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ABSTRACT: It is proved that a weighted Orlicz sequence space £/ (w), equipped with
Luxemburg or Amemiya norm has weak uniform normal structure iff £p;(w) = hps(w) for
wide class of weight sequences w = {w,}72 ;. An example is constructed, where M has not
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1 Introduction

The weakly convergent sequence coefficient WCS(X) of a Banach space X was in-
troduced by Bynum in [4]. The connections of the coefficient WC'S(X) with some
geometric parameters were investigated in [4], [28], [16], [20]. The notation of normal
structure was introduced by Brodskii and Milman in [3]. It is well known that a Banach
space with normal structure has the weak fixed point property [1], [4], [9], [20]. A re-
flexive Banach space X with WCS(X) > 1 has normal structure [4] and consequently
it has the weak fixed point property, which means that each nonexpansive mapping of
nonempty convex weakly compact set in X has fixed point [15].

Banach space with WCS(X) > 1 is said to have weak uniform normal structure
or some authors prefer to say that X is a Bynum’s space.

If X is a monotone complete Koéthe sequence space and WCS(X) > 1 then X
is order continuous [7]. It is shown in [24] that Bynum’s condition implies strong
subsequential property (P) which in turn implies subsequential property (P). In the
same article it is proved that for an Asplund spaces Bynum’s condition is equivalent
to subsequential property (P).

If WCS(X) > 1 then X has weakly normal structure and thus any nonexpansive
mapping defined on convex weakly compact subsets of X has a fixed point [2].

A large class of Banach spaces verify Bynum’s condition. Let us just mention the
spaces with uniform normal structure and uniformly convex spaces. In [6] it is proved
that an Orlicz sequence spaces equipped with Luxemburg or Amemiya norm has weak
uniform normal structure iff M has Ay—condition.

T. Kim and E. Kim have found a sufficient condition for asymptotically regular
maps T : C' — C to have iterative fixed point for Banach spaces X with WCS(X) > 1,
where C' is a nonempty closed convex subset of X [14].

Let us mention that the weakly convergent sequence constant WC'S depends on
the norm, i.e. it can change in equivalent renormings. The exact value of W(C'S'is found
for some Banach spaces, equipped with the usual norms. For p > 1 WCS((,) = 21/P [4]
and WCOS(L,(Q)) = min{2/?, 21=1/P} [22]. For a Hilbert space H it is well known that
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WCS(H) = 22 and WCS(cy) = 1. A formula for calculating the WCS coefficient
of reflexive Orlicz and Musielak—Orlicz sequence spaces equipped with Luxemburg or
Amemiya norm is found in [6] and [27], respectively.

2 Preliminaries

We use the standard Banach space terminology from [17]. Let X be a real Banach

space, Sx be the unit sphere of X. Let ¢° stand for the space of all real sequences i.e.

= {x;}3°, € £° N is the set of natural numbers and R is the set of the real numbers.
For a sequence {z(™}° of X, we define

A({e™}) = limsup{[|lz — 2| -4, j > n,i # j}
and . .
A ({z}) = liminf{|l2©@ — 20|+ 4,5 > n,i # 5}

Definition 2.1 The weakly convergent sequence coefficient of X, denoted by WCS(X),
1s defined as follows:

WCS(X) = sup{k: for each weakly convergent sequence {x™}>,, there exists

some y € co({x™} ) such that klimsup ||z™ —y|| < A({z™})},

where co({x™1%° ) denotes the convex hull of the elements of {x(™}° ;.

It is easy to see that 1 < WCS(X) < 2.

Recall that a Banach space has Schur property if every weakly null sequence is
norm null. We will assume in the sequel that the Banach spaces, we investigate are not
Schur spaces. Thus there exists a weakly null sequence {#(™1>°, € X, which is not

norm null. We will use the notation 2™ —% 0 to indicate that {z("}>° converges
weakly to zero.

Definition 2.2 [28] A sequence {x,}3°, is said to be asymptotic equidistant sequence

if A{z}) = Al({=™}).
The result that

WES(X) = mf{A{e™}) : oW E, © Sy, A{z™)) = Ay({z™}), o 2 0}
is obtained in [28].

