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1 Preliminaries

In the next X, Y are Banach spaces, N the naturals, R the reals. Everywhere differentiability
is understood as Fréchet differentiability. Throughout this paper, a bump function or simply
a bump in X is a non—zero real-valued function on X with bounded support. The class of
all k—times differentiable (continuously differentiable) real functions in U C X is denoted by
FEU) (CHU)).

Let us recall that an Orlicz function M is an even, continuous, nondecreasing, convex
function defined for ¢t > 0 so that M(0) = 0 and lim;_o, M (t) = co. A sequence ¢ = {p,}7°,
of Orlicz functions is called a Musielak—Orlicz function. Throughout the paper we shall write M
for an Orlicz function and ¢, ¢ for Musielak—Orlicz functions. The Musielak-Orlicz sequence
spaces /., generated by ¢ is the set of all real sequence x = {z,} such that >°7°, ¢, (Az,) < oo
for some A > 0. The Luxemburg norm is defined by ||z||, =inf {r > 0: X0, ¢, (x,/r) < 1}.

Let 1 < p,, n € N be a sequence of reals. The Musielak-Orlicz sequence space £, where
Y= {f—: % , is called Nakano sequence space £({p,}).

The Orlicz function M is said to have the property A, at 0 if there exists a constant ¢
such that M(2t) < ¢M(t) for every t € [0,1]. A Musielak-Orlicz function ¢ satisfies the Jy
condition if there are positive constants K, § and a nonnegative sequence {c,} in ¢; such that
for each n € N the condition p(z) < ¢ implies ¢, (22) < Ko, (z) + ¢,

We say that two Orlicz functions M and N are equivalent at 0 if ¢ ' M (c7't) < N(t) <
cM(ct) for some constant ¢ > 0 and for every ¢ € [0, 1] and write M ~ N.

To every Orlicz function M the following number is associate (see [5], p. 143)

any = sup{p : supgy <1 M(A)/(M(A)t7) < oo}
By = inf{p : infO<)\7t<1 M(At)/(M()‘)tq) > 0}

and to every Musielak—Orlicz function ¢ = {p,}7°, we associate the numbers

a, = liminf o, B, = limsup 3,
n—oo

n—oo
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2 Smooth renormings in Musielak—Orlicz sequence spaces

Lemma 2.1 Let ¢ = {¢,}22, be a Musielak—-Orlicz function. There exist a Musielak—Orlicz
function W = {¥,}2 | and {c}32, such that V,, is infinitely many times differentiable for every

n € N and
(i) pn~V, at0
(i) OB ()] < o Wn(cxt), t €10,00), ¢ >0, k=1,2,...

for every n.

Proof: Following [6] we define a Musielak—Orlicz functions ¢ = {¢,}22,, ¥ = {¥,}°°, by

t t
U (t) = / Mdu and ¥, (t) = / () exp 4 tdu. It is easily seen that ¢, ~ 1, ~ ¥, at
0 u 0 u u

0. To varify (ii) it is enough to write:

4 du,
—1

tp(u) d¥ u t k-l o
o) :/ :/ . -2k, k—j—1
() T g P tdu ; (u) jz:% cj(k)(u—t) " u exp

where ¢;(k) € N, 7 =0,1,...,k — 1. After a substitution v = vt in the last integral we obtain
the estimate for ¢ € [0, 00)

IO (1)) < (k) a(1),
1h—1 ' _ v
> (k)1 — v)]_%vk_J_le:Epv
=0
We shall need a sufficient ]condition for isomorphism of Musielak—Orlicz sequence spaces.

where the constants c(k) = / 1dv. O
0

Lemma 2.2 Let ¢ = {¢,} and ¢ = {¢,} be Musielak-Orlicz functions. If there exist positive
constants 61, o2, Ky, Ko, L1, Ly and sequences of nonnegative numbers {a,}, {b,} from {1,
such that for every n € N are fulfilled

the spaces L, and £y, are isomorphic.

Proof: According to [7] (Theorem 8.11) follows that ¢, and ¢, coincide as sets. So it is
sufficient to prove that there are constants a,b > 0 such that al|z||, < ||z]|y < b||z||,-



WLOG we may assume K7, L; > 1. The inequality

T, 1

5 o (1430 Gl ) (1430 )an(K”“’)

=1

1

e (1+§:ai>K1§<¢”<| ) )

give us [|z|ly < (K1+22, a;) Ks|z||,. In the same way is obtained ||z ||, < (L1452 b;) La|| x| -
(]
p—1 pel,
For p > 0 define E(p) = Using Lemma 2.1 and 2.2 and following [6] one
Pl pgN

can prove

Theorem 2.1 Let ¢ be a Musielak-Orlicz function and 1 < k = E(ay,) Then there exists an
equivalent k—times Fréchet differentiable norm in hy,. If in addition 3, < oo then there ewxists
an equivalent k—times uniformly Fréchet differentiable norm in €.

