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Abstract. With the help of (n+1) pseudovectors a prolonged co-
variant differentiation in an affinely connected space without a torsion
A,, is introduced. It is proved that the prolonged covariant differen-
tiation preserves the law for the parallelly translation of the fields of
directions along lines and that this law does not depend on the choice
of the normaliser. Derivative equations for the fields of directions are
written, relations between their coefficients are found and applications
are made.

The characteristics by the normaliser and the coefficients for equiaffine
spaces are obtained.

Affinely connected spaces without a torsion in which there exist n
compositions of base manyfolds X,,—1 and X; are studied. Characteris-
tics of these spaces when the compositions are geodesic, chebishevian or
cartesian are found.
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1. Introduction

Generalizing the notion net in two dimentional space X5 Norden reachs to
the notion composition [4]. Norden and Timofeev introduce the special com-
positions in affinely connected spaces Az [2]. The prolonged covariant differen-
tiation, introduced in Ay [3], in W), [5] and in As,, [6], reduce the difficulties in
the investigations of the pseudoquantities. The purpose of the present paper
is the introduction of the prolonged covariant differentiation in n—dimensional
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affinelly connected spaces A,, without a torsion. The choice of the covector
fields ; corresponding to the fields of directions v’ as well as the new choice of

the normalizer allow considerations in arbitrary d?mensional affinelly connected
spaces without a torsion.

The connection between nets and compositions in A, is shown in [8]. There
the composition is defined with the help of an affinor connected with a net. Us-
ing this affinor it is made an application of the introduced prolonged covariant
differentiation in the present paper.

2. Preliminary

Let the pseudo-vectors vi(a = 1,2,...,n+1), satisfying the condition
(6], 7]

n+1

(1) ZZZ =0

a=1

be given in the affinely connected space without a torsion A,.
We suppose that any n pseudo-vectors from v*(« = 1,2,...,n+1) are line-
[0

arly independent. From (1) it follows that the renormalization of the pseudo-
vectors v*'(a = 1,2,...,n + 1) is defined to with in a common non-zero factor
«

o where ¢ is a function of the point.
The covector fields v; are defined by the conditions

(2) %zgl :6g — %igs :515 ) (04,51172,...771),

(3) =30
a=1
From (1), (2), (3) it follows

(4) nvigl:—l, nz_ill v;=-1, (a=1,2,...,n), n:}_l

According to [1] the field of directions v’ is parallelly translating along the lines
(w) if and only if

(5) Viv'wh = ',
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where A is an arbitrary function. We have noticed with V the covariant deriva-
tive defined by the coefficients of the connectedness I'¥, of the space A,,.

Pseudo-quantities A which after a renormalization of v* are transformed
(a7

by the law A = 0¥ A are called satellites of v* of weight {k} [3] .

From (2) it follows that v; (a = 1,2,...,n) are satellites of the v’ of weight

{—].}, i.e. %i = (7_1%7;.
A normalizer is called any covector admitting a transformation of the
form [3]

(6) T, = T, + diln .

According to [3] a prolonged covariant derivative of pseudoquantities with
weight {k} is called the object

(7 V,A=V;A—-KkT,A.
Let notice by (v) the lines determined from the pseudo-vectors v?, (a=1,2,...,n)
and by (11), U .v) the net determined from the pseudo-vectors v*, (a=1,2,...,n)

and by (111,121, 11) the n+1-web determined from the pseudo-vectors v?,
n «@

(a=1,2,...,n+1).
The following affinor

E

(8) ag = ".}B {)a - X Uﬁ éa
K2

1=

uniquely determinated from the net(qu, Uy v) is introduced in [8]. Since a? af =
n

02 , according to [4] the affinor (8) defines a composition X,,, X X,,_, in A,.
According to [2], [4] the following definitions can be write:

The composition (X, x X,,_,) € A, is called cartesian if the positions
P(X,,) and P(X,—,) are parallelly translated along any line in the space .

The composition (X, X Xp_m) € A, is called geodesic if the positions
P(X,,) and P(X,,_,,) are parallelly translated along any line of X,,, and X,,_,,
respectively .

The composition (X, X X,,—m) € A, is called chebyshevian if the positions
P(X,,) and P(X,_.,) are parallelly translated along any line of X,,_, and X,,
respectively.
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3. Prolonged covariant differentiation in A,

Consider the covector

1 n+1
(9) T,=— v 4V v °
n n+1
After renormalization of the pseudo-vectors v?, (a = 1,2,...,n + 1) for T}, we
[0
can write ) ) .
S _1n+1 _ n+1 _
Ty ==-0"1" sVi(ov ®)=—0 Lo v s v+ —0tov Vi v ¥,
n n+1 n n+1 n n+1

from where taking into account (2), (4), (9) we find Ty = dxlno +Tj. Then we
can choose the covector (9) as a normalizer [3]. The existence of this normalizer
allows us to introduce the prolonged covariant differentiation of the satellites
of the pseudo-vectors gZ with weight {k} by the formula (7).

