.
Let now a = {amo_; € gy, 3, 1-c.

() [ee) k"m+1_1
> On o) = Y ( Yo Oi(amy;) + P, (amyknm+1)) < 0.
m=1

m=1 \j=kn,,+1
It is not difficult to check that for every m € N the estimate holds:
1
Om — — _
(5) o[ g, (T ) S el S Wk, )+ P,y (T, )

Denote A! = A, \ {nms1} and B!, = B, \ {nm11} Now taking into account (3), (4)
and (5) we can write the chain of inequalities:

Knppq —1

Z |am|p+5m — Z |am|p+5m ( Z D, (y;) + ‘an+1(yknm+l))
m=1 m=1

J=kn,, +1

i (Iaml””’” (Z ©;(y;) + D ‘Dj(yj))

m=1 JEAL, JEBL,

IN

1 vl —
+ Wanerl (yk‘ ) + (bnm+1 (amyk

Mm+41 Mm+1

IN

> (Z )P B (y;) + > lam[Pomd;(y;)

=1 \jeA! jEB!,

1 - _
+ (I) 7lm+1 (yknm+1 ) + CI)knm+1 (amyknm+1 ))

( Z D;(y;) + Phny (yknm+1))

JeAn,

IN
8

3
I

+

IA
| =
— ==

3
I

( Z ¢‘7 (amyj) + (pk;"wH—l (amyk"m+1 ))

JEB!,

— + Zgonm am)> < 00,

m=1

Mrie 3

3|~
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which concludes the proof.
Let now 1/2 < ®(y;,) < 1 for some increasing sequence of naturals {j;}z2;.
Passing to a subsequence if necessary we may assume that >°72, 7;, < co. Then

g ko ..
(I)j’“ (t) = q)jk (tyjk) > FtP i (I)jk (yjk) > §tp+ Ik
for every t € [r;,,1]. Consequently
p+e; 2
(6) uP e < %@jk(u) T

holds for every u € [0, 1]. Similarly

e, L\
@5,(t/2) < Oy (tys) 2K (5) @A)
for every t € [r;,,1]. Thus
D, (u) < KyuP~*
holds for every w € [, /2,1/2], where K; = 2PK. So

(7) ©j (u) < Kyu"™ + 7,

holds for every u € [0,1/2]. Consequently by (6) and (7) follows that £, = (s, } < ls.
O

Remark: If the conditions in Theorem 3 hold for a subsequence {®,, }7°, then
Ep — é{q)nk} — E@.

Corollary 4.1 Let & = {q)j};il be a MO function and % converges uniformly to
- VA

t? on [0,1] for some sequence {y;}32, such that, 0 < y; < 1, 322, ®;(y;) = oo and
p € [a(P),b(P)]. Then l, — he.

Proof: Pick a decreasing sequence {dy}7°,, such that limy . 0y = 0. There exists
j(k) such that for every j > j(k) the inequalities hold:

®;(ty;)

(8) tp—5k<#<tp+5k
®;(y;)

for every ¢ € [0,1]. Thus (8) implies

0 p D, (ty;) p 0
(1/2)t° <1 — 0, /1P < 0,(y,) < 14 6,/tF < 2(1/1)

for every t € [(20;)/?,1] and for every j > j(k). We define inductively sequences
{r(k)} and {s(k)} in the following way. We put (1) = j(1) and choose s(1) with
Z;(IZZF‘;( V&, (y;) > 1/2. I (k) , s(k) are already chosen we put r(k + 1) = max(r(k) +

s(k),j(k + 1)) and choose s(k + 1) such that Zr(kﬂﬂj(kﬂ) ®;(y;) > 1/2. Now we can

10



apply Theorem 3 for the subsequence {®;  }>°_; and the sequences {¢,, = 0}, {7, =
(20,,)*/?}, m € N, where for every m the index j,, is of the form j,, = S¢ ! s(i) +p
for some k € N and p with 1 < p < s(k), while ¢,, =0, §,,, = . O
Remark: In particular if the sequence of Orlicz functions ¢ = {®;}7%, converges
uniformly on [0, 1] to t* for some p € [a(P), b(P)] then ¢, — he.
An easy to apply form of Theorem 3 is given by the following

Corollary 4.2 Let & = {®;}7°, be a MO function and p € [a(®),b(®P)]. If there exist
sequences {x;}321, {y;}521, {6132, such that:
1)e; >0, 0<z; <y; <1 for every j € N;

2) limj_,oo& = 0;

J
8) 32721 P4(y;) = o0
ud(u)

3 @J(u) J VRN

5) Y52, CVei < oo for some 0<C <1,
then £, — he.

