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Abstract. We study the existence of lower and upper p—estimates in
weighted Orlicz sequence spaces and Lorentz—Orlicz sequence spaces. We
find necessary and sufficient conditions for a wide class of weighted Orlicz
sequence spaces to have S}, or UT; property. We also find upper estimates
for the unit vector basis in these spaces. We give some applications to
weak sequential continuity of polynomials.
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1. Introduction

The existence of ¢,-estimates in the sequences in a Banach space is of
great interest in the study of the structure of the space. It is also relevant in
some questions of non linear analysis such as the behaviour of polynomials [1],
[7], [10], [20], [24]. The upper and lower ¢,—estimates in the sequences are of
great interest when studding reflexivity of the space of polynomials [2], [6], [18]
and the problems of smoothness in Banach spaces [10], [11], [17], [18] in the
sense of existence of real bump functions with higher order of differentiability
[10], [4]. The existence of these estimates and the behavior of polynomials has
been studied in [10], [9].

IResearch is partially supported by National Fund for Scientific Research of the Bulgarian
Ministry of Education and Science, Contract MM-1401/04.
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B. Zlatanov

We use the standard Banach space terminology from [16].
We will begin with the following well known definition:

Definition 1.1. Let X be a Banach space and 1 < p,q < co. A sequence
{zr}72, of elements of X is said to have upper p-estimate (respectively, a
lower g—estimate) if there exists a constant C' > 0 such that for all scalars
ai,as,...,a, and all n € N we have

n l/p
<C (Z |a¢p>
=1

n 1/q
respectively, C (Z |ai|q> <
i=1

Here (3 |ax|™)"/*® = maxpen |ag|.

n
E ;i
k=1

n
E a;T;
k=1

Definition 1.2. A Banach space X is said to have property S, if every
weakly null normalized sequence {zx}72, in X has a subsequence {zy, }52, with
an upper p—estimate [15].

A Banach space X is said to have property 7 if every weakly null normal-
ized sequence {z;}7° ; in X has a subsequence {xy, }5°, with a lower g-estimate
[10].

Definition 1.3. A Banach space X has US,-property [15] (respectively,
UT,—property [10]) if there is a constant C' > 0 such that every weakly null nor-
malized sequence {z}72, has a subsequence {xy,}72, with an upper
p—estimate (respectively, lower g—estimate) with the constant C.

It is proved in [15] that the properties S, and U S, coincide. The properties
T, and UTj are not equivalent, even in reflexive Banach spaces [8].
The following notion was introduced in [12].

Definition 1.4. Let 1 < p < co. A Banach space has Banach—Saks type p
(for short BS,—property ) if every weakly null normalized sequence {xj}72
has a subsequence {xg,}52; so that for some constant 0 < C' < oo holds the
inequality

< Cnl/P

n
E T,

i=1

for every n € N. Here n'/> = 1.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

Let us recall that an Orlicz function M is even, continuous, non-decreasing
convex function such that M(0) = 0 and lim;_, o, M (t) = co. We say that M
is non—degenerate Orlicz function if M(¢) > 0 for every ¢t > 0. We say that M
has the As—condition at zero, if for some constants K > 0 and tg > 0 it holds
M(2t) < KM(t) for every 0 < t < tg.

Throughout this paper M will always denote Orlicz function.

The lower and upper Boyd indices associated to M (see e.g. [16]) are
defined by

M (uv)

Q) = su >1: su <oo}
p{p 0<u,5)§1 uP M (v)

M (uv)
=inf<{g>1: inf ——=>0;.
P =in {q - o<g,lv§1 udM(v) - }
For a positive measure space (€2, 3, u) the Orlicz space Ly (p) is defined
as the set of all equivalence classes of y—measurable scalar functions z on (2
such that for some A > 0 the inequality holds:

M(z/\) = /QM <f”(;)) du(t) < oo.

Usually the Orlicz space Lys(u) is equipped with the so called Luxemburg
norm:

2] pr () = I0F{A > 02 M(z/X) < 1}.

An extensive study of Orlicz spaces can be found in [16].

For @ = N and w = {w;}32; = {u(4)}52, we get the weighted Orlicz
sequence space £ (w).

