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Abstract. Let in an n-dimensional space of Weyl W,, be given the net
(11), Uy v), defined by the independent fields of directions v(a = 1,2, ...,n).
n «

We note by L, the lines with tangents fields of directions ll)k +...+ vlk—i-
a—
+ v * 4+ ...+ vk The net (v,v,...,v) € W, whose fields of directions
a+1 n 12 n

v'(a = 1,2,...,n) are transformed in parallel along the lines L, is called
gn L-parallel one.

A net, allowing conforming transformation into an L-parallel one is called
a conforming L-parallel.

By means of prolonged covariant differentiation characteristics of L-parallel
nets, there have been found conforming L-parallel nets and spaces of Weyl,

containing such nets.

Mathematics Subject Classifications 2000: 53A15, 53A60.
Key words: prolonged covariant differentiate, derivative equations, con-
forming transformation, transformed in parallel, coordinate net , chebyshevian

net.

1. Preliminaries

Let in an n-dimensional space of Weyl W, (gis, wy) with fundamental ten-

sor g;s and additional vector wy be given n independent fields of directions



v'(a =1,2,...,n). The net defined by fields of directions v* will be noted by
(0% (0%

v,v,...,v). The reciprocal co vectors %Z of v* are defined by the equations:
0,y p Yy q
n (6%

(1) vy = 6L & vigi =
[0 «
In [2] the following derivative equations are worked out:

SR AR R S
(2) Viv' =Tgo', Vv, =Tv;, 0 =1,2,...,n,
(6% o O (e

where V is the prolonged covariant derivative. Following [2], the fundamental

tensor g; and its reciprocal tensor g**(g;sg™* = 512) satisfy the equations
(3) Vigis =0, Vg™ =0.

The reciprocally simple and differentiable correspondence between the
points of two spaces, at which the fundamental tensors of these spaces co-
incide, is called conforming [1, p. 161]. The two spaces are called conforming.
A well known property of the conforming spaces is that the angles between
the corresponding directions are saved.

3
Let p is the conforming transformation of W,,(g;s, wy) into an W, (E}Zs,(jzk)
at which the net (0,12), ...,v) € W, is being transformed into (;1},52:, - ,{F)) €
n n

1
W . According to [1, p. 161] we have:

* *4 . a ok,
(4) Gis = Jis; gzs = gzs’ Vi = Uy, vt =1
« o
The vector
*
(5) Di = w; — Wi,

is called a vector of conforming transformation [1].

*
Let the derivative equations (2) in the space W, be:

(6) Vkvi = kai, Vkvi = _kai



In accordance with [3], between the coefficients of (2) and (6) the following
equation is valid:

(oa g .
(7) Pi = Th + psOrv® — pm g™ i gs v°.
(073 (03 [0 [0

2. L-parallel nets in W,,.

Let the lines, defined by the field of directions v’(ac = 1,2,...,n) be noted
(e
by (v), and the lines, defined by the field of directions v* +...+ v F4+ v F+
« 1 a—1 a+1
...+ v* be marked with L.
n
Definition 1. The net (11),12), ...,v) € W, will be called L-parallel, if the
n
field of directions v* is transformed in parallel along the lines defined by L, (o =
(03
1,2,...,n).
Theorem 1. The net (11;,12/, ...,v) € W, is L-parallel if and only if the
n
following equations hold:

v
&) T +...+ v + vkt 4+ =0, v a,v=1,2,...,n
a 1 a—1 a+1 n
Proof. Let the net (11),12), ...,v) € W, be an L-parallel one. The field v’
n «
is transformed in parallel along the lines L, if and only if the equation [2] is
valid:
9) W+ vk vk+...+vk)vkvi:)\vi,
1 a—1 a+1

A is an arbitrary multiplier.
From (2) we have

W+ 4+ vy vk—l—...+vk)vkvi:
1 a—1 a+1 n a
Lok k k kv, i ol k k
T+ ...+ v "+ v "+ +0)W+... + T (" +...+ v "+
a 1 a—1 a+1 n "1 «@ 1 a—1
a
B ST L B Ry N (A R R T B RV S i
a+1 n “a—1 [ a—1 a+1 n "«
a+1
+ T+ v Fr o Fp 4R vty
(e} a—1 a+1 a+1



From that, where according to (9) we obtain (8).
Conversely, let equations (8) hold for the net (11),12),...,1)) e W,. Ta-
n
king into account (2), from the last equations we obtain (9). Consequently,

(11),121, ...,v) is L-parallel. O

The net (11),12), ...,v) € W, is a chebyshevian one of the first kind if and
n

only if, conditions [2] are satisfied:
ok
Tkg =0, a#0;, a,6,0=1,2,...,n.
«

Consequently, any chebyshevian net of the first kind is at the same time an
L-parallel net as well.

If with Pi-“s we denote the coefficients of connection of the space W, (gis, wk),

then the following theorem is valid.
Theorem 2. The coordinate net (111, oo v) € W, is an L-parallel one if
n
and only if the coefficients of connection I'¥, satisfy the equations:
(10) [+ + Tl 10t oot -+ 10, =0, a#v.

