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AN ABJ-CONNECTION ON ALMOST COMPLEX
MANIFOLDS WITH NORDEN METRIC

Iva Dokuzova

Abstract. In a generalized B-manifold M, with an almost complex
structure J and a Norden metric g we introduce an affine connection by

the condition
=k k k k 1 . 1 ks 1 g 1 ry

In this equation I" and I" are the Christoffel symbols of V and of the con-
nection V of g respectively. We get some properties of the transformation
defined by the above equation.
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1. Introduction

We consider a manifold M(dimM = 2n > 4) in the class GB of the
generalized B-manifolds with a metric g and an additional structure J such
that:

(1.1) J?=—id, g(Jz,Jy) = —g(x,y), =,y€XM.

So J is an almost complex structure and g is a Norden metric with respect to
J [3]. Let V be the Riemannian connection of g and R be the curvature tensor
field of V.

The manifold M is in the class SKN C GBI[1], if the structure J and the
metric g satisfy (1.1) and

(1.2) ViJi =0,

where J,i are the local coordinates of J.
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The manifold M is in the class AB C GB of the almost B-manifolds [5],
if the structure J and the metric ¢ satisfy (1.1) and

(1.3) Viij + Viji + VkJij =0,

where J;; = J{gq;.
The manifold M is in the class B C GB [7], if the structure J and the
metric g satisfy (1.1) and

(1.4) V.J =0.

It is known that B C AB C SKN C GB [5], [6].

Definition 1.1. The linear connectign V on a manifold with an almost
complex structure J is a J-connection if V.J = 0.

In [4] such a connection is called a B-connection.
In this paper we generalized the idea for a J-connection on a B-manifold,
defined in [2] and we give

_Definition 1.2. The linear connection Von M € GB is an ABJ-connection
if V satisfy o o o
ViJjk + ViJi + Vi iy = 0.
Obviously, if M € AB, then the Riemannian connection V is an ABJ-
connection. If M € B, then V is a J-connection.

2. An ABJ-connection

Theorem 2.1. Let M be an almost B-manifold, V be the Riemannian
connection of g and I’f] be the Christoffel symbols of V. If a and b are arbitrary

smooth vector fields on M, then the connection V, defined by the relation

—k 1 ., 1. .~ 1 .. 1.~
(2.1) Fij = FZ + g,»jak + Jijbk + §Jikaj — 555[)] + ijjkal — 5(55()1,

where a; = Jtay, b; = Jiby, is a symmetric AB.J-connection.

Proof. We see that ffj = f;,

we find the covariant derivative V of J;; by using the well known formula

thus V is a symmetric connection. Now

a

ﬁi.]j]f = 0;Jj —f?jJak _fik‘]@j
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and from (2.1), we get

= 1 1 _ 1 - 1. - ~
Vidjk = Vidjk = 59ij0k — 59ik5 + 9jkai — 5Jijbe — 5 Jibj + Jjkbi.

After direct calculations we obtain ﬁiij + ﬁiji + ﬁkJij = 0. So V is an
ABJ-connection. O

_ Corollary 2.2. Let M be in the class AB also V and V satisfy (2.1). If
V is a J-connection, then V is a J-connection too.
Proof. From

Yok = 0,0 T30k + T g8

17%a wavj

and using (2.1), we get

(2.2) ViJF = VIl — gij (@ +0%) + Jij(a® —by) + %55(@ +a;)— %Jf(aj —b;).
Let us assume, that ﬁiJJ’? = 0. Then (2.2) implies
(2.3)  ViJf =gy (@ + %) — Jij(a" — by) — %55(%‘ +a;) + %Jik(aj —bj)-
In (2.3) we contract with k =i and we get

ViJ; = —n(a; + b;).