Lemma 1. The pseudo-vector v* is parallelly translated along the lines

(w) if and only if Vsv' w® = M' | where X is an arbitrary function. This law
of the parallelly translating does not depend on the choice of the normalizer.

Proof. Let v’ has a weight {k} and let notice by !V, the prolonged
covariant differentiation introduced with the help of an arbitrary normalizer

Q). which is different from T},. According to (7) we have Vvt = V v! — kT,v? |
165111' = V' — kQsv'. If we accept the notations T,w® = pu, Q.,w® = v, we
obtain %Sviws = V.o’ — kpvt, 1ésviws = V,v'w® — kvv'. Now it is easy
to see that the equalities Vg ! w® = vt | %svi w* = pv, 165112' w® = Tvt
where A, p, 7 are arbitrary functions, are equivalent. O

4. Derivative equations

The prolonged covariant derivative of the field of directions vi, (a =
[e%

1,2,...,n) can be presented in the following way
L] . g .
(10) V"' =Tk v*, (a=1,2,...,n),
[e% [e3% g
because v', (o = 1,2,...,n) are independent pseudo-vectors.
(0%
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From (2) and (10) it follows
(11) Viti =T, 0; , (a=1,2,...,n).

The equalities (10) and (11) are called derivative equations. Obviously the
coefficients T'j; from the derivative equations have weights {0}.
With the help of (1), (3) , (10) and (11) we find

n
hd +1 Qo
(12) Vs vt = _ZTk v, VS = ZZI@ Vi -
a=1

Lemma 2. The coefficients Tk from the derivative equations satisfy the
following condition Z Ty =
a=1 B=1 B
Proof. According to (7) and (12) we have V, v ZT vt =
Vi 141_ 1’i T zi 1i, from where after contraction by nz—i)r 1i and taking into account
(4) and (9) we establish the validity of Lemma 2. O
Theorem 1. The affinely connected space A, is equiaffine if and only if

[eg
the normalizer T}, and the coefficients T, from the derivative equations satisfy
[e3

the equality nV Ty + V Ty = 0.

Proof. After the covariant diﬁerentiation of (10) and taking into account
the equalities V0! = Vio! — Tpo' = Tk v* we obtain V, Vkv -V Tkv -
«@ « (07 (03 o

o

Tk(Tsvi + Tsvi) = VSTk’Ui + Tk(TSUi +

qﬂm

élﬁ/ %). Now let apply the integrability

1 ) . ) ,
condition. So we find iRskm_l " = Vi Tyv'+ V[STk] vz—|—T[kTS}1él, where
Rskm? is the tensor of the curvature of the space A,,.

a 1 ) )
According to (2) after contraction with v; we find iRskjf = V[ Tyd; +
o o c B . 1 ) Jo!
Vi Tiv' 0 + T Ty’ 05, from where it follows = Ry’ = nV T+ VisTh-
alo aVelp 2 : a

But it is known that the affinely connected space A, is equiaffine if and only
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if Rsm‘,i = 0. So we obtain the affinely connected space A, is equiaffine if and
only if ’I’LV[STk] + V[STk] =0 U

5. Application of the prolonged covariant differentiation

Consider n affinors (8) defined by the net (111,12)7...,11) € A, [8] when

n
m = n—1.

‘1%__” v; +v vl—&—g v + + v° vy,
1 2 3
ai =v° v; —v° v +v° v+ + v® vy,
(13) 2 1 2 3 n
1 2 3 n
a =v° v; +v° v, +v° v + — v v,
n 1 2 3 n

Because of afa? = 6%, (o = 1,2,...,n), [2] and [4] it follows that the affinely
connected space A, with the affinors ai (o = 1,2,...,n) is a space of com-

positions of two base manifolds X,,_; and X; . For any o = 1,2,....,n two
positions P(X,,—1) and P(X;) of the base manifolds X,,_; and X respectively
pass through any point of the space A4,, [2], [4].

Here using the definitions about special compositions [2], [4] we can write:

The composition (X,_1 x X1) € A, is called cartesian if the positions
P(X,,—1) and P(X;) are parallelly translated along any line in the space .

The composition (X,,—1 x X1) € A, is called geodesic if the positions
P(X,—-1) and P(X;) are parallelly translated along any line of X, _; and X;
respectively .