Definition 2.3 A Banach space X is said to have weak uniform normal structure if
WCS(X)>1[11].

Definition 2.4 A Banach space (X, || - ||) is said to be Kithe sequence space if X is a
subspace of £° such that

i) Ifv €0, ye X and |x;| < |y;| for alli € N then x € X and ||z| < ||yl|;

ii) There exists an element v € X such that x; > 0 for all i € N.

2



A sequence {v;}22, in a Banach space X is called Schauder basis of X (or basis
for short) if for each x € X there exists an unique sequence {a;}2; of scalars such
o0

(o.]
that + = Zaﬂ%- If {v;}5°, is a basis in X such that the series Zaﬂ% converges
i=1

i=1
whenever sup Zaivi < 00, then it is called a boundedly complete basis of X. A

neN

i=1
Pn+1

sequence of non zero vectors {x(™M}2 | of the form > a;v;, with {a;}5°, scalars and
1=pn+1

0 = p1 < p2 < p3...an increasing sequence of integers is called a block basic sequence
or block basis of {v;}°, for short. By {e;}2, we denote the unit vectors.
The main tool in this note will be the next theorem:

Theorem 1 ([6])Let X be a Kdithe sequence space with {e;}°,—boundedly complete
basis. Then

Pn+1
WCS(X) = inf {A({az(")}) s = Z xn(i)e; € Sx, xp 2 0,0=p1 < ps <p3.. } .

1=pn+1

Let us recall that an Orlicz function M is an even, continuous, nondecreasing
convex function such that M (0) = 0. We say that M is non—degenerate Orlicz function
if M(t) > 0 for every t > 0. A sequence ® = {®;}2, of Orlicz functions is called a
Musielak—Orlicz function or a MO function in short.

The MO sequence space f¢, generated by a MO function @ is the set of all real
sequences {z;}2, such that »7°, ®;(A\x;) < oo for some A > 0. The space /g is a
Banach space if endowed with the Luxemburg’s norm:

|z]|ls = inf {7’ 2053 By(a)r) < 1}

i=1

or Amemiya’s norm:

2]e — inf {}c (1 + qu»xm») ks 0} |

i=1

These norms are connected by the inequalities
(1) I lle <[ lo <2 o

Throughout this note we always denote by M an Orlicz function and by & a
MO-function.

If the MO function ® consists of one and the same Orlicz function M we get the
Orlicz sequence space denoted by £;.

A weight sequence w = {w;}3°, is a sequence of positive reals. We will distinguish
two classes of weighted sequences A, and A. The weight sequence w = {w;}32; is from

the class A if it is nondecreasing sequence with lim w; = co. Following [10] we say



that w = {w;}°, is from the class A if there exists a subsequence w = {w;, }32, such

that k11—>r£o w;, = 0 and kz::lwik = 0.
A weighted Orlicz sequence space £y (w) generated by an Orlicz function M and

a weight sequence w is the MO sequence space (g, where ®;(t) = w; M (t).

Weighted Orlicz sequence spaces were investigated for example in [8], [21] and
most recently in [13]. Let us mention that if the weight sequence is from the class A,
then a lot of the properties of the space £j;(w) depend only on the generating Orlicz
function M, which is in contrast with the results when w ¢ A [10], [23], [18].

It is well known that the Orlicz and the weighted Orlicz sequence spaces equipped
with Luxemburg or Amemiya norms are Kéthe sequence spaces.

For simplicity of notations we will use ®(z) = > ®;(x;) and M,(z) = > wiM (z;).

i=1 =1

An extensive study of Orlicz and MO spaces can be found in [17], [25].

We denote by he the closed linear subspace of {4, generated by all x € {4, such
that ®(\z;) < oo for every A > 0 and by hy(w) the subspace of £y (w) such that
M,(\z) < oo for every A > 0.

The unit vectors {e;}3°, is a boundedly complete basis in hg, equipped with the
Luxemburg or Amemiya norm.