The equation (1.3) implies (1.2) and then a; = —b;. After substituting the last
result in (2.3), we obtain ViJ]’-c =0, i.e. V is a J-connection. O

3. The case a =0

Let M be in AB also V and V satisfy (2.1). If a;, = a, = 0, then (2.1)
has the form

1 ~ 1

(3.1) T, =Tk + Tk

R
For the curvature tensor fields R of V and R of V it is well known the identity

—h
(3.2) Ry, = Rl + VT — VTl + T3 TS — T TY
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From (3.1) and (3.2) we obtain
. ~ 1
R = Rl + T (V30" 4 bybh — 55§Lbsbs)

. 1 ., ~
— Jij (Vb + b — 55,’;1;51)5)
(3.3) ) i I o
- iaf(vjbk — Vb)) — 15,’;(2vjbi + b;b;)

1 -
+ Zaf(wkbi + bibg) — (Vi Jij — Vi Jir,).
Theorem 3.1. Let M be in AB also V and V satisfy (3.1). Then V is an

equiaffine connection if and only if the vector field b is gradient.

Proof. We know V is an equiaffine connection, i.e. R;?jk = 0. That’s why
contracting (3.3) with h = i, we get

=1

1 - -
ijk = (n— 5)(kaj — V,bg).

=y

Then E:jk = 0 if and only if Vkl;j = V]-I;k. The last condition implies the
vector field b is gradient. O

Theorem 3.2. Let M be a B-manifold and V be the Riemannian con-
nection of g. If b is a smooth vector field on M, and V is a locally flat AB.J-

connection, defined by the relation (3.1), then b is an isotropic vector field and
V is a locally flat connection.

Proof. We consider M € B, i.e. V is a J-connection.
We denote

(34) Pip = Viby + Ekbh — ggkh’ Y= i)sbs, th = J}tlpkt
From (1.4) it is follows

(3.5) Py, = Vi, + by, — %th-

From R:fjk =0 we get Vkl;j = ngk, sobisa gradient vector. We assume, that

V is a locally flat connection and it is necessary and sufficient that R = 0. By
using the last condition, (1.4), (3.3), (3.4), (3.5) and lowering the index h in
(3.3), we have

1 1
(3.6) Rpiji = Jij Pen — Jit Pjn + ngthi - Zgthkia
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where
(3.7) Qij = 2Pj; — bibj + ¢J;;.

With the help of the identity Rp;jx = Rjkn; and the equation (3.6) we find

(3.8) JiPin — JijPen — JiiPrj + JunPij = igkhQij - igiijm

We exchange k and h in (3.8) and by using the relation Q;; = Q;i, we get
Jit(Pnj — Pjn) + Jij(Pen — Pak) + Jin(Pji, — Prj) = 0.

In the last equation we contract with J and we obtain:

(3.9) Pip = P

We substitute (3.9) in (3.8) and we contract with g*”, then we get

Q 2P ) .
(3.10) Qij = 29 7Jij§ Q=Q;, P=P;.

If we denote Q;; = J3Qis, then from (3.10) we see, that Qij = Qji.
On the other hand from (3.7) we have

Qij = —2Pj; + bibj — ©gi;.
The last equations and (3.9) imply
(3.11) bibj = b;b;.

We contract with b* and then with & in (3.11) and we get ()2 + (¢)% = 0,
¢ = b;b*. Then ¢ = ¢ = 0. So we prove that b is an isotropic vector.
Transvecting (3.8) with J*"  we obtain

1 O N N N - -

We contract (3.12) with g%/ and (3.7) with J% and we find the system

(3.13) Q = 4P, Q= —-2P,

and it’s decision is Q = P = 0.
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From (3.10), (3.12), the last condition and (3.6) we get

P 1 1
(3.14) Ryijr = %(Jik']jh — JijJen + 59knGii — §gikgjh)-

Let S be the Ricci tensor of V. Transvecting with ¢* in (3.14), we obtain:

3. P
(3~15) Shk = (n - 5)%gkh~

For the scalar curvature 7 = S;;¢* we have

(3.16) T=(n-— ;)P-

If (M,g,J) is in the class B, then Ry J% = S,;J{. Thus, it follows
Rhiijithk = —7. Then from (3.14) we find

3
(3.17) r=(n—3)P.

Collecting the system (3.16), (3.17), we get P =7 = 0. After substituting the
last results in (3.14), we obtain R = 0. So the theorem is proved. O

Corollary 3.3. Let M and M satisfy the conditions of Theorem 3.2 and
a = {b,b} be the two-dimensional section in T,M, p € M. Then for two
arbitrary vectors x,y € a we have g(x,x) = g(x,y) = g(y,y) = 0.