<

For the prove it is enough to rewrite the inequalities from 4) in the form:

ty; @’ (ty;)
(9) p—¢€; < ARV
’ D;(ty;)

After integration in (9) we easily get for every n € N:

<p+egj for every te€ [xj/yja 1] .

(10) eI (y;) < @j(ty;) < PTID;(y;)

for every t € [x;/y;, 1] . Now we can apply Theorem 3 with 7; = z;/y;. O
We will illustrate some applications of Theorem 3 and the necessity of some of the
conditions in it by the following four examples. By examples 1) and 2) we show that
conditions 2) and 3) in Theorem 3 could not be omitted.
The next example represents a convexfied analog to an example from [16]
Example 1: Let

x if x>1/n?

fa(z) = Y o
n?z? if x€10,1/n?.
Obviously
v n?r if x€l0,1/n?

is an increasing function and therefore

if x>1/n?

x f L= In2
P, () :/0 ft(t>dt =9 "
?x2 Zf T € [0,1/n2]

11



is an Orlicz function.
It is easy to check that

@ (;7)

BNV

=, (1)
for every n € N and every ¢ € [0,1]. Therefore for the sequences {y, = 1/n*}22,,
{en = 0}22, and any arbitrary sequence {7, }2%, such that 7,, \, 0 all the conditions of

Theorem 3 hold except for the condition 3) (X0, y, = 2%, 1/n* < 00). Nonetheless
Uy 4+ g, because the inequalities

O, (r) <z and = < P,(x)+ for every z € [0, 400).

o2n?’

imply 1 = (.

Let for the next two examples k,, = 2n (1 — /1 — %), by, =1-k,, o, =1—4/1 — %,

n € N. Tt is easy to see that 1/2n < a,, < 1/n.
Example 2: Consider the functions

knx +b, if x>a,
®,(z) ={ na? if xe["‘z—",@n}

naoy,

2

x if :UE[O,%"}

Obviously by the choice of the sequences k,,, b, and «,, follows that ®,, are Orlicz
functions.
It is easily to check that
D, (tawy,)
20, (ay,)

for every n € N and for every t € [1/2,1]. Obviously 302, @, () = 3%, n.a? = oo.
Therefore for the sequences {y, = a,}>2,, {e, = 0}, and {7, = 1/2}>2, all the
conditions of Theorem3 hold except for the condition 2) (lim,,—,. 7, = 0). Nonetheless
ly > g, because (4 = ly.
Indeed consider now the Nakano sequence space (g}, where p, = 1 + ﬁ Ac-
cording to [3] €1 = lyp,y. It is easy to check that 2 < @, (x) < x, for every x € [0, 1],
1

=1

1
because the solutions of the equation: na? = aP» are x; = 0 and x5 = () 2=DPn and
n

1 n _ .
Ty < in < %. Thus ¢; = ¢ which in turn implies ¢y 4 (g, .
n

Similar calculations can be done in Examples 1) and 2) to show that conditions
2) and 3) in Corollary 4.2 do not hold.
The next example shows that the indexes

ap = liminf ag,, [ = limsup fs,,
n—oo

n—oo
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where g, and (g, are the Boyd indexes of ®,, (see e.g. [11] p.143) are irrelevant when
embedding of ¢, — spaces into {g are investigated. This fact is not surprising taking
into account that among the MO functions ¥ equivalent to a given MO function ®
there exist such with agy = By = 1 ([18]).

Example 3: Let {t,}>°, be a sequence such that lim,_, ¢, = 0 and ¢, < 1/2 for
every n € N. Let define the functions

kp,x +b, if x>a,

(r)={ na*  if we [0
tnd if :L'G[O,%‘}

Obviously by the choice of the sequences k,,, b, and «,, follows that ®,, are Orlicz
functions which are differentiable for every z € [0, 1] except for z = ¢,,/n and = = «,.

It easy to see that ¢; = l(s,,} — {3 because ®Pon(z) < & < Pon(x) + agn and
Yo Qgn < 00.

tn
The conditions u?, (2)) = 2 forevery u € | Z ®, (o) = o0 and lim

n—0o0 N,

=0

ensure that by Corollary 4.2 {5 — (.
To calculate the Boyd indexes we have to observe that the functions ®,, are linear
for t € [0,¢,/n] and thus 1 =ap = Ps.