We say that M has As—condition if there exist C' > 1 and t; > 0 such that
M (2t) < CM(t) for every t € (0, to].

If w € A then the spaces ¢3;(w) and hys(w) coincide iff M € A,. The proof is
similar to that done in ([17] Proposition 4.a.4).

To every Orlicz function M the following number is associated (see [17], p. 143)

By = inf{p : inf{ M (uwv)/u’ M (v) : u,v € (0,1]} > 0}.

An Orlicz function M satisfies the As—condition iff 3, < oo, which implies of course
M(uv) > uiM (v), u,v € [0, 1] for some ¢ > Bas (see [17] p.140).

Definition 2.5 We say that the MO function ® satisfies the d3—condition if there exist
constants K, 3 > 0 and a non—negative sequence {c,}>°, € {1 such that for everyn € N

(2) D, (2t) < K®,(t) + cn,
provided t € [0, D, (5)].

The spaces g and hg coincide iff & has d,—condition.

We say that the MO function ® satisfies the uniform do—condition if it satisfies (2)
for every t € [0, to] for some ¢y > 0 with ¢, = 0 for every n € N.

Recall that given MO functions ® and W the spaces ¢4 and fy coincide with
equivalence of norms iff ® is equivalent to W, that is there exist constants K,5 > 0
and a non—negative sequence {c,}>°, € {1, such that for every n € N the inequalities

O, (Kt) < W, (t)+ ¢, and ¥, (Kt) < O, (t) + cp

hold for every ¢ € [0, min(®,1(3), ¥, }(3))], [12] and [19].

n
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If ®,(1) = 1 for every ¢ € N then the unit vectors {e; }3°, is a normalized boundedly
complete basis in he. If ®;(1) # 1, let a; be the solution of the equation ®;(a;) = 1,
¢ € N then /g, equipped with the Luxemburg or Amemiya norm, is isometric to £,
sequence v; = a;¢;, 1 € N is a normalized boundedly complete basis in hg. The unit
vector basis {e;}7°, is a boundedly complete basis in ¢, iff ¢, = h,. The weighted
Orlicz sequence space ¢y (w) is isometric to £, where the MO function ¢ is defined by

where the MO function ¢ is defined by the sequence ;(t) = Therefore the

®) w0 =50 0= a1

Hence £y (w) = hy(w) iff €, = hy, and y = Y2, zie; € hy iff @ = 3750, a;xie; € hy(w).
As the spaces (j(w) and {, are isometric then WCS({y(w)) = WCS({,) and if

Car(w) =2 hyr(w) according to Theorem 1 there exist weakly null sequences {2},
(

{ymoe ) = i aixgn)ei € Sty (w) and y™ = S xi”)ei € Sy, such that

WSl (w)) —e < A({z™}) = A({y"™}) < WCS(lu(w)) +e.

Definition 2.6 (/26]/) A MO function ® is said to satisfy the uniform Ay—condition
if there exist ¢ > 1 and ig € N, such that for allt € (0,1] and i > iy we have

() <

where p; s the right derivative of ®;.

Let lp(w) = hy(w) then £, = hy,, where ¢ = {¢;}2, is defined in (3). Now
following the construction done by Woo ([26] Theorem 3.5) there exist m € N and a
sequence {x;}°,, such that >7°; p;(z;) < co and

(5) 1)) < 2i() for every x € [y, 1,

where p/ is the right derivative of ;. After choosing y; to be the solution of the equation
pi(yi) = pi(r;) + 27, i € N we get that

1) 3232 wilyi) < oo

2) the MO function ¥ = {¥;}°,, defined by

sz(t)a t > Y;
(6) Uy(t) = to: (v
901(3/1)’ t <y
Yi

has the uniform As—condition with i = 1.

By the inequalities ;(t) < W;(¢) and W;(t) < @;(t) + pi(y;) for every t > 0 it
follows that W is equivalent to ¢ and therefore £y, (w) = ly.