In this case we have z € {7(w) iff M(l’/)\) =Y wiM(z;/\) < oo for
some A > 0 and ||2|g,, (w) = Inf{A > 0: 377, w;M(x;/A) < 1}

We denote by hjs(w) the subspace of £ (w) consisting of those sequences
{z;}22,, such that > =, w; M (Az;) < oo for every A > 0.

It is well know that the space £,;(w) endowed with the Luxemburg norm
| - lleas () is @ Banach space. The unit vectors {e;}72; form an unconditional
basis in hy(w).

By w € A, we mean that there exists a subsequence {wj, }7°; of w such
that -

klingo wj, =0 and ijk = 00.
k=1

When w; = 1 for each j € N, we obtain the usual Orlicz sequence space
denoted by £,;.
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Some results concerning S, and 7T; properties in Orlicz sequence spaces
har are obtained in [14] and [8].

Theorem 1. ([14]) Let 1 < p < oo, M is an Orlicz function. Let hps be
an Orlicz sequence space not containing ¢1. Then the following assertions are
equivalent:

(a) har has property BS),;

(b) the Orlicz function M satisfies:

sup M (st)

< 0oQ0;
0<s,t<1 M(s)tP ’

(¢c) has has property Sp.

Theorem 2. [8] Let 1 < g < oo, M is an Orlicz function. Let hpr be
an Orlicz sequence space not containing ¢1. Then the following assertions are
equivalent:

(a) har has property UT,;

(b) the Orlicz function M satisfies:

M (st)

inf 0.
O<l£t§1 M(s)ta >

Let w = {w;}$2, be a positive decreasing sequence such that w; = 1,
lim; oo w; = 0 and lim, o, W(n) = oo, where W(n) = Y1, w; for every
n € N. The Lorentz—Orlicz sequence space d(w, M) consists of all bounded
real sequences © = {z,}52; such that for some A > 0 holds I(A\x) < oo, where

I(z) = ZwZM(x:‘) = sup {ZwiM(:ﬂﬂ(i)) .7 is an injection N — N} )
i=1 i=1

and z* = {xF}5°, is the decreasing rearrangement of |z| = {|z,|}22,. The

space d(w, M) equipped with the Luxemburg norm
(1) |2l aguwary = nf{A > 0: I(z/A) < 1}

is a Banach space.

Notice that the assumption lim,,_, . W(n) = co yields that d(w, M) < cy.

We denote by do(w, M) the closure of finitely supported sequences in
d(w, M).

The next proposition from [13] shows that the space d(w, M) has much in
common with ;.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

Proposition 1.1. ([13]) I) The subspace do(w, M) coincides with the set
of all sequences © = {x,}52, such that for every A > 0 holds I(Ax) < oc.
Moreover, the sequence of the unit vectors {e;}5°, is a symmetric basis in
d() (w, M) .

II) The following assertions are equivalent:

i) The Orlicz function M satisfies the Ay—condition;

ii) the unit vectors {e;}$2, form a boundedly complete basis in do(w, M);
iii) do(w, M) = d(w, M);

iv) do(w, M) does not contain a closed subspace isomorphic to c.

If M(t)=1tP,1 < p < oo, then d(w, M) = d(w,p) is the Lorentz sequence
space. If w; = 1 for every i € N, then d(w, M) = £}, is the Orlicz sequence
space and hyr = do(w, M).

The symbol e,, will stand for the unit vectors in hps(w) and do(w, M).

A sufficient condition for existence of property S, in Lorentz sequence
spaces d(w, p) is obtained in [3].

Theorem 3. ([3]) The Lorenz sequence space d(w,p) has property S, if
1<p<oo.

Related to these properties are the following indices defined in [10]:
UX)=sup{p>1:X has S, — property}

w(X) =inf{g>1:X has T, — property}.

Obviously £(¢,) = u(¢,) = p. It is found in [8] that {(hr) = anr, ulhar) =
Bar and £(do(w,p)) = p.

2. Auxiliary results

The following fact is well known, (see [14]) but for the sake of completeness
we will prove it.

Proposition 2.1. If a Banach space X has property S, then X has pro-
perty BS,,.

Proof. Let {z;}72, be a weakly null normalized sequence in X. By the
fact that X has property S, follows that there is a subsequence {xy, }$2, such

that
n n 1/17
Zaizki <C <Z ai|p>
i=1

=1
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for all n € N and all sequences {a;}? ;.

