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Abstract. In this paper, we offer a proposition enabling make an
assessment of meromorphic continuation of power series by means of a
specially defined polynomial g, () using the coefficients of the Taylor
series.
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Questions about meromorhic continuation of power series have interested
the mathematicians for a rather long time. Already in 1892 Hadamar obtained
some important results in this direction (see [4]) last 30 years these problems
were again in consideration by the mathematicians due to some results obtained
through Padé approximants (see [2, 3, 5]). Here we suggest a statement which
gives the opportunity to estimate the meromorhic continuation of power series.

Let

+oo
(1) > fazn
n=0

be an arbitrary power series and Ry = Ro(f) be the radius of convergence.
If Ro >0 by f = f(z) we will denote the sum of the series (1) in the disk
of convergence Dy = {z : |z| < Ro} and the analytic function defined by the
element (f, Do) as well. In that case for each m € N we denote D,,, = D, (f)
to be the disk of m-meromorphy of f (the maximum open disk with a center O
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in which f(z),z € Dy could be continued as a meromorphic function, having
no more that m poles, taking into account their multiplicities), and let R,, =
R,.(f) be the radius of D,, . As usual C' will be the complex plain.

Let A, ,n(f) be the determinant

fn—m—i—l fn—m+2 e fn
@ Bl = [ e a1,
fnferl fn7m+2 e fn

(f,k =0, ke N)
On the assumption that A,,m(f)#0 (n >mng,m € N) we put

mAnm((z—a)f)
A (f)
Let us mark that ¢, m,(a) is polynomial of m degree with a coefficient

in front of the highest degree 1, whose zeros we we shall denote with «, ; ,
7=1,2,3,...,m, i.e.

(3) QH,m(a) = q”,m(av f) = (_1)

(4) qn,m(a) = H(O‘ - an,j)

and with P, = {an1,%n,2, .-, ¥n,m} we shall denote the set of zeros of this
polynomial.

If Apw(f)=0 for n>mngy ,for any power series (1) and any sequence

of positive numbers & = {e j;% exist a power series

+oo
9=9(z) =Y gnz", g€ U(f),
n=0
such that for any nonnegative integer m and n , where
T 1
Ue(f) ={ 9: |gn — fnl| < €n, en:nkrfoo\en\n =q¢,n=0,1,2... } (0<¢g<1)

(see [6]). In such case f is replased and g is under consideration. So in further
consideration if R,, < oo we consider that the following inequality is valid

(5) IAn,m(f)l > qg (quO >O)7 nzno; m:Oa1527"'
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It is well known that the radius of m-meromorphy of the power series (1)
R, = R, (f) is given by Hadamard s formula

U (f)
£m+1(f)

where (o(f) =1, Ln(f) = Tm | A n(f) |7 (see [4]).
We will prove the following proposition:

RM(f) =

Theorem. If the following is satisfied

(6) lirf qn.m(0i) =0, a; € C\{0}
then
(7) 0< Ry < ‘Oél| < Rp.

Before roving this proposition let us note that if ¢, () is defined by
the sequence of the coefficients of the series (1) by means of the equation (3).
Then there is a polynomial p, () = ppm(a, f) such that the equality is
valid

(Gnm-f = Pnm)(@) = Ap a4

If the sequence {mpm}, me N, n=1,2,3,...,
Dn m(aa f)
Tn,m\Q&) = Tp,m aaf =———"73=
( ) / ( ) qn,m(aaf)
is convergent in the point ag # 0, then Ry > 0 .
Remark 1. The function m, ,(a) = z:zgg;
of the type (n,m) for the series (1) (see [1]).

is called Padé approximation

Remark 2. The above statement is due to A. Gonchar and was proved in
1981 (see [3]).

Proof of the Theorem. We shall divede the proof of the Theorem in
three cases.

