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AN ABJ-CONNECTION ON ALMOST COMPLEX
MANIFOLDS WITH NORDEN METRIC

Iva Dokuzova

Abstract. In a generalized B-manifold M , with an almost complex
structure J and a Norden metric g we introduce an affine connection by
the condition

Γ
k
ij = Γk

ij + gija
k + Jijb

k +
1

2
Jk

i ãj − 1

2
δk

i b̃j +
1

2
Jk

j ãi − 1

2
δk

j b̃i.

In this equation Γ and Γ are the Christoffel symbols of ∇ and of the con-
nection ∇ of g respectively. We get some properties of the transformation
defined by the above equation.
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1. Introduction

We consider a manifold M(dimM = 2n ≥ 4) in the class GB of the
generalized B-manifolds with a metric g and an additional structure J such
that:

(1.1) J2 = −id, g(Jx, Jy) = −g(x, y), x, y ∈ χM.

So J is an almost complex structure and g is a Norden metric with respect to
J [3]. Let ∇ be the Riemannian connection of g and R be the curvature tensor
field of ∇.

The manifold M is in the class SKN ⊂ GB[1], if the structure J and the
metric g satisfy (1.1) and

(1.2) ∇iJ
i
k = 0,

where J i
k are the local coordinates of J .
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The manifold M is in the class AB ⊂ GB of the almost B-manifolds [5],
if the structure J and the metric g satisfy (1.1) and

(1.3) ∇iJjk +∇jJki +∇kJij = 0,

where Jij = Ja
i gaj .

The manifold M is in the class B ⊂ GB [7], if the structure J and the
metric g satisfy (1.1) and

(1.4) ∇J = 0.

It is known that B ⊂ AB ⊂ SKN ⊂ GB [5], [6].

Definition 1.1. The linear connection ∇ on a manifold with an almost
complex structure J is a J-connection if ∇J = 0.

In [4] such a connection is called a B-connection.
In this paper we generalized the idea for a J-connection on a B-manifold,

defined in [2] and we give

Definition 1.2. The linear connection∇ on M ∈ GB is an ABJ-connection
if ∇ satisfy

∇iJjk +∇jJki +∇kJij = 0.

Obviously, if M ∈ AB, then the Riemannian connection ∇ is an ABJ-
connection. If M ∈ B, then ∇ is a J-connection.

2. An ABJ-connection

Theorem 2.1. Let M be an almost B-manifold, ∇ be the Riemannian
connection of g and Γk

ij be the Christoffel symbols of ∇. If a and b are arbitrary

smooth vector fields on M , then the connection ∇, defined by the relation

(2.1) Γ
k

ij = Γk
ij + gija

k + Jijb
k +

1
2
Jk

i ãj − 1
2
δk
i b̃j +

1
2
Jk

j ãi − 1
2
δk
j b̃i,

where ãi = J t
i at, b̃i = J t

i bt, is a symmetric ABJ-connection.

Proof. We see that Γ
k

ij = Γ
k

ji, thus ∇ is a symmetric connection. Now
we find the covariant derivative ∇ of Jij by using the well known formula

∇iJjk = ∂iJjk − Γ
a

ijJak − Γ
a

ikJaj
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and from (2.1), we get

∇iJjk = ∇iJjk − 1
2
gij ãk − 1

2
gikãj + gjkãi − 1

2
Jij b̃k − 1

2
Jik b̃j + Jjk b̃i.

After direct calculations we obtain ∇iJjk + ∇jJki + ∇kJij = 0. So ∇ is an
ABJ-connection. ¤

Corollary 2.2. Let M be in the class AB also ∇ and ∇ satisfy (2.1). If
∇ is a J-connection, then ∇ is a J-connection too.

Proof. From
∇iJ

k
j = ∂iJ

k
j − Γ

a

ijJ
k
a + Γ

k

iaJa
j

and using (2.1), we get

(2.2) ∇iJ
k
j = ∇iJ

k
j −gij(ãk +bk)+Jij(ak− b̃k)+

1
2
δk
i (bj + ãj)− 1

2
Jk

i (aj− b̃j).

Let us assume, that ∇iJ
k
j = 0. Then (2.2) implies

(2.3) ∇iJ
k
j = gij(ãk + bk)− Jij(ak − b̃k)− 1

2
δk
i (bj + ãj) +

1
2
Jk

i (aj − b̃j).

In (2.3) we contract with k = i and we get

∇iJ
i
j = −n(ãj + bj).

The equation (1.3) implies (1.2) and then ãj = −bj . After substituting the last
result in (2.3), we obtain ∇iJ

k
j = 0, i.e. ∇ is a J-connection. ¤

3. The case a = 0

Let M be in AB also ∇ and ∇ satisfy (2.1). If ak = ãk = 0, then (2.1)
has the form

(3.1) Γ
k

ij = Γk
ij + T k

ij , T k
ij = Jijb

k − 1
2
δk
i b̃j − 1

2
δk
j b̃i.