Let al-:l/nl/p. Thenzmip:Z(l/p) =1.
n

i=1 i=1
n

1
i—

It follows from Elton’s cp—theorem [5] that BS..—property implies Soo—
property. Moreover both properties are equivalent to the hereditary Danford—
Pettis property. For 1 < p < oo, however, both properties are not equivalent:
the Lorentz sequence space d(w,1), where W (n) = n!/? for all n € N, has
property B.S,, while failing property S,. It is proved in [21] that property BS),
implies S,_. for any € > 0.

If ¢4 — hp, then apy = 1. Tt is shown [22] that in this case either hy,
has BS.—property and thus S., or hys fails BS,—property and thus S, for
all p > 1. Consequently, property BS, and S, are equivalent for all Orlicz
sequence spaces.

We do not know of an example of a Banach space, not containing ¢;, which
has property BS, and fails property S,.

Thus < Cnl/r, O

< C or equivalently ||Y 0 | xy,

Definition 2.1. Let {z,,}52; be a basic sequence in a Banach space X. A

Pji+1
sequence of non-zero vectors {u;}52, in X of the form u; = E an Xy With
n=p;+1
{an}32 scalars and p; < pa--- < p; < ... an increasing sequence of integers,

is called a block basic sequence of {z,}7 .
Definition 2.2. Two bases, {z,,}5°; of X and {y,}32; of Y, are called

equivalent provided a series g anx, converges iff E QnYn CONVErges.

n=1 n=1

The next Proposition is in fact an easy consequence results in ([16], p.7).
As it is not stated there in terms of normalized weakly null sequences and
normalized block basic sequences and just for the sake of completeness we will
prove it.

Proposition 2.2. Let {z;}2, be a basis of a Banach space X with a

basis constant K. Let y*) = Py agk)xi, k € N be a weakly null normalized
sequence in X. Then there exists a subsequence {yF»)}2° | of {y(*) 12 | which
is equivalent to a normalized block basic sequence of {z;}22;.

Proof. We will construct the block basic sequence of {x;}5°; inductively.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

- 1
1) Let take y*1) = y(M. Find p; € N such that _ Z al(-l)zz' < 1K Put
1=p1+1
P1
up = Zal(»l):ci and v1 = uy/||ur]|. Obviously ||v1]| =1 and
i=1
1>l =[S ez~ 3 o] >
i=1 i=p1+1
oo (oo} 1
Zal('l)x'i — . Z aq(;l)CCZ‘ Z 1— m
i=1 i=p1+1

< . Find py € N such that

p1
Z a(k2)$i

i=1

2) Let take y(*2) such that
) Let take y'"2) such tha W

oo P2
k 1 .
| E aE Q)xz- < IR R Put us = A E az(-k”mi and vy = ug/||luz|]. Obvi-
i=p2+1 i=p1+1

ously |lvz|| =1 and

oo p1 00
1> ug| = ZaEkQ)xi — ZaEkQ)xi — Z agb)xi >
i=1 i=1

i=pa2+1
L1 Lo
442K 442K 242 K

P2 1

3) Let take y*) such that ;agk”wi < WENTR Find p3 € N such that

[ee] 1 p3
| Z aE}%)mi < WEN R Put us = | Z a§k3)xi and vz = ug/||lusl|. Obvi-
i=p3+1 i=p2+1

ously |jvs|| = 1 and

o0 p2 [e’e]
k k k
1> usl = || al e =S a0z - 3 6| >
1=1 1=1

1=p3+1
1 1 1

1— - =1-—.
143K ABK 243 K
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If we have chosen p,,_1, u,_1 we proceed
Pn—1

4) Let take y*») such that ; al(k")xi < Irk Find p, € N such that
[ee) 1 Pn
, > alz;| < T Futun = | > al*z; and vy = un/|[un.
i=pn+1 i=pn—1+1
Obviously ||vy,|| =1 and
oo Pn—1 oo
12> |us| = Zagk")xi — Z az(-k")xi — Z agk")xi >
i=1 i=1 i=pp-+1
L1 Lo, 1
447 K 44" K 240 K’

Thus by

o
2y vl =

2| Tl Z ™ Tl
e e] Pn—1 e e} 1
< || X)) X e +|un]1—]
2 2 el
- 1 1 1 — 1 1
< — .
- z:: (4 n K + 44" K + 24" K ngl 4 K < 3.K
it follows that {y(F7)}°° | is equivalent to {v,}°2, [16]. O

3. S, and UT, properties in weighted Orlicz sequence spaces

In this section we will investigate the .S, and UT,—properties in weighted
Orlicz sequence spaces.

