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1. Introduction

In the [5] and [8] the authors discuss stability properties in terms of two
measures employing perturbing families of Lyapunov functions.

Analysing the stability, asymptotic stability and instability of systems
of ordinary differential equations Martynyuk A.A. in [1] and [4] applies the
method of matrix Lyapunov functions.

In the theory of the stability of large scale systems the different dynamic
properties may have independent subsystems, but the whole system may pos-
sess certain type of stability on all variables. In the [2] and [11] the analysis
of the polystability of dynamic systems is based on using matrix Lyapunov
functions.

The extension of the method of matrix Lyapunov functions and the idea of
the polystability [2], [11] and some ideas of the comparison method [6] allow a
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new approach to be outlined in investigating the stability of motion described
in the paper [3].

Moreover the method of matrix Lyapunov functions and the idea of sta-
bility in terms of two measures are used in the mathematical models of the
populations [9] and in the impulsive systems [10].

Using the ideas in [8] in this paper we investigate the stability in terms
of two measures of a system of differential equations with the help of matrix
Lyapunov functions applying a new approach in which the comparison system

has a cascade structure.

2. Preliminary notes

Let (R",| o ||) be a real Euclidean normed space, Ry = [0, +00), C[X,Y]
- class of continuous mappings of the topological space X, in the topological
space Y, I = [r,400), T € R, I € R - set of the initial values tg.

We consider the system

dz; .
(1) dtl = fi(tal'la-.. ,xs), $Z(t0) = T, = 172’. .., 8,

where z; € R™, t € I, f; € C[I x R" x --- x R" R"] and we assume that
fi(t,0,...,0) =0, i=1,2,...,s for each ¢t € I.

Let us list the following classes of functions:
K ={0 € C[R4, Ry] : o(u) is strictly increasing in v and o(0) = 0};
CK ={oc€C[Ry x Ry,Ry]:0(t,u) € K for each t € R} };
'={heC[R+ x R",R4]: xienpfn h(t,z) =0 for each t € R }.

In the problem for stability in terms of two measures the custom is system
(1) to be considered in the region S(h, p), where

(2) S(h,p) ={(t,z) € Ry x R" : h(t,x) < p}, p = const > 0.
We shall use the following definitions:

Definition 1 [5]. Let hg,h € I'. Then we say that hg is finer than h if
there exist a p > 0 and a function ® € CK such that ho(t,z) < p implies
h(t,z) < ®(t, ho(t,x)).
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Definition 2 [5]. The system (1) is said to be (hg, h)-equistable if given
e > 0 and typ € Ry there exists a § = 0(fp,c) > 0 that is continuous in ¢y for
each € such that ho(to, zo) < d implies h(t,xz(t)) < € for each ¢t > to.

Definition 3 [6]. Let Q € C[R%,Ry] with Q(0) = 0 and assume that
Q(u) is nondecreasing in u. Then we say that @ € K*[R%, Ry].

With the help of the matrix-function
(3) Ut,z) = [wi;(t,z)], i,7=1,2,...,s

of the constant matrix A with (s x s)-dimension and of the vector-function
¢ € C[R", R}], ¢(0) =0, we construct the vector-function [3]

(4) L(t,x,p) = AU(t,x)p(x).

Let the function L € C[I x R x RS, R°| and satisfy the locally Lipschitz
condition in x. We define the right upper Dini derivative [3] of the function

(4):
D L(t, x,¢) = AD{U(t,2).0(x) + AU(t, 2) D p(2),
where
D(ﬁ)U(t, r) = li%1+ sup[U(t +r,x +rf(t,z)) = U(t, 2)]/r,
D(ﬁ)@(x) = rlir(r)g suplp(z +7f(t,x)) — p(x)]/r

for (t,z) € I x R".
We shall deduce the following definitions:

Definition 4. Let U € C[S(h, p), R**®], hy, h € T and the function Q €
K*[R%, Ry]. Then the matrix-function U(t, x) is said to be h-positive definite
if there exist a p > 0 and a function b € K such that h(t,z) < p implies
b(h(t,z)) < Q(L(t, z, p)).