Corollary 2.1 Let {p,}32, be a sequence of reals such that p = hm mfpn < hm suppn =D

and 1 < p <P < oo. Then there exists an equivalent norm in h({pn}), which is E( p)-times
differentiable. If in addition D < oo then there is an equivalent norm in {({p,}), which is E(p)-
times uniformly differentiable. Especially if im, .. p, = oo then there is an infinitly many
times Fréchet diferentiable equivalent norm in h({p,}).

3 Differentiability of bumps in (({p,}).

It is well known that if in a Banach space there is an equivalent k—times differentiable norm,
then there exist a bump with the same order of differentiability. That is why the negative
results on differentiability of bumps give negative results for the differentiability in the class of
all equivalent norms.

Denote J,, = {—1,+1}". X is said to be of cotype g € [2,00) iff there is a constant C' s.t.
for all finite subsets (x1,...,x,) of X is fulfilled:

Z £l -

=1

() <& 5

gi€Jn




We say that X is saturated with subspaces with the property (*) if in every infinite dimensional
subspace Z of X there is an infinite dimensional subspace Y of Z isomorphic to a space with
the property (*).

A necessary and sufficient condition for coincidence as sets of two Nakano sequence spaces
in [2]. Lemma 2.2 and the proof of Corollary 2.5 in [2] gives us the following necessary and
sufficient condition for the isomorphism of two Nakano sequence spaces.

Lemma 3.1 Let 1 < p,, n € N. The Nakano sequence space {({p,}) is isomorphic to €, iff

1
there exists a constant 0 < C' < 1 s.t. Z C'len—pl < 00.
DPnFDP

Lemma 3.2 (Theorem 3.3 [2]) Let 2 < ¢ < o0 and 1 < p, < oo, n € N. Then (({p,}) has
cotype q iff there exists 0 < C' < 1 such that Z Cm-i < .

Pn>q

Proposition 3.1 Let 1 < p, <p < oo, n € N. Then the Nakano sequence space {({p,}) is
saturated with £, iff lim,_.., = p.

Proof: Let lim,, o pn, Y be a infinite dimensional subspace of {({p,}) and {e;}$°, is the unit
vector basis of (({p,}) i.e. e, =0;5, j=1,2,....

Obviously the norm one vectors u; = pg/ Pie,, i = 1,2,... form an unconditional basis
of {({pn}). According to [9] there is a subspace Y7 of Y, which is isomorphic to a subspace
generated by a block basis {v;, }72, of {u;}72,. Let Y1 = span{vi }32, vk = Zica, @itli, ||vi]| = 1,
k=1,2,..., {Ax}32, is a family of finite pairwise disjoint subsets of N.

Consider the functions by(z) = > |az|”, x € [0,1], k = 1,2,.... Obviously b,(z) =

1€AL
> pilaixPMail <Y pilaiPt < p, for every k = 1,2,.... Thus {by(x)} is a family of uni-
1€EAL i€Ay

formly bounded and equicontinuous functions and, therefore, there exists a continuous function
M (z) and a subsequence {b,} s.t. |M(x) — b, (z)| < 1/2 for all i € N and every z € [0,1]. Tt
is easily seen that M is an Orlicz function and ¢, = span{vy, }7°, C Yi.

Let ¢ < p < r. Then for sufficiently large n and an arbitrary w,v € [0, 1] we can write

u"by, (v) < umax{pi:ieA’“"}bkn (v) < b, (uv) < umi“{p“ieA’“n}bkn (v) < ulby, (v).

Thus, "M (v) < M(uv) < u?M(v) and, therefore, apy = By = p, because the numbers ¢ and r
were arbitrary chosen. According to ([5], p. 143) there is an isomorphic copy of ¢, in ¢, C Y.

Let now £({p,}) is saturated with ¢,. Then there is an isomorphic copy of ¢, in {({p,})
and by [8] follows that p is an accumulation point for {p,}. Suppose that lim,,_. p, # p. Then
im0 pn, = q # p for some subsequence {p,, } which implies ¢({p,}) contains an isomorphic
copy of £,. Thus there is a subspace isomorphic to ¢, in ¢4, p # ¢ which is a contradiction. O

4



Corollary 3.1 Let1 < p,, n € N, lim, ... pn = q, q is not an even number. Then there is no
E(q) + 1-times differentiable bump function in {({p,}).

Proof: The Nakano sequence space £({p,}) is saturated with ¢,, but the upper estimate for
the Fréchet differentiability of bumps in /¢, is E(q) if ¢ is not an even number [1]. 0

In particular, there is no F(p) + 1-times differentiable bump in ¢({p,}), liminfp, = p
and according to Corollary 2.1 this estimate is exact.