It is found in [23] that all weighted Orlicz sequence spaces £y(w) are
mutually isomorphic provided that w € A. A sharp estimate the cotype of a
weighted Orlicz sequence spaces £r(w) are found in [19], depending only on
the Orlicz function M, provided that w € A.

Naturally, the problem arises to find conditions for a weighted Orlicz se-
quence spaces {7 (w) to have property S, or UTy, dependent only on the Orlicz
function M, provided that w € A.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

There is no chance of mixing the Luxemburg norm in £j(w) and in
d(w, M), that is why in this section we will use || - || instead of || - |, (w)-
An equivalent definition of the S,—property is the following:

Definition 3.1. A X be a Banach space and 1 < p < co. It is said that
X has S,-property if every weakly null normalized sequence {z;}72, has a
subsequence {xy, }22, so that for some constant 0 < C' < oo holds:

iTh;

1/p
for every n € N and for all scalars {a;}? ; with <Z|al|p> < 1. Here

(3 lak[>)/> = maxyen |ax|-
Indeed if the conditions in Definition 1.2 hold and {x}?2; is a weakly
null normalized sequence, and {a;}?_; be such that (3> 1, |ai|”)1/p < 1, then

n
g ;T
i=1

constant C' > 0 and every n € N.
Let now hold the conditions in Definition 3.1 and {zx}}?_; be a weakly
null normalized sequence, and {az}g"’1 be arbitrary sequence of scalars. Let

|ax|?

1/p
<C <Z|ai1’> < C for some subsequence {zp,}2,, some

ag

define ay = ——————7. Then Z|ak|p = Z
(i laif)'” 22

30, aizy, || < C for some subsequence {xki}l:l and some constant C' > 0 or

equivalently Z i 0Tk,

— 7y,
1 [
i (S fedn)” =
1
1325 (i lasf?) 77
Theorem 4. Let 1 < p < oo, M is an Orlicz function, w = {w;}$2; € A.
Let hp(w) be a weighted Orlicz sequence space not containing ¢1. Then the
following assertions are equivalent:
(a) har(w) has property BSy;
(b) the Orlicz function M satisfies:

M (st)
su
0<s,1?§1 M(s)tp

= 1. Thus

7,1|

a
k < C'. Therefore we obtain

< 00;
(¢c) ha(w) has property S,.
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Proof. (c)=-(a) follows by Proposition 2.1.
(a)=(b) WLOG we may assume that

(o)
li i =0 and j = 00.
Jim w; n Zw] 00
Jj=1
If not we can consider the subspace has ({wj, }321) < ha(w), where klim wj, =
— 00

0 and Y, wj, = 00.

For any k € N there are sequences {pgf)}f,if:l and {q,(,]f)}f,if:l such that
1<p® <gf? <pf? <gf < <P <P <

and

k
aty

kf%< > w; <k

. k
J:P%)

Let the sequence {ay}7° be the solution of the equation kM (cy) = 1. Obvi-
ously ag \, 0.

qF)

Let b = Z agej. Since hps(w) does not contain an isomorphic copy
()
J=Pm
of ¢y, {bgﬁ)}ﬁ:l is a weakly null sequence for every k € N and ||bg§)|| <1.
k
(0 _ b

Let define now y,” = . Obviously ||y7(7]1C ) || = 1. Thus by the property

(k)
[1bm”
BS,, there exists an increasing sequence of naturals {m;}52; such that:

n n bﬁf) n
S| < |32 - 13wkt < cun
s=1 s=1 ms s=1

holds for some constant C; < co and for every n € N.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

By the inequalities:

n qﬁ,’? a
k
> > wM |
n

m=1j=p(®) 211> bl
s=1
n 1 qﬁf) n k
(a3 L
<Y oMl X w2 M
m=1 Z s ®|| | i=ptk m=1 Z bo)
s=1 . s=1 .
nk Qg (073
g <n(k—1/2M | —
> >
s=1 s=1

:zn:(k—l/Z)M o giijM ]l I
m=1 Z bgrlfz s=1 (k) Z bgﬁ%
s=1

J=Pms
s=1

n

> o <2 S ol

m=1 s=1
The last inequality is equivalent to

n o q®
@ 1233w (gg) 2o (k- 3) M ()

WLOG we may assume that s < a7 and t < 1/C. Let s,t € (0,1], there
exists k € N such that ap+1 < 8 < o and there exists n € N such that

n

it follows that <2 < Cn/P, where C = 2C;.

