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Abstract. In this paper we obtain coefficient estimates, distortion and
covering theorems for the class 7,/(A, «) of analitic and p-valent functions in
the unit disk.
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1. Introduction and Definitions

Let S(p) (p > 1) denote the class of functions of the form f(z) = 2P +

Z ap+n 2T which are analytic and p-valent in the unit disk £ = {z : |2| < 1}.

n=1
For A, -1 <A< 1and 0 < a<pwesay that f € S;(A, ) if and only if
2f'(z)
) /() <1, zek.
—Ap—(1- A«

f(z)
Let T, denote the subclass of S, consisting of functions analytic and
o0
p-valent which can be expressed in the form f(z) = 2P — Z |apin| 2PT™ and
n=1

let
T;(A, a) = S;(A, a) N T,
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We note that the class T;(—1, 0) was studied by Goel and Sohi [1]. The
class T (—1, «) was studied by Silverman [2].

In this paper we obtain coeflicient estimates, distortion and covering the-
orems for the class T (A, «).

2. Coefficient Inequalities

o0
Theorem 1. A function f(z) = 2P — Z |apin| 227" is in T (A, @) if and

n=1

only if

(1) D 2nt (1= A)p - a)]lapsnl < (1 - A)(p - a).
n=1

The result is sharp.
Proof. Let |z| = 1, then

12f'(2) = pf(2)] = |2f'(2) = [Ap+ (1 — A)a] f(2)| =

o0
= Z—n\ap+n]2p+n -
n=1
oo
— |0=Ap-a)P=> n+ )(p = )] |apin] 2247 <
n=1
o0
< > 2o+ (1= A)(p—a)llapn] — (1-A)(p—a) <0.
n=1

Hence by the principle of maximum modulus f(z) € T, (4, a).

62



Conversely, suppose that

2f'(z) _
) _
2f'(2)
—[Ap+ (1 -4
L)~ Lp+ (1= )l
Z nlapin| 227"
= ”;} <1,
(L= A)p - )z =3 I+ (1= A)(p — )] [apen| 2*"
n=1
z e E.
Since |Re z| < |z]| for all z we have
Zn |apin| 2PF
(2) Re =l <1.

(1=A)(p—a)z? =) [n+ (1= A)(p—a)]lapsn| /"
n=1

2f'(2)
f(2)

the denominator in (2) and letting z — 1 through real values we obtain

Choose values of z on the real axis so that is real. Upon clearing

> nlapsn| < {(1 —A)p—a) =Y [n+1-A)p-a) \%m!}

n=1 n=1

which implies that

D 2t (1= AP —a)lapsal < (1-A)(p - a).

n=1

The function

(1 - A)(p - a) Zp—l—n

M) = e - A —a)

is an extremal function.
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Corollary 1. If f(z) € T;(A, ), then

1-Ap-a)
S TR [y

with equality only for functions of the form

(1 - A)(p - Oé) Zp—l—n

&) = = A= =)

3. Distortion and Covering Theorems for the Class T, (4, a)

Theorem 2. If f(z) € T (A, ), then
b (1-Ap-a)
2+ (1-A)(p-a)
(1-A)p—«a)
< Tt a e
(1-A)p—a)
24 (1-A)(p—a)

Proof. From Theorem 1 we have

P < f(2)] <

(3)

|2l =7

P = 4

with equality for f(z) = 2P —

2+ (1= A)p—a)]) lapnl <
n=1

< S Rn+(1 - A)p— )l < (1—A)(p—a).
n=1

This implies that

= (1-A)p—o)
Thus
[F(2) < 2P+ D fapin [2[PF" < (1 +ry \ap+n!> <
n=1 n=1
c oy A0

24+ (1—A)(p—a)
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Similarly

o0 o0
FE 2 4 — 3 gl 277 3 17 (1 Ly \ap+nr) >

n=1 n=1

S (1-A)p—a) s
= 2+ (1-A)(p—a) '

g

Theorem 3. The disc |z| < 1 is mapped onto a domain that contains the

disc |w| < ST A=A p—a) by any f(z) € T,/ (A, ). The theorem is sharp

with extremal function

) (1—A)(p—0() P
A e ) P A

Proof. The result follows upon letting » — 1 in Theorem 2. O

Theorem 4. If f(2) € T (A, ), then

ot D= A —0)
pr 2+ (1-A)(p—a) <|f@)l <
p-1, DA -Dp—0) ,
< prh St -Ap—a " =T
Equality holds for
f(z) = 2P — (1=A)p=a) P =

24+ (1-A)(p—a) ’
Proof. We have

[ee)
1F'(2)] <prPt 4+ (0 +n) laggn| P <

n=1

o0
(5) < prP7t P Z(p +n) |apin| =
n=1
oo
= ppl p—i—rZ(p—i—n) lapsnl] -
n=1
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In view of Theorem 1

Soafnp- 2HATDCZD < a0

n=1 2

> 2(n 4 p) lapn| < (1= A)(p—a)+

(6) n=1 o

+ R+ (A=) — )] lapnl-
n=1
Now (6) with the help of (4) implies that

- P+ -A)(p-a)
(7 St ) aneol < O T 0

A substitution of (7) into (5) yields the right-hand inequality.
On the other hand,

1F(2)] =" p =1 (p+n)lapinl| >
n=1
p-1_ DA -A)p-0) ,
= 2+(1-A)p—a)

This completes the proof. O

Remarks: Putting a = 0 in the above theorems we get the results ob-
tained by R. M. Goel and N. S. Sohi [1]. Putting p =1 and taking A = —1 in

the above theorems, we get the results obtained by Silverman [2].
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B'bPXY EJIVNH KJIAC MHOT'OJIMCTHUM ¢YHRKIINUUN C
OTPUIIATEJIHN KOEPUIIMEHTN

Ilouka sKeneBa IlamkysneBa, Raumenr Bacuser Bacuien

Pe3iome. B paBorara ca momydenu KoepUIMEHTHU OLEHKU U CBOWCTBa 34

KJaca T; (A, ) oT GyHKIUM, AHAJUTUYHYA U P-JIUCTHU B €IUHUYIHUA KPBLT.
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