The composition (X,_1 X X1) € A, is called chebyshevian if the positions
P(X,,_1) and P(X;) are parallelly translated along any line of X; and X,,_;
respectively .

When all affinors (13) define in A,, cartesian or geodesic or chebyshevian
compositions then the space A,, will be notice A,, or 9A4,, or ?* A,,, respectively.

Since the affinors (13) have weghts {0} then

(14) Via; =Via;, a=1,2,..,n.
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5.1. Geodesic compositions in A4,

Theorem 2. The space A, is the space 9A,, if and only if

(15)

o™
.

s
:é\Ui ) a7/821727"'7n;a7é/87

&
where ?j\ are functions of the point.

Proof. Let the affinors (13) define geodesic compositions in A,,. Accord-
ing to [2] the affinors a] define geodesic compositions in A, if and only if aiVy,
« (o7

al+ aiV ag = 0. Because of (14) the last equality accepts the form
«@ o (03

16 a‘?vkaj +aj Vsaj =0
) s k: i
@

From (10), (11), (13) it follows that (1 ) can be written in the form

svk aJ—i— azvs g{ = 2(T;c +ak TS) vJ vz 4.4

T J ) 7 Jodt L.
A Tural T 0 A Takal T "ot oot
a a .n 1 1 i a—1 a—1 X
2Tk +aj, Ts) v v+ 2[(Ty —aj, Ts) 11)]+---—|— (T p—a; T ) v1]+--~+
n « n (e} (e} « « « (e} @ o—
a+1 a+1

(Tw—ai Ty v+t (Tx—ap T) ]l = 0.
« « « (03 « « (03 n

From the independence of the fields of directions v* and v; (a=1,2,...n)

it follows that the equality will be fulfilled if and only if Iﬁ“k +aj, %“5 =0 and
[0}

e e g g <] <]
Tp—a; To=0.ButTy—a; Ts=0< (T —aj T,)v* =0, from where taking
« (6% « (6% (e « (03 « (03

[e%

B
into account (2) and (13) we obtain T,v* = 0. Thus we find the following

presentation of the coefficients of the derivative equations

3 “ls,
(17) T Z Avg + Z /\ vk
* =1 ‘ i=a+1
B [e3 o
Now after substitution of T from (17) and af, from (13) in %k +aj, %“S =0
.. B Bg . B
we establish T’ — /B\Uk = 0, which means that A = o for any a # (. O
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Theorem 3. If the net (111, Uy v) € A, is chosen as a coordinate one,
n

then the space A,, is the space 9A,, if and only if TX = 0 for any k # i,k # s.

Proof. Let the net (11),12), ...,v) € A, be chosen as a coordinate one.
n

According to (2) the conditions (15) are equivalent to the following conditions

8 .
(18) Tv*'=0 for any a#(,0# 0.

With the help of (2), (7), (10) we obtain the following presentation for the
coefficients from the derivative equations

(19)

o MNa

i = 'Zs(@ivs +Tj,07 — Tiv®).

Because of (2) , (18) and (19) for the coefficients of the connectedness and the

fields of directions of the net (111,121, oyv) € Ay we find I, 0P s gl = 0, for
n [0

any a # 3,0 # o. Since the net (11)712), ...,v) € A, is coordinate then the last

equality is fulfilled if and only if I'¥, = 0 for any k # i,k # s. g

5.2. Chebyshevian compositions in A4,

Theorem 4. The space A,, is the space °"A,, if and only if

B B,
(20) T,=Xv; , o,0=12,...na# 0,

B
where A are functions of the point.

Proof. Let the affinors af (o = 1,2, ...,n) define chebyshevian composi-
e
tions in A,,. According to [2] the affinors af define chebyshevian compositions
«

in Ay, if and only if V;a f] = 0. Because of (14) the last equality accepts the

form
(21) Vi ag* = 0.
From (10), (11), (13) it follows
Vi dly = 2 Bget — byt — 2T by w K= 2T By v F -

a+1 - n

o« 1 & 2 a=1 g, a
—QZ[ws]gk +2(Tvg + Tvg + -+ T pvg+ T pog +--- 4 Z[ivs])gk
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From the independence of the fields of directions v* and v; (a=1,2,...n)

it follows that the right-hand side of the last equalit; is equal to zero if and
only if z[i%S] =0 for any o, =1,2,...n;a # §. But it is obviously that the
last conditions are equivalent to the conditions (20). O

Theorem 5. If the net (11;, Uy ,%) € A, is chosen as a coordinate one,
then the space A,, is the space " A,, if and only if T¥, = 0 for any i # s,k # s.