Definition 5. Let L € C[I x R" x R%,R®], hg, h € I" and the function
Q € K*[R%, Ry]. Then the vector-function L(t,x, ) is said to be:

1) ho-decrescent if there exist a pp > 0 and a function ayp € K such that
ho(t,z) < po implies Q(L(t,z,)) < ag(ho(t,x));

2) weakly ho-decrescent if there exist a pg > 0 and a function a € CK such
that ho(t,x) < po implies Q(L(t, z,¢)) < a(t, ho(t,x)).
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In order with system (1) and vector-function (4) we shall examine also the
comparison system

du

@ W = g(tu), ulto) = o € Re,
where g € C[I x R, R®], g(t,0) =0 for each t € I.

Let L = (LT, LT)T, where L, € C[I x R" x R%, RP], Ly € C[I x R" x

R}, RY, p+q=s.

Let u(t; to, uo) is a solution of system (5) with initial conditions tp € I and

u(to:to, up) = ug € Ry. We divide the vector u € R% into two subvectors u,

T yT\T

and u, such that (u, ,u,

= u.
Definition 6 [6]. Let Q1 € K*[RY, Ry] and Q2 € K*[R%, Ry] (p+q = s).
Then system (5) is said to be polystable in [ if for given £; > 0, €5 > 0 and

to € R4 there exist a 01 = d1(to,e1) > 0 and a Jy = d2(2) > 0 such that

Q1(uop) < 01 implies Q1 (up(t;to,uo)) < €1, t > to,
(6)

Q2(uoq) < 2 implies Q2(uq(t;to, up)) < €2, t > to

3. Main result

Theorem. Let the following hypotheses fulfill:
(Hp) ho, h € T and hy is finer than h;

(Hp) there exist a matrix-function (3), a constant matrix A and a vector-
function ¢ € C[R", R}], ¢(0) = 0 such that the vector-function L(t,z,) is
locally Lipschitzian in x in the region S(h,p) from (2), Ly(t,z,¢) is weakly
ho-decrescent and

b(h(t, x)) < Q2(Lq(t, z,¢)) < ao(ho(t, 2)) + ar(Qi(Ly(t; z, #)))

for (t,x) € S(h, p) N S°(ho,n), for every n(0<n<p) and Q1(Ly(t,0,9(0))) =0
for every t € I, where b,ap,a1 € K[R4,Ry], Q1 € K*[R} ,R,] and Q2 €
K*[RY,Ry] withp+q=s;
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(Hz) there exists a vector-function g € C[I x R, R®], g(t,u) is quasi-monotone
nondecreasing in u, for the components (gg , gg)T = g for which function the
following inequalities are fulfilled:

1) DT Ly(t,z, ) < gp(t, Ly(t,x,9),0) for each (t,z) € S(h, p);

2) DY Ly(t,z,0) < gq(t, Lp(t,, @), Ly(t, x,¢)) for each (t,x) € S(h,p) N
S¢(ho,n), for every n(0<n<p), where S¢(hg,n) is the complement of S(hg,n);

(Hs) the comparison system (5) is polystable in I in the sense of definition 6.
Then, the system (1) is (hg, h)-equistable.

Proof. Since L,(t, z, ¢) is weakly ho-decrescent, there exist a p1(0<p1<p)
and a &g € CK such that

(7) QI(LP(tvx? (P)) < (Po(t>h0> (tv .%')) if ho(t,%) < p1.

Also, hg being finer than h implies that there exist a py(0 < pp < p1) and
a ®; € CK such that

(8) h(t,z) < ®1(t, ho(t,x)) provided hg(t,z) < po,

where pg is such that ®1(pg) < p1.