For the curvature tensor fields R of ∇ and R of ∇ it is well known the identity

(3.2) R
h

ijk = Rh
ijk +∇jT

h
ik −∇kTh

ij + T s
ikTh

sj − T s
ijT

h
sk.
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From (3.1) and (3.2) we obtain

R
h

ijk = Rh
ijk + Jik(∇jb

h + b̃jb
h − 1

2
δh
j b̃sbs)

− Jij(∇kbh + b̃kbh − 1
2
δh
k b̃sbs)

− 1
2
δh
i (∇j b̃k −∇k b̃j)− 1

4
δh
k (2∇j b̃i + b̃ib̃j)

+
1
4
δh
j (2∇k b̃i + b̃ib̃k)− bh(∇kJij −∇jJik).

(3.3)

Theorem 3.1. Let M be in AB also ∇ and ∇ satisfy (3.1). Then ∇ is an
equiaffine connection if and only if the vector field b̃ is gradient.

Proof. We know ∇ is an equiaffine connection, i.e. Ri
ijk = 0. That’s why

contracting (3.3) with h = i, we get

R
i

ijk = (n− 1
2
)(∇k b̃j −∇j b̃k).

Then R
i

ijk = 0 if and only if ∇k b̃j = ∇j b̃k. The last condition implies the
vector field b̃ is gradient. ¤

Theorem 3.2. Let M be a B-manifold and ∇ be the Riemannian con-
nection of g. If b is a smooth vector field on M , and ∇ is a locally flat ABJ-
connection, defined by the relation (3.1), then b is an isotropic vector field and
∇ is a locally flat connection.

Proof. We consider M ∈ B, i.e. ∇ is a J-connection.
We denote

(3.4) Pkh = ∇kbh + b̃kbh − ϕ

2
gkh, ϕ = b̃sbs, P̃kh = J t

hPkt.

From (1.4) it is follows

(3.5) P̃kh = ∇k b̃h + b̃k b̃h − ϕ

2
Jkh.

From Ri
ijk = 0 we get ∇k b̃j = ∇j b̃k, so b̃ is a gradient vector. We assume, that

∇ is a locally flat connection and it is necessary and sufficient that R = 0. By
using the last condition, (1.4), (3.3), (3.4), (3.5) and lowering the index h in
(3.3), we have

(3.6) Rhijk = JijPkh − JikPjh +
1
4
gkhQji − 1

4
gjhQki,
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where

(3.7) Qij = 2P̃ji − b̃ib̃j + ϕJij .

With the help of the identity Rhijk = Rjkhi and the equation (3.6) we find

(3.8) JikPjh − JijPkh − JkiPhj + JkhPij =
1
4
gkhQij − 1

4
gijQkh.

We exchange k and h in (3.8) and by using the relation Qij = Qji, we get

Jik(Phj − Pjh) + Jij(Pkh − Phk) + Jih(Pjk − Pkj) = 0.

In the last equation we contract with J ij and we obtain:

(3.9) Pkh = Phk.

We substitute (3.9) in (3.8) and we contract with gkh, then we get

(3.10) Qij =
Q

2n
gij − 2P

n
Jij ; Q = Qs

s, P = P s
s .

If we denote Q̃ij = Js
j Qis, then from (3.10) we see, that Q̃ij = Q̃ji.

On the other hand from (3.7) we have

Q̃ij = −2Pji + b̃ibj − ϕgij .

The last equations and (3.9) imply

(3.11) b̃ibj = b̃jbi.

We contract with bi and then with b̃j in (3.11) and we get (ϕ)2 + (φ)2 = 0,
φ = bib

i. Then ϕ = φ = 0. So we prove that b is an isotropic vector.
Transvecting (3.8) with Jkh, we obtain

(3.12) Pij =
1
2n

(
Q̃

4
gij − P̃ Jij); Q̃ = Q̃s

s, P̃ = P̃ s
s .

We contract (3.12) with gij and (3.7) with J ij and we find the system

(3.13) Q̃ = 4P, Q̃ = −2P,

and it’s decision is Q̃ = P = 0.
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From (3.10), (3.12), the last condition and (3.6) we get

(3.14) Rhijk =
P̃

2n
(JikJjh − JijJkh +

1
2
gkhgij − 1

2
gikgjh).

Let S be the Ricci tensor of ∇. Transvecting with gij in (3.14), we obtain:

(3.15) Shk = (n− 3
2
)

P̃

2n
gkh.

For the scalar curvature τ = Sijg
ij we have

(3.16) τ = (n− 3
2
)P̃ .

If (M, g, J) is in the class B, then RhijkJ ij = SajJ
a
k . Thus, it follows

RhijkJ ijJhk = −τ . Then from (3.14) we find

(3.17) τ = (2n− 3
2
)P̃ .

Collecting the system (3.16), (3.17), we get P̃ = τ = 0. After substituting the
last results in (3.14), we obtain R = 0. So the theorem is proved. ¤

Corollary 3.3. Let M and M satisfy the conditions of Theorem 3.2 and
α = {b, b̃} be the two-dimensional section in TpM , p ∈ M . Then for two
arbitrary vectors x, y ∈ α we have g(x, x) = g(x, y) = g(y, y) = 0.