Throughout this note we will denote by ¥ and y = {y;}:2; the MO function and
the sequence defined in (6) and by ¢ = {¢;}°; the MO function defined in (3).
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3 Main result

M(t)

Theorem 2 Let M be an Orlicz function such that lin% —> =0 and w = {w;}32, be

t—
a weight sequence either form the class A or As. Then the weighted Orlicz sequence
space £y (w) endowed with the Luzemburg or Amemiya norm has weak uniform normal
structure iff £pr(w) = hp(w).

4 Auxiliary results

We need the following results:
Theorem 3 [5] A sequence {x™}22, in £y (w) is weakly null iff
(a) nlirgoxz(»n) =0 for alli e N;
M, (Az(™)
(b)

li L =0

P D\

¢) For any subsequence {x(™)Y2 of {x(™¥>  holds: lim 6(min ™) =0,
k=1 n=1 m—oo k<

where 0(z) = inf{/\ >0: M(z/\) < oo} and iriin |2 = {iriin |$Z("’“)|}

i=1

Lemma 4.1 Let ¢y (w) be a weighted Orlicz sequence space, generated by an Orlicz

Mt
function M such that %ir% t() = 0 and a weight sequence w € A. Then any block basic
Pn+1 Pn+1
sequence T, = Z ae; with constant coefficients, such that sup Z w; < K < oo
i=pn+1 NEN j=p,+1

15 a weakly null sequence.

Proof: We need to check the conditions in Theorem 3.
Obviously for any block basic sequence holds lim,, . 2"

i

) =0 for every ¢ € N and

by ming<,, |x™)| = 0 it follows that H(giin |2™)]) = 0 for every m € N.
M) ) .
By %II% — = 0 it follows that for every € > 0 there exists ¢, > 0 such that for
Mt
every t € (0,%o] holds (®) < LK Then for any A > 0 such that 0 < aX < t, the
a
inequalities hold
Mw()\x(n)) Pn+1 M()\a) Pn+1 M()\a) e Pnia
A el A Pl pYe aK i1
Therefore . )
' M, (Ax'™)
1 —==0.
S D
]
Pn+1
Remark: Lemma 4.1 holds true for any block basic sequence z(™ = Z ;e;
i=pn+1

with sup |a;| < a < oo.
ieN



Lemma 4.2 Let {y(w) be a weighted Orlicz sequence space, generated by an Orlicz

M(t)

function M such that %iI%T = 0 and a weight sequence w € A,. Then any block
Pn+1 Pn+1

basic sequence y™ = Z ygn)ei, such that sup Z wiM(yZ-(n)) < (' < o0 is a weakly
i=pn+1 nEN =p,+1

null sequence.

Proof: Conditions (a) and (c¢) in Theorem 3 are fulfilled as like as in Lemma 4.1.
M (tu)
tM(u)
it follows that for any € > 0 there exists ¢, > 0 so that for every ¢ € (0,t,] and u € (0, 1]

holds M(tw) M (1)
(7) M) = 1

Consequently by (7) and the fact that |y, (i)] < 1forn € Nandi=p, +1,...,pp1
we get

Observe that by the fact that

is an increasing function of u € (0, +o0) [17]

<¢e/C.

My(ty™) R M) RN M)
— = > Wim— = > wiﬁM(yi( ))
i=pp+1 1=pn+1 tM(yZ )
Pn+1
< = > wiM(y™) < e.
Ci:pn‘i’l

[l

In the case when we want to prove WCS (€ (w)) = 1 for w € A, WLOG we may

assume that lim, ., w, = 0 and > °7; w, = oco. If not we may consider the subspace

Cr({wn, }) — Cy(w) and if we show that WCS({p({w,,})) = 1 by the inequality
WCSUy({wn,})) > WCS Uy (w)) it will follow WCS(y(w)) = 1.

Lemma 4.3 Let ({3(w),]| - |) be a weighted Orlicz sequence space, generated by an
Orlicz function M & Ay and a weight sequence w € A. Then for any € > 0 there exists
a sequence {y™}2, |y™| =1 such that

A{y™}) < (14 e)(1 4 4M(2€) + 4e).

