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Abstract

In this paper we find sufficient conditions for the existence and uniqueness of fixed points of

Chatterjea’s maps in b-metric space. These conditions do not involve the b-metric constant. We establish a priori
error estimate for the sequence of successive iterations. The error estimate, which we present is better that the well-
known one for a wide class of Chatterjea’s maps in metric spaces.
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1. Introduction

Fixed point theory has got wide applications in different
branches of mathematics. Since the work of S. Banach [3]
known as the Banach Contraction Principle, many
mathematicians have extended and generalized the results
in [3]. Some of the classical generalizations of [3] are
presented in [14]. The concept of a b-metric space as a
generalization of a metric space is introduced in [2] and a
contraction mapping theorem is proved there. Since then
results about fixed points, variational principles and
applications were obtained in b-metric spaces. We will
cite just a few recent results in these directions
[1,5,7,8,9,10,11,12,13,16].

We recall some definitions and properties for b-metric
spaces [12,13,16].

Definition 1.1. Let X be a non-empty set, s>1. A
functional p: X xX — R is called a b-metric if it

satisfies the following conditions:
p(xy)=0 for all x,ye X and p(x,y)=0 iff x=y;
p(xy)=p(y,x) forall x,yeX;
p(xy)<s(p(x2)+p(zy)) forall x,y,zeX.
The ordered pair (X,p) is called a b-metric space

(with constant s).
Any metric space is a b-metric space with s=1.
An example of b-metric is the functional

pilyxly >R, pp(X,y)=Zi1|Xi —yi|p

see that in this case s =2PL.
Other classical example of b-metric space is R

. It is easy to

endowed with the b-metric function p, (x, y)=|x-y|

for p e[l +x). It is easy to see that in this case s= 2Pt

and for p =1 we get the metric space of the real numbers
with a metric p; (x,y)=|x-y|.
Definition 1.2. Let (X, p) be a b-metric space.

A sequence {x,} , is called b-convergent if there

n=1
exists xe X , such that for any &>0 there exists
N=N(e)eN such that the inequality p(x,x,)<¢
holds true forall n> N ;

A sequence {x,}

any ¢>0 there exists N=N(g)eN such that the

is called b-Cauchy sequence if for

inequality p(Xp,X,)<e holds true forall n>m>N;

The b-metric space (X, p) is called complete b-metric
space if any Cauchy sequence is convergent;

A subset Ac X is called b-bounded if
sup{p(x,y):x,yeAf<oo;
If the set A is b-bounded then the number

sup{p(x,y):x,y e A} is called its b-diameter and is

denoted with &, (A).
A subset Ac X

is called b-closed if for any

convergent  sequence {xn}:]o=1 c A the convergence
lim x, = x implies xe A.
nN—oo

A b-metric function p is called continuous if for any
ye X and any &>0 there exists §=5(y,&)>0 such
that there holds the inequality |o(y,x)—p(y.2)|<e ,
provided that p(x,z) <& . Itis easy to observe that if p
is continuous and X,

P(Y. %)= p(V.X).

is b-convergent to x then
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Every b-convergent sequence in b-metric space is a b-
Cauchy sequence. If a sequence is a b-convergent in b-
metric space then its limit is unique. In general a b-metric
function is not continuous [5,10].

As far as we will consider only b-metrics we will omit
the letter b in the above definitions.

Definition 1.3. ([14]) Let (X, p) be a metric space. A

map T:X — X is a Hardy Rogers map is there exist
nonnegative constants a , 1=12,3,4,5 satisfying

5
Zai <1 such that for each X,y e X the inequality
i=1
pMXTY) < qp(X,y)+azo(x,TX)+azp(y,Ty)
+ay (X, Ty) +as p(y, TX)

holds forall x,ye X .

As pointed in [15] from the symmetry of the function
p it follows that a, =azand a, =as. Therefore if T is

a Hardy-Rogers contraction then there exist kq, ko, k3 20,
such that k; + 2k, +2ks <1 and there holds the inequality

P Ty) < kip(X, y) +ka (p(X, TX) + p(y,TY))
+k3 (0 (X, Ty) + p(y, TX)).

Generalizations of Hardy Rogers map in b-metric space
are investigated in [8,13].

If ky =k, =0 and k3 €[0,1/2) in the above inequality
we get a generalization of Chatterjea’s map [6] in b-metric
space.

