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L-PARALLEL NETS IN AN N-DIMENSIONAL SPACE OF

WEYL

Ivan At. Badev

Abstract. Let in an n-dimensional space of Weyl Wn be given the net
(v
1
, v
2
, . . . , v

n
), defined by the independent fields of directions v

α

i(α = 1, 2, . . . , n).

We note by Lα the lines with tangents fields of directions v
1

k + . . .+ v
α−1

k+

+ v
α+1

k + . . . + v
n

k. The net (v
1
, v
2
, . . . , v

n
) ∈ Wn whose fields of directions

v
α

i(α = 1, 2, . . . , n) are transformed in parallel along the lines Lα is called
an L-parallel one.

A net, allowing conforming transformation into an L-parallel one is called
a conforming L-parallel.

By means of prolonged covariant differentiation characteristics of L-parallel
nets, there have been found conforming L-parallel nets and spaces of Weyl,
containing such nets.

Mathematics Subject Classifications 2000: 53A15, 53A60.
Key words: prolonged covariant differentiate, derivative equations, con-

forming transformation, transformed in parallel, coordinate net , chebyshevian
net.

1. Preliminaries

Let in an n-dimensional space of Weyl Wn(gis, ωk) with fundamental ten-
sor gis and additional vector ωk be given n independent fields of directions
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v
α

i(α = 1, 2, . . . , n). The net defined by fields of directions v
α

i will be noted by

(v
1
, v
2
, . . . , v

n
). The reciprocal co vectors

α
vi of v

α

i are defined by the equations:

(1) v
α

iαvk = δi
k ⇔ v

α

iβvi = δβ
α

In [2] the following derivative equations are worked out:

(2)
·
∇kv

α

i =
σ
T
α

kv
σ

i,
·
∇k

α
vi =

α
T
σ

k
σ
vi, σ = 1, 2, . . . , n,

where
·
∇ is the prolonged covariant derivative. Following [2], the fundamental

tensor gis and its reciprocal tensor gis(gisg
ik = δi

k) satisfy the equations

(3)
·
∇kgis = 0,

·
∇kg

is = 0.

The reciprocally simple and differentiable correspondence between the
points of two spaces, at which the fundamental tensors of these spaces co-
incide, is called conforming [1, p. 161]. The two spaces are called conforming.
A well known property of the conforming spaces is that the angles between
the corresponding directions are saved.

Let p is the conforming transformation of Wn(gis, ωk) into an
∗

Wn(
∗
gis,

∗
ωk)

at which the net (v
1
, v
2
, . . . , v

n
) ∈ Wn is being transformed into (

∗
v
1
,
∗
v
2
, . . . ,

∗
v
n
) ∈

∗
Wn. According to [1, p. 161] we have:

(4)
∗
gis = gis,

∗
gis = gis,

∗
α
vi =

α
vi,

∗
v
α

i = v
α

i.

The vector

(5) pi = ωi − ∗
ωi,

is called a vector of conforming transformation [1].

Let the derivative equations (2) in the space
∗

Wn be:

(6)
·
∇kv

α

i =
σ
P
α

kv
σ

i,
·
∇k

α
vi = −

α
P
σ

k
σ
vi
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In accordance with [3], between the coefficients of (2) and (6) the following
equation is valid:

(7)
σ
P
α

k =
σ
T
α

k + ps
σ
vkv

α

s − pm gmi σ
vi gks v

α

s.

2. L-parallel nets in Wn.

Let the lines, defined by the field of directions v
α

i(α = 1, 2, . . . , n) be noted

by (v
α
), and the lines, defined by the field of directions v

1

k + . . .+ v
α−1

k + v
α+1

k +

. . . + v
n

k be marked with Lα.

Definition 1. The net (v
1
, v
2
, . . . , v

n
) ∈ Wn will be called L-parallel, if the

field of directions v
α

i is transformed in parallel along the lines defined by Lα(α =

1, 2, . . . , n).