Case 1. We shall prove that if (6) is valid than Ry > 0 .
Let us presume that Ry = 0 .Then

Cn(f) = Tm [Apm(f)]7 =400 or  lim Ay, i(f)[7 =0.

n—-+oo n—-+oo
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But 117m |An7m71(f)
n—-—4oo

and hence £,,,(f) = +oo.
Then |oy;| > 0 and exists p (0 < p < +00) such that 0< p < |a;| and
hence

# =0 e impossible to be valid, because (5) is valid

T [p"" A ()7 = Tm [p""Apn((z — @) )7 > 1,

n—-+4oo n—-+4oo

here « is a unspecified point of C. From where it follows that A = A(p) C N
exists, such that if n € A the following inequality is valid

(8) pnm|An,m((Z - a)f)| 2 pkm|Ak,m((Z - O‘)f)|’ k=1,2,..n

We denote ¢ the series

—+ 00 —+o0
v =p(z)= Z pp2z" = Z fnall 2"
n=0 n=0
and we form the difference

Dpm(p) = Dom(p) = Z(An,m(sa) = Dom(p))

k=1
=" DNy (2 — @) ) Tom »

where
n pknLAk,mrgnga;f;pnm’ PkmAk,m,gnga;fgvpnm’
_ PP An m (=) f).af™  pM M Ag m (=) f).af™
Tom = Z pEm Ay m ((z—a) f) PEmM Ak ((2—a) f)
k=1 Ag,m () Ag,m ()

—+oo
From where for n € A, « € C\P, P = |J P, considering the inequality
n=1
(8) ve have

nm
|ovi]

(9) | Anm (@) = Dom(0)] < [ B ((z =) )] Ty s

|ovi|™

where

* _z”: (ﬁ>(n7k)m ) (ﬁ)(nflwrl)m

n,m -~ o «
k=1 ’qk,m (071730)’ ‘qkfl,m (0717()0)‘
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We fix n € A and unspecified € > 0 . For any k=1,2,... n-1 we denote with
Jy.c the set consisting of €/mk? -surroundings of the zeros of the polynomial

n—1
Gem(a, f). Weput J» = |J Jre . The sum of the diameters of the disks
k=1

n—1
included in the set JI* does not exceed the quantity € Y k% . Then a cir-
k=1
cumference 7, with a centre in the point «; and the radius r,, exists which is
not cut with the set J*. Then for any o €, and k=1,2,...,n we have

€ \™ _om
(10) Gl Pl Zer (—o5) =k

wher the quantities ¢; > 0 and ¢z > 0 don t depend on & (and on n ).
Then from (9) using (10) we have

|An,m(§0) - AO,Tn(‘P)| <

m (n—k)m
o 2m P
_ . E - <
B ((Z 041)@) " <|Oéz‘|) -

k=1

m km
a y g (L
i =1 )

S C3.

+oo km
a p
<cs. | Dpm ((z - )<p> . k2 <> <
Q; ,; |
o
<ca |Dpm ((z—)@) , A€V, , nEAN.
Q;

Hence [Anm (¢)] < cs. ‘An,m ((z - O%)go) , UEY, , nEAN.

From the last inequality applying the maximum principle and using con-
sidering that

'An,m ((z = Of)<p>‘ = +o0, n— +o0, a €| J(ai,)

we have

Scﬁa aEU(ai,rn),nGA.
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i.e.
-1

<cg, an(ai,Tn),neA.

< . >
nom | —H» @
Q;

But this is contrary to the condition (6), since the condition (6) satisfies
then and only then, when

(6]
hm qn,m <> 50) =0
n—-4o0o Q;

when o = «; .
The obtained contradiction prove that Ry > 0.

Case 2. We shall prove that if the condition (6) is valid then |a;| > Rg .
-1
From 1 it follows that Ry > 0 and hence Ry < 47 (f) < Ry, -

Let us presume that |a;| < Ryp . Then p; (0 < p; < 400 ) exists such
that we have

(11) loi| < p1 < Ry < gﬁ(f)

and hence for every a € C, « is different from the poles of f in D,, we obtain

T n 1 T n 1
lim |p1mAn,m<f)‘" = lim |p1mAn,m<(Z - Ol)f)|” < 17

n—+00 n—-+o0o
Then
lim ™AL m((z—a)f)]=0
n—-4-o0o

and A; = A1(p) C N exists such that when n € A; the following inequality is
valid

(12) PP A (2 = @) )] = " A g (2 — @) )], 5 = 0,1,2, .,
In that case using (11) vhen n € A; the following

‘ An-&-j,m(f) ‘ < L
Dpm(f) |~

S T

(13) j=1,2,..

is valid also.
We denote ¢ the series

+oo +oo
p=0(z) =Y enz" =) faaf2"
n=0

n=0
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and we form the difference

k
An-ﬁ—k},m(@) - Amm(()p) = Z(An-i-j,m (QD) - An-ﬁ-j—Lm(SO))