Definition 1.4. Let (X, p) be a b-metric space. A map
T:X — X is called Chatterjea’s map if there exists
k €[0,1/2) such that the inequality

p(TxTy)<k(p(Tx,y)+p(Ty,x))

holds forall x,ye X .

We will denote for the rest of the article a:ﬁ,

where k is the constant from the definition of Chatterjea’s
map. From k [0,1/2) it follows that « €[0,1).

2. Fixed Points for Chatterjea’s Maps in
b-Metric Spaces

Theorem 2.1. Let (X ,p) be a complete b-metric space,
p be a continuous function, T : X — X be a Chatterjea’s

map, such that the inequality sup,.y {p(T”x,x)}<oo

holds for any x e X . Then
M there exists a unique fixed pointsay & of T ;

(i) for any xy € A the sequence {x,} , converges

o0

n=1
to &, where x,,1 =TX,, N=0,12,...;

(iii) there holds the a priori error estimate

p(é,me) <a™ sj,ggp(T Ix, x).

2.1

Lemma 2.2. Let (X, p) be a b-metric space and let

T:X — X be a Chatterjea’s map. Then for any x e X
there holds the inequality

m .

p(T”x,me)s(LJ sup {p(TJX,X)} (2.2)
- 2<j<n

forany n>m=>1.

Proof. Let us denote rn(x)zp(T”x,x) and

Xmn = p(T”x,me) . We consider the sequence

X210 %31, %321+ Xn 1020 X010 X020 X 010 X1 1o (2.3)

We will prove inequality (2.2) by induction on the
sequence (2.3). Let us denote by i the sum of the indices
of the sequence in (2.3).

Let i=3 , ie

k
xzylgkrz(x)gﬁp(sz,x).
Leti=4,ie. n=3 and m=1. Then

n=2 and m=1 Then

X31 < k(r3(x)+ Xz,l) < k[1+_LLsu_E3rj (x)
<j<

sup p(TjX,X).
<j<3

L
1K o

Let inequality (2.2) holds for i=p .

We will prove that (2.2) holds true for i=p+1. Let
n+m=p . There are two cases: If m<n then we
consider X, 41, iIf m=n-1 then we consider Xy .

Case 1) There are two subcases: m<n—2 and m=n-2.
Let first m<n—2. Then

Xn,m+1 <k Xn,m Xn—l,m+l)

Letnow m=n-2. Then

Xpme S K (Xn,m + Xn—1,m+1) = KXo m

k m
< k(nj sup rj(x)

- 2<j<n

K m+1 .
= — sup p(T!x x).
(14(} 2<j<n ( )

Case )



Turkish Journal of Analysis and Number Theory 33

Xni11 < K(Fya (X)+Xn1)

k
<k| sup r- x (—J sup r;(x
[2<]<n+1 1-kJ2<j<n i)

k(1+ j sup  rj(x)
2<j<n+l

sup p(TJX x)

2<j<n+l

3 k
-k
Proof. of Theorem 2.1 (i) Let x € X be arbitrary.

Let us put M :supp(zj,x). From Lemma 2.2 we
j>2
have that the inequality
p(TnX,TmX)Sam sup p(TjX,X)SamM
2<j<n

holds for every n>m=>1. Consequently the sequence
o0

{T”x} ) is a Cauchy sequence. From the assumption that
n=.

X is complete b-metric space it follows that the sequence

o0
{T”x} ) is b-convergent. Therefore it follows that there
e

exists £= lim T"x e X . Let us fix ne N. After taking a
n—o0

limit on m — oo from the assumption that the b-metric is
continuous and using that T is Chatterjea’s map we get
the inequality

p(T&,£)= lim p(T£TMx)

<t (olre ™ ofer™)
=k(p(T¢.5)+p(£.6))=kp(TE£)

and therefore p(T&,£)=0 ie. ¢ is a fixed point for T .
Let suppose that there are two fixed points &7 . Then
from the inequality

p(&mn) = p(T&Ty)<
= 2kp(&n)

and the assumption that k €[0,1/2) it follows that £ =7 .
(if) The proof follows from (i), because any sequence