W <t S m Therefore
(i)
P
M (st) < Cnl/p < (k+1)(n+1)C < 80" .
M(s)tr n(k—1)

M (k1) (C’(nil)”PY
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(b)=(c) Let {yg¥}2°, be a sequence defined by y*) = 1 i Yj€j, Where
1<p <@ <p<@< - <ppr<gq<... and ?;pkij(yj) < 1. By (b)
there is a constant 0 < C' < oo such that

M (st
sup (st) < CP,
o<s,t<1 M(s)tP

Let {8 }32; be such that 377, |8x|P < 1. We will show that |35, Bry™|| <
C. Indeed

o Gk . o gk
S wt (B8) <355 wylnirar) <

k=1 j=pk k=1j=pg
oo qk o0
SIBP Y wiM(y;) <> I8P < 1.
k=1 k=1

J=pk

Since every weakly null normalized sequence {x;}5°; in hps(w) has a sub-
sequence {z;, }?2, which is equivalent to a normalized block basic sequence
{y®}52 ,, the proof is finished. O

Theorem 5. Let 1 < g < oo, M is an Orlicz function, w = {w;}$2, € A.
Let hps(w) be a weighted Orlicz sequence space not containing ¢1. Then the
following assertions are equivalent:

(a) har(w) has property UTy;

(b) the Orlicz function M satisfies:

nf M (st)
0<sit<1 M(s)tp

> 0.

Proof. (a)=(b) Consider C; > 0 such that every weakly null normalized
sequence admits a subsequence which has a lower g—estimate with the constant
C1. As mentioned in the proof of Theorem 4, WLOG we may assume that

oo
lim w; =0 and E w;j = 00.
j—o0

j=1
For any k € N there are sequences {p,(ﬁ)}gf:l and {q,(,’f)}gle such that
L) <) <l < << < <.
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

and

o

1
k=g < Zk w; < k.
j=p%

Let the sequence {ay}7° ; be the solution of the equation kM (cy) = 1. Obvi-
ously ag \, 0.

a®

Let b = Z age;. Since hpr(w) does not contain an isomorphic copy
j=p'
of ¢4, {bﬁ,’i)}gj:l is a weakly null sequence for every k € N and obviously
||b£,]§)|| < 1. By the inequalities:

aly aly

> wiM((2ay) > 2M(on) > wy > 2 (k - ;) M (ay) > kM (o) =1

J:pgn) szsn)

bl
it follows that [|[b || > 1/2. Let define now ') = 150
b

Thus there exists an increasing sequence of naturals {m4}°2, such that:

. Obviously ||y,(,]f)|| =1.

1/q
23] = [ < IS = () -
s=1 s=1 M s=1 s=1

holds for every n € N. Then

Z b$,’§> > Oynl/t

s=1

for every n € N with Cy = C4/2.
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By the inequalities:

k
no a

> Z M| e
m=1 (k)

(k)

n q$,’f> n
o 1 A
> > _ =
> oM > wy > 2(k 2>M
m=1 me i m= me
1
=2n (kJ—Q)M > nkM e
o Su
‘ o
n n qg:)

S DY 2.V [F N R YTV | L
Zb(k) s=1 (k) Zbgf)
s=1

J =Pmg

> 2 5 (o

m=1 s=1
The last inequality is equivalent to

(3) 1< zn: Z w; M (%) gnk:M(CZ’f/q).

WLOG we may assume that s < a3 and t < 1/C. Let s,t € (0,1], there
exists k € N such that ap+1 < s < ap and there exists n € N such that

it follows that

C
> Cnt/4, where C = 72

- - < -
Cln+ 1)1/q <t< il Therefore

M A1 -
(C(1+n)t/a) N knC4 . 1
on (Cnll/q) ES D

194
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Upper and lower estimates in weighted Orlicz sequence spaces and ...