Proof. According to (2) and (19) for the coefficients of the connectedness
and the fields of directions of the net (71), Uy ,g) € A, we find T'¥, gs O, g’ =0,
for any a # o, # o. Since the net (111, Uy ,g) € A, is coordinate then the

last equality is fulfilled if and only if T¥, = 0 for any i # s,k # s. 0

5.3. Cartesian compositions in A,

Theorem 6. The space A,, is the space A, if and only if

g
(22) T, =0, a,=1,2,...n:a# 0,

Proof. Let the affinors a’j (a = 1,2,...,n) define cartesian compositions
[0

in A,. According to [2] the affinors a* define cartesian compositions in A,,, if
[e3%

and only if V;a ¥ = 0. Because of (14) the last equality accepts the form

(23) Viask:O.
From (10), (11), (13) it follows
° 1 - 2 - a—1 - a+1 o
Via’;:—ZTivSvk—QTivsvk—...—2Tivs v 2T ;05 vF—...
o o 1 [ 2 e a—1 o a+1
noog & 1 - 2 - a—1 - a+1 o noo, &
2T v 0"+ 2(T; vs+ T vs+-+ T ;vs+ T s vs+---+T; vs)o".

From the independence of the fields of directions v’ and V; (a=1,2,...n)

(o7
it follows that the right-hand side of the last equality is equal to zero if and

B
only if T:vs = 0 for any o, = 1,2,...n;a # (. Since Vs are independent,
o

g
then T'; = 0. O
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From Theorems 2, 4 and 6 it follows

Corollary 1. If the affinors a* (o = 1,2,....,n) define at the same time

geodesic and chebyshevian compositions in A,, then they define and cartesian
ones.

From Theorems 3, 5 and Corollary 1 it follow

Corollary 2. If the net (11),12), e ,g) € A, is chosen as a coordinate one,
then the space A,, is the space °A,, if and only if T¥, = 0 for any i # s, k # s,
k # 1.

Corollary 3. If the affinors a® (o = 1,2,...,n) define cartesian compo-
sitions in A, then the coeﬁicientg from the derivative equations satisfy the
equality %Z =0.

Proof. Let A, be the space ©A,. According to Theorem 6 the derivative
equations accept the form

(24) %kvi:%k v, (a=1,2,...,n).
Then using (1), (2), (3), (9), (7), (24) we find
1n ;i 1 1 o
T, = — Vk vo=— (Vk v +Tk v ) — T 4+ T,
n n+1 n n+1 n+1 n «
«
from where it follows T; = 0. O

From Theorem 1 and Corollary 3 it follows

Corollary 4. The space €A, is equiaffine if and only if the normaliser is
gradient.
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IMPOABJIZKEHO KOBAPMAHTHO /IN®EPEHIIPAHE
B IIPOCTPAHCTBA C A®MMHHA CBbP3AHOCT

T'eopru 3naranos, bucrpa Iapesa

Pesrome. B npocTpancTBa ¢ adpuHHA CBBHP3aHOCT O€3 TOP3US Ce BHBEXKIA
IPOJILJZKEHO KOBAPUAHTHO JudepeHiupane ¢ momMoinra Ha (n + 1) nceBgoBek-
Topu. JlokazaHo e, ¥e NPOIbJIKEHOTO KOBAPUAHTHO JudepeHInpaHe 3a1a3Ba
3aKOHa 32 ITapaJIeJIHOTO IIPEHACSHe Ha IIoJIeTaTa OT HAIPAaBJIEHUS IO JINHUA U
e TO3M 3aKOH HE 3aBHCH OT M300pa Ha HOPMAJIM3aTOpa. JAIMCAHU Ca JePU-
BAI[MOHHUTE YPABHEHUS 3a IOJIETAaTa OT HAIPABJIEHUsI, HAMEPEHU CA BPBH3KUTE
MeK/Ty TEXHUTE KOeUITMEHTH U Ca HAIPABEHU ITPUIOKEHUA.

Hamepenn ca xapaKTEpPUCTUKHU, ChIIbPAKAIIN HOPMAJIA3ATOPa U KoeUIH-
EHTUTE OT JIEPUBAIIMOHHUTE YpaBHEHUsI, 38 eKBUA(DUHHUTE [TPOCTPAHCTBA.

Wsyuasat ce mpocrpaHcTBa ¢ apUHHA CBBP3AHOCT, B KOUTO ChIIECTBYBAT 7
KOMITIO3UIIN OT 6a30BU MHOroobpasus X, _1 n X;. Hamepenu ca xapakrepuc-
TUKU HA T€3W IIPOCTPAHCTBA, KOTATO KOMIIO3UIINUTE CA T€ONe3UIHU, IeOnIeBn
WIN JeKapPTOBU.
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