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Abstract. We consider the probability that a Brownian motion hits
a moving two-sided boundary by a certain moment. In some special cases
we find formulae for this probability.
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1. Introduction

Let (Bs),~; be a Brownian motion with unit volatility and no drift,
B; = x. Let T be an arbitrary fixed time-horizon, T' > ¢, and g(s) < f(s) be two
smooth real functions, defined at least for s € [¢; T, such that g(t) < x < f(t).
Consider the hitting time 7 =inf{se [;T] | Bs = f(s) or Bs =g(s)},
where inf @ = T. We define the functions

vf(tvaj) = Pt,z(B'r = f(T))7

Ug(t7x) = Pt,a; (B‘r =g (T)) :

In 1960 T. W. Anderson [1] discovered the crossing probabilities for rec-
tilinear boundaries with no horizon — two straight lines that are parallel or
cross on the left of the origin. In 1964 A. V. Skorokhod [2] found the proba-
bility of going out of the domain through a little “door” at the horizon; his
formula holds for rectilinear boundaries. In 1967 L. A. Shepp [3] found a for-
mula for the expectation of the first hitting time for a two-sided symmetric
square-root boundary with no horizon. In 1971 A. A. Novikov [4] solved the
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same problem for a one-sided square-root boundary. In 1981 he published
a formula [5] for the probability of going out of the domain through the hori-
zon; it holds for curvilinear boundaries that are close to each other. A little later
in the same year A. V. Mel’'nikov and D. I. Hadziev [6] published a solution to
a similar problem for Gaussian martingales. In 1999 A. Novikov, V. Frishling
and N. Kordzakhia [7] found approximate formulae for the crossing probabili-
ties both for a one-sided and a two-sided boundary with a horizon; they were
able to derive exact formulae for a one-sided and a two-sided symmetric square-
root boundary.

In this paper we find formulae for vy (¢, ) and vy (¢, ) for parallel rectilinear
boundaries and arbitrary square-root boundaries.

2. Calculation of v¢(t,x)

According to [8], the function vs(t, x) is a solution to the problem

=0, t<T, ze(gt)f(t)

ot 2 02
(1) vy (T, z) =0, z € (g(T); £(T))
vg(t, g(t)) =0, t<T
vilt, f(8) =1, t<T.

The equation is simple enough, but the boundary is too complicated. To
get a rectangular boundary, set

= 1000wt = (1, 00

h(t)
Then the function v (¢, z) is a solution to the problem

vy h'(t).z+g'(t) Ovnn 1 1 0%v,

ot w0z T2 W 02
(2) v(T,z)=0, O0<z<l

vi(t,0)=0, t<T

n(t1) =1, t<T.

=0

2.1. Two “parallel” curves: h(t) = ¢ = const., ¥t < T (¢ > 0).
Therefore h’(t) = 0 and the equation takes the form

ot c or | 22 0x?

vy g'(t) On 1 9%
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2.1.1. Two parallel straight lines: g(t) = bt+cq, ¥t < T. Then f(t) = bt+ca,
ca>c1,c=cog—cy >0, g'(t) =0b, and the equation becomes

Qo b w1 o
ot c Ox 22 022
1 b
Let k = 52 >0, A= . Then we have to solve the problem
oy vy 82111
e e it S
ol gz " or?
vi(T,z) =0, Vxe (0;1)
v1(t,0) =0, Vite (—oo;T]
vi(t,1) =1, Vie (—oo;T].
We would prefer an initial condition, so we set
va(t,z) =01 (T — t,x)
and reformulate the problem as follows:
Ly O P
ot ox ox2
v2(0,2) =0, Vze (0;1)
vo(t,0) =0, Vt € [0;+00)
va(t,1) =1, Vit e [0;+00).