Proof: Let w € A and ¢,;(w) be equipped with the Amemiya’s norm |-|. By M & A,
it follows that for any € > 0 there is u > 0 such that u < ¢ and e M ((1 4 ¢)u) > M (u).

Setting v = (1 + €)u, we get the inequality M (11) < eM(v).
€

Since v < 2e we can find a positive integer m and § > 0 such that
1—M2e) <mM(v) <1 and (m+0)M(v) <2.

Take ¢ > 0 satisfying mM (v) + M(c) = 1. Then M(c) < M(2¢).
Choose two sequences of naturals {p,}2>, and {g,}>>, such that

PI<<pPp<@gp<...<p,<q,<pPpst1<...
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and
dn Pn+1

1< Zwi§1+(5 m < Zwiﬁm—l—é.
i=pn+1 i=qn-+1
Put
qn Pn+1
(8) 2™ =3 ceit+ > ve
i=pn+1 i=gn-+1
By
dn Pn+1
S owiM(e)+ > wiM(v) > M(c)+mM(v) =1
i=pp+1 i=qn+1

(n)

it follows that |z(™ |y > 1. Put 2 = . By Lemma 4.1 the sequence {z(™1}>

|2 s
is normalized weakly null sequence. Finally we estimate A({z™}):

T4e |, | 1xe |y, T+ gy 20,
(n) (k) an (n) Prt1 (n)
< ot <1+ ) wM % + Y wM
L+e |y i=pnt1 1+ i=a+1 e
& o o a;(.’“)
+ w; M + w; M :
el 1+¢ ol 1+¢
i=pn+1 i=pp+1 I+e
Pil kaH v
i=qn+1 i=qr+1 L+e
< 142(1+0)M(c) +2(m+9)eM(v) <14 4M(2¢) + 4e.
Therefore A({z("}° ) < (1 +¢)(1 +4M(2¢) + 4e). O
Lemma 4.4 Let ({3(w),]| - |) be a weighted Orlicz sequence space, generated by an

Orlicz function M and a weight sequence w € A, such that {p(w) 2 hy(w). Then
for any € > 0 there exists a sequence {2}, |2™| =1 such that

A" < (L +e)(1 +e).

Proof: Let the a, be the solution of the equation w,M/(a,) =1, n € N. By {3 (w) 2
har(w) it follows that for every € > 0 there exists © = {x;}3°, such that

9) sz (a;x;) = oo and sz‘M ( i ) < 0.
i=1 L+e
Pn+1
By (9) there is a block basic sequence 3" Z a;r;e;, so that 1 < M, (y™) < 2
1=pp+1

__ (n)
and there exists ng € N, such that for every n > ng holds M, <1y+ > < e/2.
€
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(n)

Put (" = OIS By Lemma 4.2 the sequence {2} | is weakly null normalized
Yy
sequence. Then for any n, k > ng, n # k
l+e |y L+e Nyl [yl )y~ 1 142 |y
Pn+1 o Pr+1 o
< 14+ 0) wiM<a"x’>+ > wiM<a’IZ>§1—|—s.

i:pn—i-l 1 + € Z:pk+1 1 + €

Therefore A({z(™}) < (1 +¢)(1+¢). O

5 Proof of the main result

Sufficiency: Suppose that £y (w) 2 hy(w). If w € A or w € Ay, then by Lemma 4.3
or Lemma 4.4, respectively it follows that WCS((€pr(w), | |a)) = 1. Consequently by
(1) it follows WCS((Lpr(w), || - |ar)) < WCS((bar(w), ]| - |ar)) = 1.

Necessity: Let (¢5(w), | - ||a) has not weak uniform normal structure i.e.
WCS((bar(w), || - lar)) = 1.

Let first w € A. Let suppose the contrary i.e. fp(w) = hy(w). According to
Theorem 1 for any 0 < £ < 1/2 there exists a block basic sequence {z(™}2°

Pn+1

(10) ™ = 3" 2e; € St

i=pn+1

such that 1 < A({z™}) < 1+¢/2 and ™ - 0. By the definition of A({z(™}) it
follows that for every € > 0 there is N; € N such that for every m,s > Ny, m # s the
inequality [|#(™ — 2|y < A{2™}) 4+ /2 < 1+ ¢ holds.
By ly(w) = hy(w) it follows that M has the As—condition, therefore for some
q > [y the inequality M (uv) > u?M (v) holds for every u,v € [0, 1]. There exists § > 0
1 q
such that <1+(5> >1/2.