Corollary 3.2 Let p is an even number, 1 < p < p,, n € N and lim,,_,., p, = p. Then there
is p-times continuously differentiable bump function in (({p,}) iff {({pn} = £p.

Proof: Suppose that there is a bump function b(z) € C?(X). The condition lim, ... p, = p
and Lemma 3.2 gives us that {({p,}) is saturated with spaces isomorphic to £,. Thus ¢({p,})
is saturated with spaces with cotype p. According to [3] it follows that ¢({p,}) has cotype p.
Now Lemma 3.1 and Lemma 3.2 imply that ¢({p,}) isomorphic to ¢,.
If /({pn}) is isomorphic to ¢, it is well known that the canonical norm is infinitely many
times Fréchet differentiable. O
Using an idea that goes back to [1] one can easily prove the following:

n

p n
Doal| <D [P
=1 =1

for any finite system {x;}I_, of disjoint vectors in X ). Then HILI& |P|ln, = 0 for each homoge-

Lemma 3.3 Let X be a Banach space with p—convex unconditional basis (|

neous polynomial P, deg P < p, where | P||,, = sup {|P(93)| cr= Z%, kE>n,|z| < 1}.
ik

Finally we solve the general case lim,, ., p, = 2k, k = 1,2 by proving the following:

Proposition 3.2 Letp =2k, k= 1,2 and lim,,_.o p, = p and p, < p. Then there is a p—times
differentiable bump in (({p,}) iff (({pn}) = L,.

Proof: The “if” part is trivial. Let b is p = 2k-times Fréchet differentiable bump in X = ¢y,
= {trr}o0 by = U({p,}). WLOG we my suppose 2k —1 < g < p,, b(xz) =0 for ||z|| > 1 and

b(0) > 0. For v = {z;}32, € X denote M(z) = > " |zj|P7. Consider §(z) = b~%(x), b(x) # 0 and
=1

O(x) — M(z)+2, b(x)F#0,

+00, b(x) = 0.



Obviously ¢ is Isc, bounded bellow and ¢(h) > |||, h € X. According to Stegall
Variational Principle (see e.g. [4]) there exist * € X* and € X, ¢(z) < oo, such that for
every h € X

¢(x +h) — p(x) +2"(h) = 0.

Obviously b(x) # 0 and we get immediately

>

Jj=1

P () 4 ou(IP) = M+ ) N ().

Summing the last inequality with its analogue for —h we obtain for p = 2k, k € N

(1) >

Jj=1

TR L on(InlP) > FiCe + )+ e — )~ 287(2),

Using M(z + h) + M(z — h) — 2M () > CZ |h;[P2 > C|[h||?, ||h]] < 1 and (1) we get

J=1
k ) 00
(2) Zd 2]) hZJ) 2 Cl Z ‘hj’pj'
j=1 j=1

for some Cy > 0 and all A, ||h]| < A, A sufficiently small. Suppose now that X % ¢,. Then there
exist sequence {h;}32, such that 3222, |h;[P7 = oo and 332, [hy[? < oo.
Finding increasing sequence {k, }°; of naturals, such that for

Zn = Z hjej, Dn:{kn+177kn+1}

we have 1 <|z,]] <2, n € N. Then 1 < > |hy[P < 2.
J€Dn
Let us apply (2) for h = hpe,,, m big enough. We get

5(21) ZL’ e2i

k
Z ) m)h21,>cvl’h |p

and after summation over D,,, n big enough
k 6@ (z; e %)

(3) Z{ 3 7(22) h2 s > O
i=1 |\ jeD,

We immediately get a contradiction for p = 2, taking into account in (3) that [0 (x; ejz)\ <
6@ (z)|| for each j.



As [6W(z;el)| < [0 (2)]] for each j, in order to prove the assertion for p = 4 it is enough
to prove that lim > 63 (x; e2)h? and to use (3) for k = 2.
JEDy,
It is easy to observe that

1
21D

2
> 6 (Z ejhjej) =3 0 (a; e3)h?.

{ej=%1,j€Dn} jEDR j€Dn

Then for some Z = Y &jhje;, € = +1 we have | Y 6% (z;€))h3| < |6 (2;%2)| and to

JEDn JEDn
finish the proof in this last case we only need to observe that ¢, satisfies upper 3-estimate and
to use Lemma 3.3 to get lim 163 (;722). O

The case p, < 2k, k € N, k > 2 is still open. Our conjecture is that if nh—{gopn = 2k,
k€N, k> 2 then {,,1) = lo iff there is a 2k—times differentiable bump in £y, }).
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