(b)=(a) Let hold (b) and let y*) = i, ie; be a sequence with 1 <
P1LEqr<p2<qa<-<prp<Qrp <prg1 <. Let
M (st)

i >C
0<sit<l M (s)ta b

then

(k)
35w T -

) 1/q
k=1i=px Cl/q (Z?:1 Hy(J)Hq)

Iy}
> w; M " -
Z Z (y(“) 2 )]

=1 i—py =1 lly

1
= W)quuy Z“” (|<k>||>

Thus we have the inequality Cy (31, [ly*[|7) Ha < I r v™®|-

Since every weakly null normalized sequence {z;}5°; in hps(w) has a sub-
sequence {z;, }7°, which is equivalent to a normalized block basic sequence
{y®) )2 | the result follows. O

Corollary 3.1. Let hys(w) be a weighted Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {w;}5°, € A. Then

(hpr(w)) = aps and u(hp(w)) = Bas.

Proof. From Theorem 4 and Theorem 5 and since hys(w) contains an
isomorphic copy of ¢,,, and £3,,, the result follows. ([

The exact upper and lower estimates are found for the unit vector basis
{€;}2, in hps in terms of the generating function M [8]. When dealing with a
weight sequence the problem is much more complicated. Some upper estimates
are done for the unit vector basis in Lorentz sequence space do(w, p) in terms
of the weight sequence w = {w;}$2; and the parameter p.

Next by using the ideas from [8] we will find some upper estimates of the
unit vector basis {e;}$2; in hjs in terms of the generating Orlicz function M
and the sequence w = {w; }$2,.

Let start with the following notation:

1 1
For 1 < r < oo the number r* is the solution of the equation — + — = 1.
roor

We will use the standard notation ||z, = (3°:2; |xi|p)1/p for the norm in £,,.
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Proposition 3.1. Let hy(w) be a weighted Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {w;}5°, € A. Then
holds:

Mt
(a) If sup # < oo and w € {(,/p)+ for some s > p then the unit vector
0<t<1

basis {e,}52, has an upper s—estimate;
t
(b) If 0<1t1£1 # > 0 and the unit vector basis {e,}>2, has an upper
s—estimate then for some s > q then w € £(s/q)

Proof. (a) Let w € £(,/p)- for some s > p.
M(t)
P

Consider the sequence a = {a;}5°; € ¢, such that ||al|s < 1. Then for each
n € N we have

n a n |ai|p
; 1205y aieill ; 1225 adeil

and thus it follows

n P n n (p/s)* n (p/s)
Zaiei < C’Zwi|ai|p <C (ngs/p) ) <Z|ai|s> .
i=1 i=1 i=1 i=1

Hence [|>°F ; aie;| < C’||w|\zs/fp)*|\a||s, ie. {e;}$2, has an upper s—estimate

with a constant CHleS/fp)*.

There exist a constant C > 0 such that

< C for every t € (0,1].

(b) If the unit vector basis {e,, }52; has an upper s—estimate for some s > ¢
then |0 aeill < L(>°2, lai|*)"/* holds for some constant L and for any

a1,02,...,0,, N E N
. M(t)
There exist a constant ¢ > 0 such that r
Let b= {b;}§2, € £s4. By the inequality

> ¢ for every t € (0, 1].

n

i/ bl
w; M =1
Z 1 (Cl/q (>oiy wilbi)) l/q Z Y wilby]

=1

and the definition of the Luxemburg norm in hps(w) it follows that

n 1/q 0o 1/s
s 1
1 q(zmbi) < L (Zw /q) < L
=1

i=1

n

> bl e

i=1
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I
Hence Y2 |bilw; < ?||b||s/q for any b € £,,4 and therefore w € €5/~ O

Mt
Remark. Let us mention that if sup ﬁ < oo then the unit vector
0<t<1

basis {e,}52; has an upper p-estimate. Indeed w € £ and thus s should
be equal to p. The proof follows right away taking into account in (4) that
sup;cy w; < 00. As stated in the theorem there are cases when the unit vector
basis in hjs(w) may have a better upper s—estimate for s > p, depending on
the weight sequence w = {w;}52;.