Proof. Let the L-parallel net (11), v, ,v) € W), be a coordinate one. From
n
(1) and (2) we obtain
" . v
(11) 0; Vo' = T,
(63 (63
According to [2], we have
(12) Vkvi = Vkvi + wkvi,
(0% « [e%

where Vy, is the covariant derivative.
From (8), (9) and (12) for the L-parallel net (11),12), ...,v) € W, we find:
n

(13) Vi (Vo' +wpt)0F + ..o+ v P+ v P 4R =0, v £
@ @ 1 a—1 a+1 n
Since the net (11), Uy ,v) € W, is coordinate, from (8) and equation
n
Vvt = Ot + F};svs follows:
« « 6%

Tat - ATo 10t lotiat Al Foa(wit. . Fwa1+War1+. .. Fwy) = 0.



Taking into account that 05 = 0(« # v) from the last equation we obtain (10).
Conversely, let in the parameters of the net (11),15, ...,v) € W, the co-

n
efficients of connection I'¥, satisfy condition (10). From that where, taking
into consideration equations (11), (12) and (13), equation (8) follows, i.e., the
coordinate net is an L-parallel one. O

3. Conforming L-parallel nets in .

Let the net (112,12),...71}) € W, be transformed into an L-parallel one
n

(11), ,...,0) € W, by the conforming transformation.
n

v

2

If wﬂ is the angle between the fields of directions v* and gi, then, following
(6 (6%

[3], we have
(14) gisg’gi = cos c%fa
Definition 2. Nets, allowing conforming transformation into L-parallel
nets, are called conforming L-parallel nets.
Theorem 3. The orthogonal net (11),12),...71)) € W, is a conforming
n
L-parallel net if and only if the equations below are satisfied:

g v
(15) (Tp —=Te)W*"+...+ v "+
[ a 1

k ky _
Lt —i—...—i—g)fo,v#a,aia.

Proof. Let the orthogonal net (111, oo v) € W, be transformed by con-
n

*
forming transformation into the L-parallel net (113,1;), ey 1*)) € W,. In accor-
n

dance with (6) and Theorem 1, the net (21;, 1;1, ...,0) € W, is L-parallel if and
n
only if the equations are satisfied:
v

(16) Prv*+...+ v *+ v 4 40" =0, v#a v,a=1,2,...,n.
« 1 a—1 a+1 n

Taking into account (7), and from the last equations we find:

v .
(17) (T + psv® Uk —pmgmz%})igksvs)(vk +.oo+ o 0P+ vk) =0,
« « a 1 a—1 a+1 n

v£a; v,a=1,2,...,n.



Since the net (11), Uy ,v) is orthogonal, it follows that
n

(18) gisv'0* =0, a # f.
a

Then (17) takes the form

(19) T+ 4+ v *+ v b4+ +pat=0,0v=1,2,...,n
a 1 a—1 a+1 n «@

The system (19) has one and only solution of the vector of conforming trans-
formation ps if and only if condition (15) is satisfied. O

Let the net (111, Uy v) € W, be a conforming L-parallel net. We introduce
n

the denotations
v
(20) Q=TrW"+...+ v 4+ v +%), a#w
a a 1 a—1 a+1 n

Hence (19) takes the form:

psvs =Q,

o a

from where for the vector of conforming transformation we find

Ps = Q%s-

(e

Theorem 4. The coordinate net (11),12),...,11) € W, is a conforming
n

L-parallel net if and only if the coefficients of connection Ff’s satisfy the equa-

tion

(21) (lTa_ 11)a+1—‘ga_ ga—l_"'—’_rgfl,a_ 271@"‘---
+FZ+1,04_Fg+1,a+"‘+PZo¢_P2azov 0-750[77)7&04’

Proof. Let the coordinate net (11),12),...,1)) € W, be a conforming L-
n

parallel one. From (15), taking into account equations (11) and (12), we
obtain (21).

Conversely, let the net (11/, Uy ,g) € W, be a coordinate one and equation
(21) is satisfied. From equations (11), (12) and (21) there it follows (15).

Consequently, the net (11), v, ,v) is a conforming L-parallel net. O
n

10
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L-ITAPAJIEJIHV MPERN B N-MEPHO ITPOCTPAHCTBO
HA BANJI

NBau At. Banes

Pe3iome. Heka B n-mepno Baiinoso npocrpanctso W, e 3ananena mpeskara

(v,v,...,v), ompemeseHa OT HE3aBUCUMHUTE IOJETa OT HAPABJICHUA
1 2 n

v(a=1,2,...,n).
(0%
JlunurTEe Ha KOUTO HONMpATEJHUTE IOJIeTa OT HAIPABJIEHUS Ca ’tl)k + ...+

v k4 v R 40P osmavasame ¢ Ly, Mpema (v,0,...,0), Ha KOATO mOJIe-
a—1 a+1 n 12 n

tata oT Hampasaenusa v'(o = 1,2,...,7n) ce NpeHACAT HapPAJEJHO TO JIUHUUATE
«
L., napuuame L-mapaJsenna.
B paBoraTa ¢ moMomTa Ha IPONLIFKEHOTO KOBAPDUAHTHO MU(GEPEHIMPAHE Ca
HAMEDEHU XaPaKTEePUCTURK Ha L-Tapasenau Mpeskn, Ha KOHGOopMHO L-napasesn-

HU MPEXU U Ha BaWJI0BU IPOCTPAHCTBA, KOUTO CLALP/KAT TaKUBa MPEXU.
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