Hence for m,s > Ni, m # s and by the definition of the Luxemburg’s norm in
Cp(w) we get the chain of inequalities:

(m) _ p(s) Pm+1 (m) Pst1 (s)
—~ X €T €T, T
My|\———| = M : > wM L

( 146 ) 2, v (1+6)+ v <1+5)

i=pm—+1 i=ps+1

)q (Vo (0) + N, (2)) > 1.

>
146
Thus 1+ ¢ > ||z — 2()|| > 14§, which is a contradiction with the choice of an
arbitrary small € > 0. Therefore €y (w) 2 hy(w).
Let now w € A,. Let suppose the contrary i.e. {y;(w) = hys(w). By the fact that
(pr(w) is isometric to £, and Theorem 1 it follows that for any 0 < e < 1/2 there exists
a block basic sequences {2} and {y™ 1>

(11) y W =N "mie; €S, 2™ =3 amie; € Siyw)s

=1 =1



such that 1 < A({z™}) = A({y™}) < 14+¢/2 and 2, y™ 2 0. By the definition of
A({z™}) it follows that for every e > 0 there is N; € N such that for every m, s > Ny,
m # s the inequality ||z(™ — 2|, < A{z™}) + /2 < 1 + ¢ holds.

According to [26] lp/(w) = ly, where U is defined in (6). By the fact that W,
satisfies (4) for every i € N it follows that for some ¢ the inequality ¥, (uv) > uV;(v)
holds for every u,v € [0,1] and every ¢ € N ([17] p.140). There exists § > 0 such that
(1)q >3

1490/ — 4

By the convergence of Y2°; ;(y;) it follows that there is No € N, Ny > Ny,

o0

such that for every m > N, holds Z ©i(y;) < 1/2. Observe that p,, > m and thus

i=m

> wily:) < D wilys) < 1/2 for every m > No.
i=pPm i=m

Hence for m,s > Ny, m # s and by the definition of the Luxemburg norm in
Cpr(w) and the definition of the MO function ¥ in (6) we get the chain of inequalities

(m) _ .(s) Pm+1 (m) Ps+1 (s)
— T T T, a T, a
My|——— | = M| S— M|
( 1+0 ) 2 v (1+5)+ 2, v <1+5>

i=pm+1 i=ps+1
Pm+1 x(m)) Ps+1 ( ZC(S) )
= D el =t X el
i=pm+1 (1 +0 i=ps+1 144
pil 2™ pil 248
> U, | — + v; :
i=pm+1 1+9 i=ps+1 1+9
Pm+1 DPs+1
- Z wi(yi) — Z ©i(ys)
i=pm+1 1=ps+1
1 q Pm-+1 ( ) Ps+1 )
> (15) | X we+ X w6 -2
+ i=pm+1 i=ps+1
LN R (m)y |~ (s)
<1+5> Z pi(z; ) + Z wi(r;”) | —1/2
i=pm+1 i=ps+1
1 q 3 1
= 2|—) —1/2>2-——-=1.
(155) 1222

Thus 1 +¢ > || — 2®)|| > 1 + 4, which is a contradiction with the choice of an
arbitrary small € > 0. So £y (w) 2 hy(w).

If (€ar(w), |- |ar) has not weak uniform normal structure by the inequality
WCS((bar(w), || - [|ar)) S WCS((Upr(w), |- |ar)) = 1 it follows that (€pr(w), || - ||ar) has
not weak uniform normal structure and therefore £, (w) 2 hy(w). O

Remark: Following [6] a direct proof in the case of Amemiya’s norm can be done
to show that if ({;(w),| - [ar) has not weak uniform normal structure then ¢y (w) %

. : . M(2)
Corollary 5.1 Let M be an Orlicz function such that 11rr01 - = 0 and w = {w;}$2,

be a weight sequence form the class A. Then the weighted Orlicz sequence space €yr(w)
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endowed with the Luremburg or Amemiya norm has weak uniform normal structure iff
M has Ay—condition.