Jj=1

:O‘?mAn,m((z - a)f)'Tk,m )

where
ko Ay (=) oo™ T A 1w (=) f). 0P
Tim =S { — A BonlCmaal™ AT B (Goe) o™
,m 7 i
— | A Anm(z=0)f) AT A1 m (=) )
I= Dptj,m () ADpgj—1,m(p)

+oo
From where for n € A, a« € C\P, P = |J P, using the inequality (12)
n=1

ve obtain
|ai|nm *
(14) |Aptkm(®) = Bnm(p)] < o™ | Apm((z — a)f)] Tym
where
\Jm 1\ G-1m
Tim =D - +
j=1 QnJrj,m (0%790)‘ QnJrjfl,m (0%790)‘

We fix n € Ay and unspecified € > 0. For any j=1,2,...,k we denote with
Jj.e the set consisting of €/mj? -surroundings of the zeros of the polynomial

k
Gntjm(a, f). We put J¥ = |J J;c . The sum of the diameters of the disks
=1

k
included in the set J* does not exceed the quantity ¢ > j% . Then a circum-
j=1
ference ~y; with a centre in the point «; and the radius r; exists which is not

cut with the set J* and for any o € v, and j=1,2,...,k we have

e \™ o
(15) |gn+jm(a, f)]| = a1 <mj2) =coj ",

wher the quantities ¢; >0 and c2 >0 don t depend on j (and on n ).
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Then from (14) using (15) we have

|An+k,m(90) - n,m(‘P)| <

A
k N G=1)m ™
£ ()1
; P1 P1
k (j—1)m
om [ 1%
.Zf <|) <
+oo mq (j—1)
.2m Q;
)]
P1

From the last inequality we obtain that

S EYE, n €A

Amm (Z - %)@
’An+k7m(@) _ 1‘ < ey ( i ) 1
An,m(W) An,m(‘»@)

From where using the maximum principle it follows that

( . >
qn,m — ¥
oy

Then from the condition (6) we obtain that for a = «;

(0%
li nm | — =0
o (309)

‘ An+k',m(50)

— 1| < ey
AN ‘_ !

, aGU(ai,rn) , meN .

and therefore hence

lim AnHC,m (90)

=1,neh, k=012,...
n=+oo Ap () '

From where it follows that

i A Bk ()
im
n—+too ™ A (f)

=1,neh, k=01,2,...
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and this contradicts the inequality (13). The obtained contradiction prove that
if the condition (6) is valid then |a;| > Ry

Case 3. We shall prove that if (6) is valid then |o;| < Ry, -
Let us presume that |a;| > Ry, . Then ps (0 < py < 400 ) exists such
that

1
‘ai‘ > p2 > Ry, > Ly (f)

and hence for every a € C, « is different from the poles of f in D,, we have

m (5™ A (£ = T [p5™ Apm((z — @) f)]7 > 1,

n—-+oo n—-+oo

Then Ag = As(pa) C N exists such that for n € Ay the following inequality
is valid

™ A (2 = @) )| = p5™ Bin((z = ) )] k= 1,2, .

We denote ¢ the series

+oo +o00
e= on2" =) faa}z"
n=0 n=0

and we form the difference

n

Dnm(9) = Bom(9) =D (Drm(®) = Dk—1,m(9)) -
k=1

We reform this difference the same way as in 1 and through analogous
to accomplished there arguments we reach to contradiction. The obtained
contradiction prove that if the condition (6) is valid then |a;| < R,, . The
prove of the theorem is complete. O

Analogous questions when the convergence in (6) is geometric are consid-
ered in [3] and when the convergence is unspecified in [2] and [5]. Suggested
here method for solving the problem is different from that in previous works
and it gives more information.
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MEPOMOP®HA IIPOAbJIZKNIMOCT
HA CTEITEHHUN PE/IOBE

ITerbp AHKOB

Pesrome. B paborara, mocpencTBoM CroenuasHo aeduHUpaH upe3 Koedu-

muenTuTe Ha TefIopoB pes MOMMHOM G, m (), Ce JOKA3BA TBBPJECHUE, JABAIIO
BB3MOXKHOCT /I3, C€ IIPABU MPETEHKA 38 MEPOMOPMHA MPOABIIZKAMOCT HA CTEIEeH-
HHU DEJIOBE.
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