{T “xo}::1

unique.
(iii) Let x e X be arbitrary. From Lemma 2.2 we have
the inequality

p(T”x,me)s a™ ?l:gp(TJx,x)

k(p(T&n)+p(Tn.8))

is convergent to the fixed point of T , which is

holds for every n>m2>1 and every xe X . From (ii) it

follows that the sequence {T”x}oO )
n=

unique fixed point & . Therefore using the continuity of p

and Lemma 2.2 we get

(g?T x)—llm p(T x,T x)<a ngp(TJx x)

converges to the

As far as any metric space is a b-metric space, then
Theorem 2.1 holds true for arbitrary metric space. If

(X,d) is a complete metric space and T be Chatterjea’s
map then the a priori error estimate is well known [4]

m

d(£T™x) <5 d(Txx). (2.4)

If we assume that supp(zj,x)gp(Tx,x) then we
jeN
will get from Theorem 2.1 the a priori estimate

p(é,TmX) < amp(Tx, X).

Let us mention that in this case the a priori estimate (2.5)
is better, than (2.4).

Let £<(0,p(Tx, X)), m, €N be the smallest number,

(2.5)

that satisfies (2.5) and n, € N be the smallest number,
that satisfies (2.4). Then

Oge(l—a) ‘ £
T T
N, —m, > ll X’X)— p(TxX) +1
log @ ‘ ‘ log o ‘
_|log(1-a)
- log o

If k gets close to 1/2 then « gets closer to 1 and
therefore n, —m,, gets closer to infinity.

We would like to point out that if the space is a metric
space than using the triangle inequality we can obtain (2.5)
from (2.1).

Example 2.3. Let us consider the b-metric space

(R,pp) for p>1. Let O<a<f be two arbitrary

numbers. Let us define the map

a, Xel[fB,+x)
0, xe[0,5)

(Figure 1), which is a variation of the classical examples
from [14]. It is well known that Tﬁz is Chatterjea’s map

positive real

T/ :[0,400) > [0,4) , by fo:{

and T11,2 is not Chatterjea’s map in the metric space
(R, py) [14]. It is easy to observe that the Picard iteration

sequence X, = Taﬁ Xn—1 converges to the fixed point x =0
for any initial point x; €[0,+) .

(0,a)

—-_———

(5,0)

Figure 1

If X,y e[0,8) or x,ye[f,+x), then T/ satisfies the

condition in Definition 1.4 for any ke{o,%j, because
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Pp(TX,Ty) 5| Tx=Ty [P=0. If y [0, 5) and x[B,+x),
then we get pp(Tx,y)+pp(Ty,X)=la—-y|P +4P and
pp(TX,Ty) = &P Using the inequality

inf {la—y [P +xP 1y e[0, B), x e [B,40)} = 57
we get that there holds

Pp(Tx,Ty) = aP <kBP <k(pp(TX,y)+ pp Ty, X)) (2.6)

p
for any k > (%) . Therefore if 2 > £ then Tf is not a

Chatterjea’s map in (R, py) . For any arbitrary 0 <a < S

p
we can choose pe[l,+®), such that [%) e{o,%j.

Consequently for any map Tf we can endow (R, o)
with a suitable b -metric pPp(X=y)=[x-y [P so that Tf
to satisfy the condition in Definition 1.4 in (R,pp).

Let us consider the particular case 2o > £ and p>1.

p p
If we choose in this case k > il Z(EJ e[o,ij,
B 2 2

provided that we have considered the b-metric space

(R,pp) , p>1, then k.sz%, because s=2P in

(R, pp) Consequently Tf does not satisfy the
conditions in ([16] Theorem 3) for any pe(1,+wx) in

(R, pp) and thus Theorem 2.1 extends ([12] Theorem 3)

in the case when sup p(T“x, x) <00,
neN

In the particular case Tﬁz we get that k.s=%,

provided that k is chosen so that inequality (2.6) to hold
in (R,pp) and therefore ([12] Theorem 3) could not be

applied.
When applying fixed point theorems for approximating
of a solution of the equation Tx =X we usually find an

initial starting point Xq , which belongs to a neighborhood
U of the solution &, such that T:U ->U and U is
bounded and closed. Thus the next Corollary can be
applied in a wide class of problems.

Corollary 2.3. Let (X,p) be a complete b-metric

space, p be a continuous function, Ac X be a b-

bounded and b-closed set, T : A— A be Chatterjea’s map.
Then
there exists a unique fixed pointsay & of T ;

for any xq e A the sequence {x,} , converges to &,

o0
n=1
where X, =Tx,, n=012,...;

there holds the a priori
p(£T"X) <™, (A).

error  estimate
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