We have that “5 ((“)) =1 for every u € [0,t,/n]. So we obtain that 1 = a(®) <
b(®) = 2. Thus there exists a MO sequence space {4 such that ¢y — (g and 2 & [ag, o).
Following [5] we will construct an example of a weighted Orlicz sequence space
which contains an isomorphic copy of ¢;.
Example 4: Let the sequences {d,}>°, and {a,}°, be such that d, < d,1,
s
for some 0 < C' < 1. Let define the Orlicz function

n < Qpyt, limg, o =0, lim,,_.o a, = 0o, lim,,_ and =0and > 2,0 < o0

x? if 0<z<1
M(z) =
Anx—i_Bn Zf dn S x S dn+17

where A, = d,1 + dp, By, = —dpi1d,.
1 1

Let the sequence w = {w,}>>; be defined by w, = = . Then
“ twndizs Y= )

d(d,

lo(w) = lia,y, where ®p () = ‘P((d:f))'

Thus !

i) b ot
®, () Tany  thadt B

d
for — <s<1

dn—l-l

13



After easy calculations we obtain the inequalities:

1 d, ?,
a1y BT gy

1—
Qy, — dpi1 D, (x) Ay, —

for every a, d
Thus > > C“”‘l = 1/C Yoo, C% < oo and we can apply Corollary 4.2 with

n

Yp =1, 2, = ap,——, €, = to show that {1 — lo(w) = la,)-
dn+1 Ay — 1
Remark: If -
(11) <1/2
n=1 dn‘H
it is proved in [5] that ¢; = 3 (w).
Remark: By choosing the sequences {d, = n!}>, and {a, = logn?}°2, in

Example 4 we get a weighted Orlicz sequence space ¢j;(w) generated by an Orlicz
function M which does not verify As—condition at infinity and a weight sequence

1 o0
w = {wn = W}n 1 but containing an isomorphic copy of ¢;. Indeed (2 ",')) =

3+ n and thus M does not satisfy the Ay—condition at co. The sequences {d,};>; and
{a,}52, verify the conditions imposed on them in Example 4 and thus ¢; < £y (w).
Following [4] we define a sequence of real numbers {t(j)}32; by

a(7) = inf{®;(At)/®;(t) : t > 0}.

Proposition 4.1 (Proposition 4.5.8 [{]) Let ® = {®;}32, be a MO function. Suppose
that for some XA > 1, lim; .o, ¥ (j) = 0o, then he is stabilized asymptotic lo

Let us mention that in the proof of Proposition 4.1 it is choosen a; such that
q
Z (a;) < 1. Thus the function ¢, (j) = inf{®;(A\t)/P;(t) : t > 0} can be replaced by
i) = mf{®;(\t)/D;(t) : 0 < t < 1}.

Corollary 4.3 Let ® has 65 condition at zero and hy, generated by the MO function
W, complementary to ® If there ewist sequences: {x;}52,, {y;}52, and {e;}32, fulfilling:
1)5]>0 0<x]<y3§1f0reveryj€N

2°) lim;_, Zj—j =
37) 2521 @;(y;) =
47) b(®) —¢g; < uCIZI)-((u)) < b(P) +¢; for any u € [z;,y;];

5) 3252, CY& < oo for some 0 < C < 1.
and Ly 1s {1 saturated, then holds:
a)a(®) =0b(P) =1

b) hy is stabilized asymptotic L, respect to the basis {e}}32,

Proof: a) By [16] follows that if £; < (¢ then 1 € [a(P), b(P)] and thus a(P) = 1. Let
a(P) # b(P). By Corollary 4.2 follows that {4y — fs, which is a contradiction. Thus
1 =a(P) =0b(D).

14



b) By a) we have a(®) = b(®) = 1. So we have lim;_,o, a(®;) = lim; ., b(P;) = 1.
Then using the well known connections 1/a(®;)+1/b(V;) = 1 and 1/a(¥;)+1/b(P;) =
1 (see [8]) follows that lim; .o a(V;) = lim; .o b(V;) = co. Then by the definition of
the indexes a(V;) and b(\V;) there is € > 0, such that for every p;, ¢;: 0 < a(V¥;) —¢ <
p; < a(¥;) and b(¥;) < ¢; < b(¥;) + ¢ holds

9a(¥j)—e ~ 9pj v;(21) < 94  9b(¥j)+e
v;(t)
Thus
U (2t

lim {inf it ):t>0 > lim 2P = o0

LA 70 =
and by Propositon 4.1 follows that hy is stabilized asymptotic ¢, respect to the basis
{eryse,. O
Remark: Kaminska and Mastylo has given a some sufficient and some necessary
conditions for Schur property in terms of the generating MO function ® [8]. Sometimes

we know only the complementary functlon V. For example let the MO function ¥V =

{W;}52, be defined by ¥; = e%e =7 & , where lim; . a; = 0o and 0 < ¢;. Then /y is
stabilized asymptotic £ Wlth respect to the unit vector basis {e}}52, because
: . \P(2I> . . a-igc.j_}. . Q_&

lim inf{ 22 :0<2<1p=Iliminfie 277 :0<z<1p;=lime"™ 27 = 0.
j—00 U, (z) j—00 j—00
Thus we conclude that ¢4 has Schur property without considering the functions &,
n € N.
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