
PLOVDIVSKI UNIVERSITET “PAISI� HILENDARSKI”, B_LGARI�
NAUQNI TRUDOVE, TOM 34, KN. 3, 2004 – MATEMATIKA

PLOVDIV UNIVERSITY “PAISSII HILENDARSKI”, BULGARIA
SCIENTIFIC WORKS, VOL. 34, BOOK 3, 2004 – MATHEMATICS

ON A CLASS OF MULTIVALENT FUNCTIONS WITH

NEGATIVE COEFFICIENTS

Donka Zheleva Pashkouleva, Kliment Vasilev Vasilev
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1. Introduction and Definitions

Let S(p) (p ≥ 1) denote the class of functions of the form f(z) = zp +
∞∑

n=1

ap+nzp+n which are analytic and p-valent in the unit disk E = {z : |z| < 1}.

For A, −1 ≤ A < 1 and 0 ≤ α < p we say that f ∈ S∗p(A, α) if and only if

∣∣∣∣∣∣∣∣

zf ′(z)
f(z)

− p

zf ′(z)
f(z)

−Ap− (1−A)α

∣∣∣∣∣∣∣∣
< 1, z ∈ E.

Let Tp denote the subclass of Sp consisting of functions analytic and

p-valent which can be expressed in the form f(z) = zp −
∞∑

n=1

|ap+n| zp+n and

let
T ∗p (A, α) = S∗p(A, α) ∩ Tp.
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We note that the class T ∗p (−1, 0) was studied by Goel and Sohi [1]. The
class T ∗1 (−1, α) was studied by Silverman [2].

In this paper we obtain coefficient estimates, distortion and covering the-
orems for the class T ∗p (A, α).

2. Coefficient Inequalities

Theorem 1. A function f(z) = zp −
∞∑

n=1

|ap+n| zp+n is in T ∗p (A,α) if and

only if

(1)
∞∑

n=1

[2n + (1−A)(p− α)] |ap+n| ≤ (1−A)(p− α).

The result is sharp.

Proof. Let |z| = 1, then

|zf ′(z)− pf(z)| − |zf ′(z)− [Ap + (1−A)α] f(z)| =

=

∣∣∣∣∣
∞∑

n=1

−n |ap+n| zp+n

∣∣∣∣∣−

−
∣∣∣∣∣(1−A)(p− α)zp −

∞∑

n=1

[n + (1−A)(p− α)] |ap+n| zp+n

∣∣∣∣∣ ≤

≤
∞∑

n=1

[2n + (1−A)(p− α)] |ap+n| − (1−A)(p− α) ≤ 0.

Hence by the principle of maximum modulus f(z) ∈ T ∗p (A,α).
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Conversely, suppose that
∣∣∣∣∣∣∣∣

zf ′(z)
f(z)

− p

zf ′(z)
f(z)

− [Ap + (1−A)α]

∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣

∞∑

n=1

n |ap+n| zp+n

(1−A)(p− α)zp −
∞∑

n=1

[n + (1−A)(p− α)] |ap+n| zp+n

∣∣∣∣∣∣∣∣∣∣

< 1,

z ∈ E.

Since |Re z| ≤ |z| for all z we have

(2) Re





∞∑

n=1

n |ap+n| zp+n

(1−A)(p− α)zp −
∞∑

n=1

[n + (1−A)(p− α)] |ap+n| zp+n





< 1.

Choose values of z on the real axis so that
zf ′(z)
f(z)

is real. Upon clearing

the denominator in (2) and letting z → 1 through real values we obtain

∞∑

n=1

n |ap+n| ≤
{

(1−A)(p− α)−
∞∑

n=1

[n + (1−A)(p− α)] |ap+n|
}

which implies that

∞∑

n=1

[2n + (1−A)(p− α)] |ap+n| ≤ (1−A)(p− α).