6 Examples of weighted Orlicz sequence spaces with weak uniform normal
structure without A,—condition

N(t
Let N be an Orlicz function, lim 15) =0, N(1) =1 and {wg}32,, w1 = 1, be a weight
sequence from the class A, such that

(12) P

< Q0.
k=1 Wk+1

Denote a, = N7(1/wy) and choose a sequence {b;}72, fulfilling

(13) 0<apyr <bp <ap <1
o N (bx)
(14) < o0
izt N(ak)
b
(15) lim — = 0.

We define the Orlicz function M by:

N(t), te [ak+1,bk], keN
(16) M(t) - { lk(t), t e [bk,ak], ke N,
N(ak) — N(bk)

where the line [, is defined by I;(t) =

(t —ax) + N(ag).
ar — bk
For every o > 1 there exists n = n(a) such that for every &k > n the inequalities
aper < by < 2F < g, hold.
a
Let notice that by (14) it follows that

. M(by)
1 lim
(17) ko0 M (ay) =0
N(t M(t M
and by hm t() = 0 it follows that hn& L = 0. Indeed by hm (ax) = 0 it follows
ag
. M(ak)
that for every € > 0 there exists ky € N such that for every & > kqy holds <e
ay
Mt
Thus for every 0 < ¢t < ay, we have t( ) <e€

Throughout this paragraph by M we denote the Orlicz function defined in (16).
Lemma 6.1 For every 0 < A < 1 we have

08) i e =

11



Proof: For every A < 1 there exists ig € N such that b; < Aa; < a; holds for every
1 > ip. By the chain of equalities

- MAax) lim lk(Aay)
k—oo M (ay,) k—oco N (ay)
— im (N(ak)()‘ak —ar)  N(be)(Aay — ay) n N(ak‘)>
koo \ N(ap)(an —by)  N(ag)(ar — b)) | N(ag)
| A=1 NOy)(A-1)
- ;}EEO bk N bk L
1—(; N<ak)(1_;k)
C b L (0 N(b) N (by) by _
T |k (A Y N @) T N T ) !
it follows (18). O

Proposition 6.1 The weighted Orlicz sequence space €y (w) has weak uniform normal
structure iff

(19) d = < oo

Proof: In view of the Theorem 2 we need to prove only that £y (w) = hy(w) iff (19)
holds. N -

Let holds (19). Let z = Y32, zrex € Ly (w) ie. My(z) < oo. If M, (A2) < oo for
some A; < 1 we can consider the vector Z = A\ z.

b
Denote A = max{ — : k € N} and let a > 1 be arbitrary.
ag

b
1) Let I} = {kEN:zk< k} Then
e

M (by,)
M (ax)

< 00.

Z wpM (azy) < Z weM (by,) < i wiM (by) = i

kely kely k=1 k=1

«

b
2)Letl2—{keN:k§zk<bk}. Then

> wpM(az) < > wiM (aby) < iwkM(abk).

kels kels k=1

By (15) it follows that for every o > 1 there exists ky € N such that for every k& > kg

holds ab;, < a;. Hence
ko—1

(20) Z wkM(Oébk) < 00

12



and

i wy, M (aby) = i W, (M(ak) = M(b) (aby — ax) + M(%))

k=ko k—Fo ar — by

_ io: wi (Oé — 1)bkM(ak) — OébkM(bk) + CLkM(bk)
k—ko ar — by,
b
o (@ —= 1) M(ag) — - M(by) + M(by)
_ Z wy, ak ag
k=ko 1— bi
ak
21
21) o %M(ak) o ozb—k +1
< (a=1) 3w 3w M(by) |
k=ko 1_ 2k k=ko 1_ 2k
Qg Qg
> b b
< (A=N"Y (@ = Dwp—=M(ag) + wM (by) (a2 +1
k=ko g ay
o b o0
< A= (a=1) > E (@A +1) Y wpM(by) | < oo
k=ko Yk k=Fo