4. The case b=0

Let M be in AB also V and V satisfy (2.1). If by, = b, = 0, then (2.1) has
the form

k 1, 1,
(4.1) L= Ffj + Ti];'a Ti];' = gija" + §Jl‘kaj + ijfai’

For the curvature tensor fields R of V and R of V we get

—h 1 1
R, = R?jk + gikPjh — g9 Pl + ZJI?jS - ZJ;LQM
(4.2) _ L ragat + Lagaat — Sotaa, + Sotaa
. 2 iklj 9 ij Uk 4 k Lilly 4 j itk

1
- §Jih(vkdj — Vja),
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1. . -
(4.3) Pin = Viap + agap + 5 nax + ngh, p=a‘as.

(4.4) Qkn = 2Viay + arap + apag.

Theorem 4.1. Let M be in AB also V and V satisfy (4.1). Then V is an
equiaffine connection if and only if the vector field a is gradient.

Proof. We know V is an equiaffine connection, i.e. Rijk = 0. That’s why
contracting (3.3) with h =4, we get

%

— 1

Then R, = 0 if and only if Vya; = V;ag. The last condition implies the
vector field a is gradient. ([

Theorem 4.2. Let M be a B-manifold, V be the Riemannian connection
of g, R be the curvature tensor field of V. If a is a smooth vector field on M,
and V is a locally flat AB.J-connection, defined by (4.1), then a is gradient
vector field and V is a locally flat connection.

~ Proof. We consider M € B, ie. V is a J-connection. We assume, that
V is a locally flat connection and it is necessary and sufficient that R = 0.
If we denote Py, = Jf Pty Qrn = J}Qpe, from (1.4) it is follows:

- B _ 1 . o
(4.5) Pyn = Viap + agap — 5 0hak = %gkm Qkn = —2Vyap + agan — apay.
From Rﬁjk = 0 we get Via; = Vjag, so a is a gradient Vect~0r. By~using the
last condition and from (4.3),(4.4), (4.5) we have Py, = Phi, Qrn = Qnp. With
the help of the identity Rpijx = Rjkn: and the equation (4.2),(4.3),(4.4) using
the same ideas like in the previous paragraph we get

(4.6) Qrh — Quk = 2(anar — arap).

From (4.2) and using (4.6) we find Qrr, = Qpk. Then arap = apar. The
last condition implies, that a® = 0, so a is an isotropic vector.

If M is in the class B, then for the scalar curvature 7 = S;;¢% it is known
that RpijrJ”J"" = —7. From the last condition after long calculations, we
obtain Q% = P¥ = Q% = P¥ =0 and also 7 = 7* = 0. Then R = 0. O
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(07

Corollary 4.3. Let M and M satisfy the conditions of Theorem 4.2 and
= {b,b} be the two-dimensional section in T,M, p € M. Then for two

arbitrary vectors x,y € a we have g(x,z) = g(x,y) = g(y,y) = 0.
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EJIHA ABJ-CBBbP3AHOCT BbPXY
ITOYTN KOMIIJIEKCHO MHOI'OOBPA3UE
C HOPAEHOBA METPUKA

NBa lokysoBa

Pesrome. B 0606merno B-muOroobpasue M ¢ moUTH KOMILJIEKCHA, CTPYKTYPa,
J v HOp/leHOBA MeTpHuKa g JedUHUpaMe eTHa JUHEHHA CBbP3AHOCT € YCIOBHUETO

1, 1

k k k [ 1 kr
Uiy = Tij + giga™ + Jijb™ + 3Ji; = §5i bj +

Tyk I' u I' ca cvorBerHo cumBoaute Ha Kpucroden 3a V u 3a pumanoBara
cBbp3anocT V Ha ¢g. B Hacrostmara paboTa Hue HaMUpaMe HIKOM CBOHCTBA Ha,
n300pAYKEHNETO, 33/Ia€H0 C TOPHOTO yPABHEHUE.
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