4. The case b = 0

Let M be in AB also ∇ and ∇ satisfy (2.1). If bk = b̃k = 0, then (2.1) has
the form

(4.1) Γ
k

ij = Γk
ij + T k

ij , T k
ij = gija

k +
1
2
Jk

i ãj +
1
2
Jk

j ãi,

For the curvature tensor fields R of ∇ and R of ∇ we get

R
h

ijk = Rh
ijk + gikPh

j − gijP
h
k +

1
4
Jh

k Qji − 1
4
Jh

j Qki

− 1
2
Jikãja

h +
1
2
Jij ãkah − 1

4
δh
k ãiãj +

1
4
δh
j ãiãk

− 1
2
Jh

i (∇kãj −∇j ãk),

(4.2)
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(4.3) Pkh = ∇kah + akah +
1
2
ãhãk +

ϕ

2
Jkh, ϕ = ãsas.

(4.4) Qkh = 2∇kãh + ãkah + ãhak.

Theorem 4.1. Let M be in AB also ∇ and ∇ satisfy (4.1). Then ∇ is an
equiaffine connection if and only if the vector field a is gradient.

Proof. We know ∇ is an equiaffine connection, i.e. Ri
ijk = 0. That’s why

contracting (3.3) with h = i, we get

R
i

ijk =
1
2
(∇jak −∇kaj).

Then R
i

ijk = 0 if and only if ∇kaj = ∇jak. The last condition implies the
vector field a is gradient. ¤

Theorem 4.2. Let M be a B-manifold, ∇ be the Riemannian connection
of g, R be the curvature tensor field of ∇. If a is a smooth vector field on M ,
and ∇ is a locally flat ABJ-connection, defined by (4.1), then a is gradient
vector field and ∇ is a locally flat connection.

Proof. We consider M ∈ B, i.e. ∇ is a J-connection. We assume, that
∇ is a locally flat connection and it is necessary and sufficient that R = 0.

If we denote P̃kh = J t
hPkt, Q̃kh = J t

hQkt, from (1.4) it is follows:

(4.5) P̃kh = ∇kãh + akãh − 1
2
ahãk − ϕ

2
gkh, Q̃kh = −2∇kah + ãkãh − ahak.

From Ri
ijk = 0 we get ∇kaj = ∇jak, so a is a gradient vector. By using the

last condition and from (4.3),(4.4), (4.5) we have Pkh = Phk, Q̃kh = Q̃hk. With
the help of the identity Rhijk = Rjkhi and the equation (4.2),(4.3),(4.4) using
the same ideas like in the previous paragraph we get

(4.6) Qkh −Qhk = 2(ãhak − ãkah).

From (4.2) and using (4.6) we find Qkh = Qhk. Then ãkah = ahãk. The
last condition implies, that a2 = 0, so a is an isotropic vector.

If M is in the class B, then for the scalar curvature τ = Sijg
ij it is known

that RhijkJ ijJhk = −τ . From the last condition after long calculations, we
obtain Q̃s

s = P̃ s
s = Qs

s = P s
s = 0 and also τ = τ∗ = 0. Then R = 0. ¤
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Corollary 4.3. Let M and M satisfy the conditions of Theorem 4.2 and
α = {b, b̃} be the two-dimensional section in TpM , p ∈ M . Then for two
arbitrary vectors x, y ∈ α we have g(x, x) = g(x, y) = g(y, y) = 0.
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ÅÄÍÀ ABJ-ÑÂÚÐÇÀÍÎÑÒ ÂÚÐÕÓ
ÏÎ×ÒÈ ÊÎÌÏËÅÊÑÍÎ ÌÍÎÃÎÎÁÐÀÇÈÅ

Ñ ÍÎÐÄÅÍÎÂÀ ÌÅÒÐÈÊÀ

Èâà Äîêóçîâà

Ðåçþìå. Â îáîáùåíî B-ìíîãîîáðàçèå M ñ ïî÷òè êîìïëåêñíà ñòðóêòóðà
J è íîðäåíîâà ìåòðèêà g äåôèíèðàìå åäíà ëèíåéíà ñâúðçàíîñò ñ óñëîâèåòî

Γ
k

ij = Γk
ij + gija

k + Jijb
k +

1
2
Jk

i ãj − 1
2
δk
i b̃j +

1
2
Jk

j ãi − 1
2
δk
j b̃i.

Òóê Γ è Γ ñà ñúîòâåòíî ñèìâîëèòå íà Êðèñòîôåë çà ∇ è çà ðèìàíîâàòà
ñâúðçàíîñò ∇ íà g. Â íàñòîÿùàòà ðàáîòà íèå íàìèðàìå íÿêîè ñâîéñòâà íà
èçîáðàæåíèåòî, çàäàäåíî ñ ãîðíîòî óðàâíåíèå.
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