Let 0<e<p and ty € I be given. By hypothesis (H3), given €1 > 0, €3 > 0
and tg € I, there exist a d19 = d10(to,£1) > 0 and a dy9 = dog(e2) > 0 such
that

Q1(uep) < 610 implies Q1 (up(t;to, o)) < €1, t > to,
(9)

Qg(uoq) < (520 implies Qg(uq(t;to,uO)) <eg, t >ty

Since ap € K and ®; € CK, we can find d; = d;(g) such that
1
(10) ao(él) < 5(520 and @1(t0,(51) < €.

Let e2 = b(e) and e; = al_l(%éz()). Choose uop, = Ly(to, zo, p(x0)). Since
Oy € CK, Qi(Ly(t,0,0(0))) = 0 and (7), it follows that there exists a
do = d2(tg,€) > 0 such that, d3 € (0, min(d1, p1)) and

ho(to, zo) < d2 implies
(11)
Q1(Lp(to, w0, p(0))) < Po(to, ho(to, o)) < d10-
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We set § = min(d1, d2) and suppose that hg(tg, zg) < . We note that because
of (8) and (10), we have

(12) h(to,wo) < ®1(to, ho(to, T0)) < P1(to,d) < Pi1(to,d1) <e.

We claim that ho(to, z9) < 0 implies h(t,z(t)) < e, t > to. If this is not true,
because of (12) there exist a solution x(t) of the system (1) with ho(to, zo) < ¢
and t9 > t; > to such that

h(tg,.T(tQ)) =e<p, ho(tl,l‘(tl)) = 51(6),
(13)
z(t) € S(h,e) N S%ho,n) with n=201(e) for t € [t1,ta].

Then (Hsz) implies
Drmy(t) < gp(t,mp(t),0), to <t < ty;

(14)
D¥my(t) < gy(t,m(t), 11 <t < ta,

where m(t) = L(t,z(t),o(x(t))). Hence by the comparison theorem [7] we
have

mp(t) < up(t;ty, m(ty)), t1 <t <to;
(15)
mq(t) S uq(t;tl,m(tl)), tl S t S t2

Let u*(t) = u(t;t1, m(t1)) be the extension of u(t) to the left of ¢; up to tp
and u*(to) = ug. Choose uy(to) = L(to, T, ¢(70)) and uy(to) = uy,. Consider
now the differential inequality

(16) D myp(t) < gp(t, myp(t), ug(t)), my(to) = up(to)
which by comparison theorem [7] yields

(17) my(t) < up(tsto,uo), to <t < t1, up = (ul (to), uil)T.

Then it is clear that u(t) = (ug(t; to, uo), u;T(t; t1,m(t1))) is a solution of the
system (5) on [to,t1]. Using (13), (15) and (H1), we obtain

(18) b(e) = b(h(t2, x(t2)) < Qa(Lq(te, 2(t2), p((t2))) <
< Q2(uq(tast1,m(t1)))-
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But from (9) and (17), provided Q1 (uep) < d10 we get

Q1(Lyp(tr, x(t1), p(z(t1))) < Qulup(t;to, uo)) < bfl(%5zo(€))-
From (H1), (10) and (13) now we have
QQ(Lq(tlvx(t1)7(p<x(t1))) <
< ag(ho(t1,z(t1))) + ar1(Q1(Ly(t1, z(t1), p(x(t1))))) <

1,1 1 1
< ap(61(e)) + a1(a; 1(5520)) < 5520 + 5520 = dog
and therefore from (9) we get

Q2 (ug(t2;t1,m(tl))) < b(e)

which contradicts (18). Hence the proof is complete. O
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EJHO HAIIPABJIEHVWUE B METOJIA HA MATPNYHN
PYHRKIINN HA JIAIIYHOB 11 YCTOMYMNBOCT IIO
OTHOIIEHWE HA IBE MEPEKN

. K. Pycunos

Pe3tome. Tlpmnoxken e HOB MOAXOM B METOAA HA MATPUYHUTE (YHKIUMA HA

JIanyHOB 1 e mM3ciaenBaHa yCTOMYMBOCTTA HA CUCTEMU OT OOMKHOBEHU Au(epeH-

OUAJIHN YPABHEHUS IO OTHOIIEHME Ha OBE MEPKU.
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