By (20) and (21) it follows > ey, wipM (ozg) < 00.
3) Letlgz{keN:bk§2k<ak}.
«
Obviously for k € I3

(OéZk — bk)M((lk) + (ak - OéZk)M(bk>

M(az,) =
a —bk
G b)M (@) + (o — )M ()
Qap — bk
£ (o= 1) (2 M(a) - —2(n)
« ap — bk @ ap — bk k
. bi Qg
= aM(z)+ (a—1) (ak - M (ay) p— M(bk)>
(O./ — 1)bk
< aM M
> @ (Zk) + (1 _ )\)ak (ak)
Therefore
—1 b
> weM(oz) < o> wiM (z) + - * < .
kels kels L= Xy ax

4) Let Iy = {k eN: %< zk}, then az, > ay for every k € I,. To finish the proof
we need to show that Yo7, weM (azy) < o0o.

Let us point out that in this case (k € I4) we do not know the exact definition of
M (az). By (16) there are two possibilities:
1) If azy € [am, by—1] for some m € N, m < k, then M (azy) = N(az);
2) If azg, € [am—1,bm—1] for some m € N, m < k, then M (az) = ly—1(oz).

13



That’s why we could not make a direct estimation of the sum > ;o7 wi M (azy), as
like as, it was done in the first three cases (k € I}, k € I, k € I3). So we will prove
that the sum Y ,c7, wpM (aezy) is finite by proving that the set I, is finite.

Claim 6.1 The set 14 is finite iff the sum Y ey, wipM (2x) is finite.

PROOF OF CLAIM 6.1: If I, is finite it is obvious that Y ,c;, wiM (2;) is finite.
For the proof of the converse let suppose the contrary i.e. Y ey, wiM(z;) < o0,
but |I;] = co. Then by Lemma 6.1 it follows that there exists ky € N so that the

& 1

Q > — holds for infinite number of indices, fulfilling £ € I, and
M(ak) 2a

k > kg. Therefore

inequality

S wpM(z) > > (03 >

kely kely kel k>ko

which is a contradiction and consequently |I4| < co. O
Thus Y per, wiM(az,) < oo, because by Claim 6.1 the index set I consists of
finite number of elements.
Consequently

i wpM(azp) = > weM(oz) + > wipM (az)

k=1 kel kels
+ > wpM(aze) + Y wpM(az,) < oo.
kels kely
Let now
) bk
(22) DL
k=1 Ok

Let z = {bx}32,. By (14) follows that z € ¢y (w). Let consider the sequence
2z = {2bg}32,. By (17) there exist n € N such that M(by)/M(ax) < 1/4 for every
k > n. Then

Mw(QZ) = i wkM(Qbk Z < ai — é\jwk) (Qbk — ak) + M(ak)>
. > bk (ak) — QbkM(bk) + akM(bk)
- S ()

v
S
U“k‘
—
=
s
+
\
|
=
g
~

k=n ~ " a4 k
oo 0 1> bk
k=n k=n k=n

14



Therefore £y (w) 2 har(w). O
1

Example 1: Let N(¢) = t2¢~2 and wy, = NOJRE) k € N. We define the

sequences {ax 22y, {0k}, by ap = = by = CESECEE Obviously the sequences
b

{we}p2y, {an}iy, {bk}i2, fulfill conditions (12), (13), (14), (15) and ) * < o0 and

k=1 %k
by Proposition 6.1 it follows that £),(w) has weak uniform normal structure.

Example 2: Let N(t) = t2e~2 and wy, = k € N. We define the se-

N(1/kY)

quences {ag}2, {bp}32, by ap = —, by = . Obviously the sequences {wy}32 4,

kD (k+1)!
{ar )2y, {bi}i2, fulfill conditions (12), (13), (14), (15) and ) b _ oo and by Propo-
k=1 Tk

sition 6.1 it follows that ¢j;(w) has not weak uniform normal structure.
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