4. S, property in Lorenz—Orlicz sequence spaces

Recently a deep result on embedding of ¢, spaces in Lorentz-Orlicz se-
quence spaces have been found in [13]. It is shown there that £, — do(w, M)
iff ¢, — ha iff p € [oar, ). This result naturally arises the question for
finding of upper and lower p—estimates in Lorentz—Orlicz sequence spaces.

There is no chance of mixing the Luxemburg norm in d(w, M) and in
£y (w), that is why in this section we will use || - || instead of || - [|g(w, )

Theorem 6. Let do(w, M) be a Lorentz—Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {w;}$2, satisfying w; \, 0
and Zf; w; = 00, not having an isomorphic copy of ¢1. Then:

M (st
(a) If sup (st) < oo for some 1<p<oo then do(w, M) has property Sp;
0<s,t<1 M(s)tP

M (st
(b) If do(w, M) has property UT, for some 1<g<oo then inf (st)

0<s,t<1 M(s)te >0

Proof. (a) Let {z;}$2; be a weakly null normalized sequence in do(w, M).
It has a subsequence {z;, }?° ; which is equivalent to a normalized block basic

Pk+1—Pk
k) __ Pk+1 o X * —
sequence y( ) = =pr+1 Yi€j> 1€ E ij(ypk+j) =1
j=1

There is a constant 0 < C' < oo such that

M (st
sup (st) < CP,
0<s,t<1 M(s)tP

Let {8, }72, be such that Y77, |Bx[P<1. We will show that || >, Bry™ || <C.
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Indeed:
[e'e] Prk+1 ﬁ * o0 Pk+1—Pk
kY ﬁkypxﬁ-]
S % e (M) < Y wr (P
k=1j=prp+1 k=1 j=1
o0 Pk+1—Pk
< D > wilk M)
k=1 j=1
[ee} Prk+1—Pk
< DB YD wiM(yp,,) < 1.
k=1 j=1

(b) Consider C; > 0 such that every weakly null normalized sequence
admits a subsequence which has a lower g—estimate with a constant Cj.
For any k € N there exist p; such that

1 Pk
k—§<zle<k.
=

Let the sequence {ay}72 be the solution of the equation kM (cy) = 1. Obvi-
ously ai \, 0.

Mpk
Let b = Z are; for m € N. The sequence {bS,’f)}gj:l is a
=14 (m—1)px
weakly null sequence for every k € N and ||b7(7]§) || < 1. By the inequalities:

1
Zw] (20) > 2M (o, Zw] zz(k—Q) M (ay) > kM (o) = 1

j=1

p(k)
follows that ||b(k)|| > 1/2. Let define now Yo = i (k)” Obviously ||y(k)|| =1
b

Thus there exists an increasing sequence of naturals {m4}22, such that:

n 1/q
| Z Cl (Z 1q> = C1n1/q
s=1

> b

s=1

for every n € N with C' = C; /2.

n

n b(lc)

2| oy

s=1 ||b
holds for every n € N. Then

pk)

ms

2 (k)

s=1

> Cnl/e
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By the symmetry of the unit vector basis follows that

(b )
>0 = b
m=1

s=1
The last inequality is equivalent to

> Cnt/a.

n mpg
® 13 M (Gora) <

n

Z pzkij (CZZQ) < nkM (sz/q) '

m=1 j=1

WLOG we may assume that s < ay and ¢ < 1/C. Now for every s,t € (0, 1],
there exists k& € N such that ap4+1 < s < ag and there exists n € N such that

< So

<
C(n+1)1a = Cnl/a

M Qp41 .
(COa+mt)* ) knCo
M (ay) (Cnluq) (erDin+ )

Remark. If M(t) = ¢ the result is obtained in [3].

Cq

1
>
!

O

Corollary 4.1. Let do(w, M) be a Lorentz—Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {w;}2, satisfying
w; \, 0 and Y ;2 w; = co. Then {(do(w, M)) = an.

Proof. From Theorem 6 and since do(w, M) contains an isomorphic copy
of ¢,,,, the result follows. O

Proposition 4.1. Let do(w, M) be a Lorentz—Orlicz sequence space gen-
erated by an Orlicz function M and a weight sequence w = {w;}$2, satisfying
w; \,0 and Y ;2 w; = co. Then

M(t) .