Theorem 1. The net (v
1
, v
2
, . . . , v

n
) ∈ Wn is L-parallel if and only if the

following equations hold:

(8)
v
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) = 0, v 6= α; α, v = 1, 2, . . . , n.

Proof. Let the net (v
1
, v
2
, . . . , v

n
) ∈ Wn be an L-parallel one. The field v

α

i

is transformed in parallel along the lines Lα if and only if the equation [2] is
valid:

(9) (v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k)
·
∇kv

α

i = λv
α

i,

λ is an arbitrary multiplier.
From (2) we have

(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k)
·
∇kv

α

i =

1
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k)v
1

i + . . . +
α−1
T
α

k(v
1

k + . . . + v
α−1

k+

+ v
α+1

k + . . . + v
n

k) v
α−1

i +
α
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k)v
α

i+

+
α+1
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) v
α+1

i + . . .

+
n
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k)v
n

i.
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From that, where according to (9) we obtain (8).
Conversely, let equations (8) hold for the net (v

1
, v
2
, . . . , v

n
) ∈ Wn. Ta-

king into account (2), from the last equations we obtain (9). Consequently,
(v
1
, v
2
, . . . , v

n
) is L-parallel. ¤

The net (v
1
, v
2
, . . . , v

n
) ∈ Wn is a chebyshevian one of the first kind if and

only if, conditions [2] are satisfied:

σ
T
α

kv
β

k = 0, α 6= β; α, β, σ = 1, 2, . . . , n.

Consequently, any chebyshevian net of the first kind is at the same time an
L-parallel net as well.

If with Γk
is we denote the coefficients of connection of the space Wn(gis, ωk),

then the following theorem is valid.

Theorem 2. The coordinate net (v
1
, v
2
, . . . , v

n
) ∈ Wn is an L-parallel one if

and only if the coefficients of connection Γk
is satisfy the equations:

(10) Γv
1α + . . . + Γv

α−1,α + Γv
α+1,α + . . . + Γv

nα = 0, α 6= v.

Proof. Let the L-parallel net (v
1
, v
2
, . . . , v

n
) ∈ Wn be a coordinate one. From

(1) and (2) we obtain

(11)
v
vi

·
∇kv

α

i =
v
T
α

k

According to [2], we have

(12)
·
∇kv

α

i = ∇kv
α

i + ωkv
α

i,

where ∇k is the covariant derivative.
From (8), (9) and (12) for the L-parallel net (v

1
, v
2
, . . . , v

n
) ∈ Wn we find:

(13)
v
vi(∇kv

α

i + ωkv
α

i)(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) = 0, v 6= α.

Since the net (v
1
, v
2
, . . . , v

n
) ∈ Wn is coordinate, from (8) and equation

∇kv
α

i = ∂kv
α

i + Γi
ksvα

s follows:

Γv
1α+. . .+Γv

α−1,α+Γv
α+1,α+. . .+Γv

nα+δv
α(ω1+. . .+ωα−1+ωα+1+. . .+ωn) = 0.
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Taking into account that δv
α = 0(α 6= v) from the last equation we obtain (10).

Conversely, let in the parameters of the net (v
1
, v
2
, . . . , v

n
) ∈ Wn the co-

efficients of connection Γk
is satisfy condition (10). From that where, taking

into consideration equations (11), (12) and (13), equation (8) follows, i.e., the
coordinate net is an L-parallel one. ¤

3. Conforming L-parallel nets in Wn.

Let the net (v
1
, v
2
, . . . , v

n
) ∈ Wn be transformed into an L-parallel one

(v
1
, v
2
, . . . , v

n
) ∈ Wn by the conforming transformation.

If ω
αβ

is the angle between the fields of directions v
α

i and v
β

i, then, following

[3], we have

(14) gisv
α

iv
β

i = cos ω
αβ

.

Definition 2. Nets, allowing conforming transformation into L-parallel
nets, are called conforming L-parallel nets.