After the Laplace transformation V(p,x) = L{va(¢, )] we get the problem

VI =XV —p. V=0

—_

(V is considered a function of z, and p is just a parameter).
The corresponding characteristic equation is kv?> —Av—p =0 with

A /A2 +4kp and
2K

D = X\? 4+ 4kp > 0, because p > 0, s0 vy 5 =

VAZ+dkp .o VAZ+dkp .o

+ Cy . sinh

Viz) = <C’1 . cosh P

2K

Jes ()
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1 exp( A)
F V(0)=0and V(1) = — find C1, =0, Cy = 2r
rom V(0) and V(1) pwe nd Cy h = Smhm

sinh

V(x): m e ()\(Il))

\/ >\2 +4Hp 2K

. sinh Y———

Thus we have just proved the following theorem (where L~! stands for the
reversed Laplace transformation):

Theorem 1. If g(t) =bt+cy, f(t) =bt+ca, Vt < T, and ¢y > c1, then
bt~
vs(t, @) = vy (t, - ) vi(t,x) = va(T — t,3), va(t,w) = L [V (p, )],

s (MemDY L
o \/)\ +4/€p 2K R= 202 ’ o

Fortunately, the function V' (p, z) can be explicitly transformed to the func-
tion vy (¢, ) and then back to vs(t, x). According to [9], we have

V(p,x

—,c=cy—cCq.
c
. sinh Y——~

va(t,x) = L7 [V (p, )] = Z res V(p,z)exp(pt) =

Pr Pn

sinh Az X (=1)".n. sin(nﬂx).cxp{—(nn27r2+ 23 )t} Az—1)
—=5 4 2KT exp | 75— )

2 2
sinh —- Kn2m24 2,‘.,

n=1
The single addend is the residuum at pg = 0. Its value must be considered
equal to x when A = 0. The n-th term of the infinite sum is the residuum at
2
Pp = — kn’m? — :\Tn , n € N. Then

vi(t,x) =va(T —t,x) =

> —1)".n.sin(nrzx .exp{( ) t—T }
_ sinh 52 N 2KTFZ (=1 ( ) ( ) exp A(z—1)
sinh >‘ kn2m2+4 2‘2 2 .

n=1

Substituting x and A in the last expression, we get

oo (—1)".n. sin(nwz). exp (n27r2+ bzcz) t_zT
sinh(bcz) 9 2¢ {b L }
sinh(be) T WE : n2n24 b2o2 exp 1 be(z—1) .
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Finally, the probability we are looking for is equal to
— bt —
op(t,) = vy (t, )
c

and can be found from the expression above.

Theorem 2. If g(t) =bt+c1, f(t) =bt+c2, Vt < T, and c3 > c1, then

tox) =
Uf( ’ x) ¢ sinh(bc)

x—bt—c

o  (=1)".n. sin(nﬂ%) . exp{ (n27r2+b2(:2) t72T }
2¢
+ Q”Z n2mx24 b2c2

n=1

xr—c

where the single addend is equal to

—L when b =0, and ¢ = c3 — ¢;.

To check, let T — +o00; we may do this, because the series is convergent

uniformly with respect to T’ € [t; +00); thus we obtain a formula for the case
when there is no horizon.

Corollary 1. If g(t) =bt+c1, f(t)=bt+c2, VIER, c=ca—c1 >0
and there is no horizon, then

62b(1:7 bt—c,) _ 1

for b # 0;
€2bc _ 1
vi(t,x) =

zT—a for b =0.
c

The formula for b =0 is well-known from the martingale theory. The
formula for b # 0 can be found (in different denotation) in [1] as Theorem 4.1
on page 175.

Again, let ¢c; — —oo in Corollary 1; thus we get the solution for a one-sided
boundary with no horizon.

Corollary 2. If f(t) =bt+ ¢y, Vt € R, and there are no lower boundary
and no horizon, then

‘o) = e2(@=bt=c3)  for b > 0;
vr(t,z) = 1 for b<0.

Unfortunately, this technique cannot be applied to Theorem 2: the series
is not uniformly convergent with respect to ¢y € (—o0; 2], Voo < x — bt.
Corollary 2 can be verified as well by means of Kendall’s famous formula.
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2.2. Square-root boundaries. If ¢g(t) =a\/t+7 + co, f(t) =b\/t+7 + co,

Vt € (=v;T], b>a, T+v > 0, then the problem (2) takes the form
301_1.<m+a>.3m+1. L L OPu
o 2(t+17) b—a) Ox 2 (b—a)(t+v) 022

vi(T,z) =0, Vze(0;1)

’U](t,O) =0, vt € (_77T]

'Ul(t71):1a vt € (_’YaT]

It is essential that the multiplier (¢ + +y) is raised to the same power in both
denominators; this happens for square-root boundaries only. That is why, by
multiplying the equation by 2(t + ) we can ensure that the variable ¢t takes
part in only one coefficient. Thus we obtain

vy a Ovq 1 0%v;
2“”)'&‘(““)'&*@@2'&2:0

We can get rid of the multiplier (¢ + ) by means of a suitable substitution.
Let vy (¢, ) = v (5 In(t + ), ); then the function va(t, z) is a solution to the
problem

Ova a vy 1 0?vy
ot “m) or T h—a2 02
vy (3 In(T +7),2) =0, Ve (0;1)
va(t,0) = 0, vt € (—o0; 4 In(T +7)]
1

Vt € (—o0; 3 In(T +7)].

