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Abstract. The aim of this paper is to obtain coefficient estimates
and distortion theorems for functions belonging to the class Y °(p, A\) of
meromorphically p-valent functions.
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1. Introduction

Let > (p) denote the class of functions of the form:
1 oo
(1.1) f(z):Z—p—i—Zakzk (peN=A{1,2,...})
k=p

which are regular and p-valent in the punctured disk
U*={z:ze€Cand 0<|z| <1} =U\{0}.

Let > (p, A) denotes the class of functions f(z) € > (p) that satisfy the
condition:

P () + Azf" ()] +p[L = Ap + 1)

(1.2) 2L [f(2) + Az f(2)] + p[1 — Alp + 1)]

<1,

1
zeU,0< A< ——,p€EN.
p+1p
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We note that
1
(1, A) =371, 1) (0<A< 2,z€U>7
Patel [1], >°(1, 0) = Y. [2]. We note that every function belonging to the class

> . is meromorphic close to convex in U*.
Let >_%(p) be the subclass of Y (p) consists of functions of the form:

(1.3) Fe) = o+ D larlet
k=p

that are regular and p-valent in U*.

Let us write
370 A) = 20(p, AN (D).

We note that > °(p, 0) = H(p; 1, —1) where H(p; 1, —1) denotes the class
introduced and studied by Mogra [3].
The object of this paper is to present some properties of functions in the

classes > (p,,A) and > %(p, A).

2. Coefficient estimates

Theorem 2.1. Let f(z) defined by (1.3) be analytic and p-valent in U*.
Then f(z) € > (p, A) if and only if

(2.1) > KAk — 1) + 1jax| < p[l — (p+ 1A
k=p

Proof. First of all, suppose that the function f(z) given by (1.3) is in the
class .°(p, A). Then

PP () + 22" ()] +p[1 = Mp +1)]
—z2PtL[f1(2) + Az f"(2)] +p[l = A(p+1)]

ENE — 1) + 1]|ag| 25 FP

M8

(2.2)

k
= P <1

201 = (p+ DA = 3 RIAGE — 1)+ a2+
k=p
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for all z € U. Using the fact that fz < |z| for all z, it follows that

Z EA(k — 1) 4 1]|ag|z5tP

OB R T I S, =T F e (<

z € U. Now choose values of z on the real axis so that zPT![f/(2) + Az f"(2)]
is real. Upon clearing the denominator in (2.3) and letting z — 1~ through
real values we obtain:

> kA(k = 1) + 1jar| < 2p[1 — (p+ DA = > k[A(k — 1) + 1]|ax|
k=p k=p
or
Zk k—1) +1]|ax| < p[1 = (p+1)Al.

Next, in order to prove the converse, we observe that

FHf(2) + 22" ()] +p[1 = Mp + 1)
—z2PHL[f'(2) + Azf" ()] +p[1 = Alp+ 1)

Zk k—1) + 1)

2p[1 — (p+ 1)\ Zk + 1| ag|

IN

,zeU

where we have made use of (2.2) and set |z| = 1. The last expression is bounded
above by 1 provided

o0

D kA = 1) + lar] < p[l — (p+ 1)A]

k=p

which is true by the hypothesis. Hence f(z) € > (p, A).

111



Donka Z. Pashkouleva, Kliment V. Vasilev

Corollary 1. If f(z) defined by (1.3) is in the class Y. (p, \), then

p[l — (p+ DA
(2.4) lax| < m

1
where 0 < A< ——,p€ N.
p+1

Equality holds for the functions of the form

(2.5) fule) = L 4 PL=@HDA

2P k[)\(k—1)+1]27 (k=p,p+1,...)

3. Some properties of the class Y °(p, \)

1
Theorem 3.1. Let 0 < M\ < Mg < ST Then >-°(p, A2) C >-°(p, M\1)-
p

Mk -1 1 1
Proof. Since 1(_(1)_31—’—)/\ is increasing function of A (O <A< W),
it follows from Theorem 2.1 that
IM(k—1)+1 ko(k—1)+1
Z [1( ) ]|ak|<z [2( ) ]|ak|§p
= 1-@+DN = L=+l

for f(2) € X2°(p, Ae). Hence f(2) € 3 (p, Av).
Corollary 2.
>0, A) € Hp: 1, -1),

The proof is now immediate because A > 0.

4. Distortion Theorems

Z|ak|zk is in the class > °(p, ),

Theorem 4.1. If f(z) = -+
z =
1
0<A< +1andpGNthenfor0<|z\:r<1,wehave
p
1 1—(p+1)A 1 1—(p+1)A
(4.1) —_ﬂwng)KerLp

™ Ap—1)+1 ~ P )\(p—l)—i—lT'
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Proof. Suppose that f(z) is in the class }.°(p, A). In view of Theorem 1.1
we have

p[A Zlak|<zk k—=1)+1]lax] < p[1 = (p+ 1A

which yields

- —(p+1)A
(4.2) lak| < NPEEIRE
2 PEES
Consequently, we obtain
HA
|f( |<—+E |ag|r* <—+r’)2 lak| < 7(1)—1_ ) rP

Alp—1)+1

by (4.2). This gives the right hand inequality of (4.1). Also

£ >f—z\ak\r>f rvzw 5 - e

which gives the left hand side of (4.1).
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BEJIE2KKA BBbPXY HAKOU ITOAKJIACOBE
P-JINCTHUN ®YHKIINN

Honka ITamkynesa, Knument Bacuie
Pesiome. llenra Ha craTusita e ga ce TOJIydYaT KOS(UIIMEHTHU OIEHKU U

OLIEHKHM 32 PbCTa HA (DYHKIUKUTE OT KJIAaca Y (P, A), ChCTOSII ce OT MepOMOp(HU
p-iuCcTHA PYHKITAN.
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