Theorem 3. The orthogonal net (v
1
, v
2
, . . . , v

n
) ∈ Wn is a conforming

L-parallel net if and only if the equations below are satisfied:

(15) (
σ
T
α

k −
v
T
α

k)(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) = 0, v 6= α, σ 6= α.

Proof. Let the orthogonal net (v
1
, v
2
, . . . , v

n
) ∈ Wn be transformed by con-

forming transformation into the L-parallel net (
∗
v
1
,
∗
v
2
, . . . ,

∗
v
n
) ∈

∗
Wn. In accor-

dance with (6) and Theorem 1, the net (
∗
v
1
,
∗
v
2
, . . . ,

∗
v
n
) ∈

∗
Wn is L-parallel if and

only if the equations are satisfied:

(16)
v
P
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) = 0, v 6= α; v, α = 1, 2, . . . , n.

Taking into account (7), and from the last equations we find:

(17) (
v
T
α

k + psv
α

sv
vk − pmgmiv

vigksv
α

s)(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) = 0,

v 6= α; v, α = 1, 2, . . . , n.
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Since the net (v
1
, v
2
, . . . , v

n
) is orthogonal, it follows that

(18) gisv
α

iv
β

s = 0, α 6= β.

Then (17) takes the form

(19)
v
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k) + psv
α

s = 0, v = 1, 2, . . . , n.

The system (19) has one and only solution of the vector of conforming trans-
formation ps if and only if condition (15) is satisfied. ¤

Let the net (v
1
, v
2
, . . . , v

n
) ∈ Wn be a conforming L-parallel net. We introduce

the denotations

(20) Q
α

=
v
T
α

k(v
1

k + . . . + v
α−1

k + v
α+1

k + . . . + v
n

k), α 6= v.

Hence (19) takes the form:
psv

α

s = Q
α
,

from where for the vector of conforming transformation we find

ps = Q
α

α
vs.

Theorem 4. The coordinate net (v
1
, v
2
, . . . , v

n
) ∈ Wn is a conforming

L-parallel net if and only if the coefficients of connection Γk
is satisfy the equa-

tion

(21) Γσ
1α − Γv

1α + Γσ
2α − Γv

2α + . . . + Γσ
α−1,α − Γv

α−1,α + . . .

+ Γσ
α+1,α − Γv

α+1,α + . . . + Γσ
nα − Γv

nα = 0, σ 6= α, v 6= α.

Proof. Let the coordinate net (v
1
, v
2
, . . . , v

n
) ∈ Wn be a conforming L-

parallel one. From (15), taking into account equations (11) and (12), we
obtain (21).

Conversely, let the net (v
1
, v
2
, . . . , v

n
) ∈ Wn be a coordinate one and equation

(21) is satisfied. From equations (11), (12) and (21) there it follows (15).
Consequently, the net (v

1
, v
2
, . . . , v

n
) is a conforming L-parallel net. ¤
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L-PARALELNI MRE�I V N-MERNO PROSTRANSTVO
NA VA�L

Ivan At. Badev

Rez�me. Neka v n-merno va�lovo prostranstvo Wn e zadadena mre�ata
(v
1
, v
2
, . . . , v

n
), opredelena ot nezavisimite poleta ot napravleni�

v
α

i(α = 1, 2, . . . , n).

Liniite na koito dopiratelnite poleta ot napravleni� sa v
1

k + . . . +

v
α−1

k + v
α+1

k + . . . + v
n

k, oznaqavame s Lα. Mre�a (v
1
, v
2
, . . . , v

n
), na ko�to pole-

tata ot napravleni� v
α

i(α = 1, 2, . . . , n) se prenas�t paralelno po liniite

Lα, nariqame L-paralelna.
V rabotata s pomowta na prod�l�enoto kovariantno diferencirane sa

namereni harakteristiki na L-paralelni mre�i, na konformno L-paralel-
ni mre�i i na va�lovi prostranstva, koito s�d�r�at takiva mre�i.
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