Finally, let vao(t,2) = vs (=t + 4 In(T + ), z) in order to obtain an initial con-
dition instead of the final one. Therefore we have

v a v 1 0%v
T (o) g
v3(0,z) =0, Vze (0;1)
v3(t,0) =0, Vit € [0;+00)
v3(t,1) =1, WVt € [0;+00).
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Apply the Laplace transformation: V(p,x) = L{vs(t,z)]. Then

! ~V“—(x+“>-v’—p~vzo

(b—a)? b—a
V(0)=0

1
V(1) = n

(V is considered a function of z, and p is just a parameter).
This boundary-value problem has a unique solution; the solution is an

analytical function: V(z) = Z cnz”. The differential equation turns into the

following equation for the coefﬁments of the series:

1

a
m(n + 2)(n —+ 1)Cn+2 — (ncn —+ m(n + 1)Cn+1) — pCp = O, nGNo,

a(b —a) (b—a)*(n+p)

2 s €Np .
n+2 Cnt1 + (n+2)(n+1) o TR0

ie. Cni2 =

We have to find ¢y and ¢; in order to specify the sequence ()%, .
From V(0) =0 it follows that ¢ =0. Let ¢; = ¢, ¢, = cay, n € Nyg. Then

a(b—a) (b—a)*(n+p) .
ntrz T om0 TN
1

o0 o0
Vizg)=c. Y apa™ =c. Y. azz™; from the boundary condition V(1) = —
n=20 n=1 p
1
it follows that ¢ = ———— . We have just proved the following
p. (879
n=1

ap =0, a;=1, app2=

Theorem 3. If g(t) = a\t+7y + co, f(t) = bV/t+7v + co, YVt (—y; T, b>a,
T+~ >0, then vs(t,x) =0 ( s A e SN H) , vi(t, @) = vz (4 In(t+7), x),

(o= )ity
where wva(t,z) = vz (—t+ +In(T+7),2) and wv3(t,z) = L™ [V(p,z)];
a(b—a) (b—a)*(n+p)
ap=0, a1=1, apio=—"0ap11 + —————>0a, , ¥n € Ny;
0 ! P 2 MY T k) (n+ 1) 0
1
p,x) = c. Z apa", c= ——— -
n=1 p. Y. ap
n=1
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When a =0, we can obtain an explicit formula for (o)., . Indeed,
b%(n+p)
(n+2)(n+1)

Vm € Ng; then 50:]_7 ﬁm+1:

ap=0,a1 =1, apqo = an , Vn € No; so a, =0,Ym e Ny.

b2(2m +1+p)
(2m +3)(2m +2)
b2m,

ﬂmfl, henceﬁmzm H (27%—14—]7)
m=1

Let G =« Bm

2m—+41 ?
b2(2m — 1+ p)
(2m +1)(2m)
Corollary 3. If g(t) =co and f(t) =by/t+~v+co, Ve (—y;T], b >0,
T+~ >0, then vs(t,z) =11 <t, "

i)

ie. Bm =

where vy (t,z) =vs (5 In(t+7), z),

1
va(t, ) = v (— t—&-% In(T+7) :U), vs(t,x) = Lt V(p,2)]; ¢c=—5%—.
p. Zoﬁm
b2m . ~ 2m+1
Bo=1, ﬂm—ml—:[l@m_l‘ﬂn) vmeN; V(p,z) zz:ﬁ mT .

3. Calculation of v, (¢, x)

This function satisfies requirements similar to (1) save that v,(¢, f(t)) = 0,
vg(t, g(t)) = 1. This change propagates through the calculations.