¤
The function

f(z) = zp − (1−A)(p− α)
2n + (1−A)(p− α)

zp+n

is an extremal function.
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Corollary 1. If f(z) ∈ T ∗p (A,α), then

|ap+n| ≤ (1−A)(p− α)
2n + (1−A)(p− α)

with equality only for functions of the form

f(z) = zp − (1−A)(p− α)
2n + (1−A)(p− α)

zp+n

3. Distortion and Covering Theorems for the Class T ∗
p (A,α)

Theorem 2. If f(z) ∈ T ∗p (A,α), then

(3)
rp − (1−A)(p− α)

2 + (1−A)(p− α)
rp+1 ≤ |f(z)| ≤

≤ rp +
(1−A)(p− α)

2 + (1−A)(p− α)
rp+1, |z| = r

with equality for f(z) = zp − (1−A)(p− α)
2 + (1−A)(p− α)

zp+1, z = ±r.

Proof. From Theorem 1 we have

[2 + (1−A)(p− α)]
∞∑

n=1

|ap+n| ≤

≤
∞∑

n=1

[2n + (1−A)(p− α)] |ap+n| ≤ (1−A)(p− α).

This implies that

(4)
∞∑

n=1

|ap+n| ≤ (1−A)(p− α)
2 + (1−A)(p− α)

.

Thus

|f(z)| ≤ |z|p +
∞∑

n=1

|ap+n| |z|p+n ≤ rp

(
1 + r

∞∑

n=1

|ap+n|
)
≤

≤ rp +
(1−A)(p− α)

2 + (1−A)(p− α)
rp+1.
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Similarly

|f(z)| ≥ |z|p −
∞∑

n=1

|ap+n| |z|p+n ≥ rp

(
1− r

∞∑

n=1

|ap+n|
)
≥

≥ rp − (1−A)(p− α)
2 + (1−A)(p− α)

rp+1.

¤

Theorem 3. The disc |z| < 1 is mapped onto a domain that contains the

disc |w| < 2
2 + (1−A)(p− α)

by any f(z) ∈ T ∗p (A,α). The theorem is sharp

with extremal function

f(z) = zp − (1−A)(p− α)
2 + (1−A)(p− α)

zp+1.

Proof. The result follows upon letting r → 1 in Theorem 2. ¤

Theorem 4. If f(z) ∈ T ∗p (A,α), then

prp−1 − (p + 1)(1−A)(p− α)
2 + (1−A)(p− α)

rp ≤ ∣∣f ′(z)
∣∣ ≤

≤ prp−1 +
(p + 1)(1−A)(p− α)
2 + (1−A)(p− α)

rp, |z| = r.

Equality holds for

f(z) = zp − (1−A)(p− α)
2 + (1−A)(p− α)

zp+1, z = ±r.

Proof. We have

(5)

∣∣f ′(z)
∣∣ ≤ prp−1 +

∞∑

n=1

(p + n) |ap+n| rp+n−1 ≤

≤ prp−1 + rp
∞∑

n=1

(p + n) |ap+n| =

= rp−1

[
p + r

∞∑

n=1

(p + n) |ap+n|
]

.
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In view of Theorem 1
∞∑

n=1

2
[
n + p− 2p + (A− 1)(p− α)

2

]
|ap+n| ≤ (1−A)(p− α)

or

(6)

∞∑

n=1

2(n + p) |ap+n| ≤ (1−A)(p− α)+

+ [2p + (A− 1)(p− α)]
∞∑

n=1

|ap+n| .

Now (6) with the help of (4) implies that

(7)
∞∑

n=1

(n + p) |an+p| ≤ (p + 1)(1−A)(p− α)
2 + (1−A)(p− α)

.

A substitution of (7) into (5) yields the right-hand inequality.
On the other hand,

∣∣f ′(z)
∣∣ ≥ rp−1

[
p− r

∞∑

n=1

(p + n) |ap+n|
]
≥

≥ prp−1 − (p + 1)(1−A)(p− α)
2 + (1−A)(p− α)

rp.

This completes the proof. ¤

Remarks: Putting α = 0 in the above theorems we get the results ob-
tained by R. M. Goel and N. S. Sohi [1]. Putting p = 1 and taking A = −1 in
the above theorems, we get the results obtained by Silverman [2].
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V_RHU EDIN KLAS MNOGOLISTNI FUNKCII S
OTRICATELNI KOEFICIENTI

Donka �eleva Paxkuleva, Kliment Vasilev Vasilev

Rez�me. V rabotata sa poluqeni koeficientni ocenki i svo�stva za
klasa T ∗p (A, α) ot funkcii, analitiqni i p-listni v ediniqni� kr�g.
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