3.1. Two parallel straight lines. Now (3) changes in this way:
.V =XV —p. V=0

V(1) =0.
After the substitution V(z) = W (1 — z) we get the problem
KW'+ X W —p. W=0
W(0)=0

This is the same problem as (3), only A has changed its sign. Then

W) = sinh VAT @ +4F"p ‘ A1 —x)
/A2 +4np 2K ’

p.sinh Y————
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sinh ¥~~~ )\2+4';p (1= 2) Az
Vi(z) = s P ;

vV A2+4kp E

p. sinh Y—-

which proves the next statement.
Theorem 4. If g(t) =bt+c1, f(t) =bt+co, Vt <T,and cg > c1, then
— bt —
vg(t,z) = v (t7 H), v1(t, ) = vo(T — t,x), va(t,x) = L™ [V (p,z)],
c
2 —
VA +4;i4 (1—z) & 1
) k=
\/ A2+4kp 2% )’ 2¢2
2Kk
Theorem 5 can be deduced from Theorem 4 as Theorem 2 was deduced
from Theorem 1. Or we may notice that the changes in the formulae are equi-

valent to swapping the lower and the upper boundary: we replace z — g(t) with
f(t) — x and vice versa as well as b with —b in Theorem 2.

sinh
V(p,z) =

)\:E,C:CQ—Cl.
p . sinh

Theorem 5. If g(t) =bt+c1, f(t) =bt +co, Vt <T,and c2 > c1, then

pemvimer) [ sinh {b(btte, o)}
’ sinh(bc)

vg(t,x) =e +

btte, —a
0o (71)".n.sin<nﬂ#).exp{ (n27r2+b202)%}
2¢

+ QWZ n2m24 b2c2

n=1

627

xT
= when b =0, and ¢ = ¢y — ¢y.

where the single addend is equal to

Corollary 4. If g(t) =bt+c1, f(t)=bt+c2, VIER, c=ca—¢1 >0

and there is no horizon, then
e—2b(bt+ Co—T) _ 1

672bc o

for b # 0;
vg(t,x) =

L= for b=0.
C

Corollary 5. If g(t) = bt + ¢1, Vt € R, and there are no upper boundary
and no horizon, then
e2b(@=bt—c;)  for h < 0;
Ug(t’x):{ 1 for b > 0.
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3.2. Square-root boundaries.
Theorem 6. If g(t) = a\/t+7v + co, f(t) = bV/t+7 + co, YVt (—y; T, b>a,
T+~ >0, then vy(t,x) = (t, St VT ‘tﬂ), vy (t, ) = vy (% In(t+7), x),

(b—a) vty
va(t,z) =vs (~t+ 5 In(T+7), z), v3(t,z) =L~ [V(p,2)], V(p,z)=W(p,1-2);
—b(b—a) (b—a)*(n+p)
Qo ;a1 y Qnt2 P Qpi1 + (n—|—2)(n—|—1)a n € No
1
p,x) = cC. Z anz", = ——5— -
n=1 p. Z On
n=1
Corollary 6. If g(t) =avt+~v+co and f(t) =co, Vt€e (—y;T], a <0,
T+~ >0, then vy(t,z) = v; (t, Lol ) . ot 2) =vg (L In(t47),2),
va(t, @) =vs (~t+5 In(T+y), z), vs(t,2) =L~ [V(p,2)], V(p,x) =W (p,1-2);
Bo=1 gm:ﬂ ﬁ (2 — 1+ p),YmeN; W (p,z) = i p2m+1
) (2m+1 ' , L — )
1
c=—s
p. E_Zoﬂm

4. Numerical experiments

The formulae in this paper were programmed and tabulated. The re-
sults were compared with the values of the crossing probabilities calculated by
means of the Monte Carlo method and dynamical programming. The idea of
the last method is to calculate the crossing probabilities, beginning from the
horizon and moving to the starting moment step by step; for each ¢ an array
of probabilities is calculated using the array of the previous step.

The three results agree with one another. So we have a numerical sup-
port of our formulae besides the theoretical one. The algorithm that uses the
formulae is the fastest one.

The functions V(p,z) and W(p,z) were written in the form of infinite
power series. Alternatively, they can be expressed in terms of some special
functions, for instance, the parabolic cylinder function (cf.[10]). For compu-
tational reasons, we preferred power series to special functions as well as a
sequence of simple substitutions to a single compound substitution.
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5. Conclusion

The propositions above give a comprehensive answer to the question about

the crossing probabilities in two special cases: rectilinear parallel boundaries
and square-root boundaries with a time-horizon. The obtained formulae are
suitable for programming: calculations based on them are fast enough.

1]
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