(a) Ifoilzgl —p < and w € {(4/p)~ for some s > p then the unit vector

basis {e,}52 ;1 has an upper s—estimate;

4
. . . 0o
(b) If 03321 T > 0 and the unit vector basis {e,}>2, has an upper

s—estimate then for some s > q then w € {(s/q4)«-
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Proof. Let w € £y~ for some s > p.

M(t
There exists a constant C' > 0 such that ( ) < C for every t € (0,1].

Consider the sequence a = {a;}2, € ¥ such that ||lals < 1. Then for each
n € N we have

n |a ‘p
1= w; M ( > C W=
2w { = 1%” Z T, ael?
and thus it follows
P n n ®/8)" s n (p/s)
<CY wilajlr < C (Z w7 ) (Z |a;-*|5> :
i=1 i=1 i=1

n 1
Hence [|0, ases|| < Cllw]ll7% . all.

(b) If the unit vector basis {e,, }°°; has an upper s—estimate then

n 0o 1/s
Zaiei <L (Z |ai|8>
=1 =1

holds for some constant L and for any a1, as,...,an, n € N.

i€

t
There exists a constant ¢ > 0 such that ) > c for every ¢ € (0, 1].

Let b = {b;}§2, € £s/q- By the 1nequahtles

g )1
szM< n 1/q> sz z 1w1b* =1

i=1 cl/a (300 wib;

and the definition of the Luxemburg norm in do(w, M) it follows that

n 1/q n 1/q
1/q (sz|bz|> < cl/a (szb:> <
i=1 =1

n I 1/s

R 1
Z|bi|1/q6i <L (Z“)l /q> < L||b||s;;l.
i=1 i=1

Hence ).~ |bj|w; < —[b]]

< —llls/q for any b € £, and therefore w € £(5/q)~. O

Remark. If M(t) = ¢ the result is obtained in [8].
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5. Some applications to polynomials

As mentioned in the introduction upper and lower p-estimates give us
much information about weak continuity of polynomials and this is of great
interest in some problems of smoothness [10], [4], [11], [18]. A connection
between upper and lower estimates in a Banach space and weak continuity of
polynomials is obtained in [§]:

Proposition 5.1. [8] Let X be a Banach space.

(i) If a sequence {x,}22, in X has an upper p-estimate, then for every
N—-homogeneous polynomial P on X, with N < p, the sequence {P ()} is
convergent to zero.

(ii) If X has a basis {e,, }>2; which satisfies a lower g—estimate, then there
exists an N—homogeneous polynomial on X, with N > ¢, such that P(e,) > 1
for all n € N.

By Proposition 5.1 and the results of the previous sections it follows:

Corollary 5.1. Let hp(w) be a weighted Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {w;}32, € A and not
containing an isomorphic copy of ¢1. Then any N-homogeneous polynomial
such that N < ays is weakly sequentially continuous. Moreover if N < s,

M(t
where s > p, sup J < o0 and w € {(4/p)- then for every N-homogeneous
0<t<1

polynomial P the sequence {P(e,)}52, converges to zero.

Corollary 5.2. Let do(w, M) be a Lorentz—Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {w;}$2, satisfy-
ing w; \, 0 and Y .2, w; = co and not containing an isomorphic copy of {;.
Then any N-homogeneous polynomial such that N < ays is weakly sequen-

tially continuous.Then for every N-homogeneous polynomial P the sequence

Mt
{P(en)}22, converges to zero, provided N < s, where s > p, sup L < o0
0<t<1

and w € é(s/p)*.
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I'orPHN 1N JOJIHU OLIEHKWN B TEI'JIOBU
PEANYHN ITPOCTPAHCTBA HA OPJINY 1N
PEINYHUN ITPOCTPAHCTBA HA JIOPEHII-OPJINY

Bogan 3uaramos

Pesrome. V3cnenBano e ChIECTBYBAHETO HA TOPHU W OJHU P—OIEHKU
B TErJIOBU DPEIWYHM MPOCTpaHcTBa HA OpiWd ¥ peIudyHU NPOCTPAHCTBA HA,
Jlopeui—Opsny. Hamepenu ca HeOOXOIUMU U AOCTATHIHU YCJIOBUSA, 3ABUCEITH
camo oT nopaxkgamara dyaxnus Ha Opiud, 3a MUPOK KIAC OT TEIJIOBU PEIHTHA
npocrparcrsa Ha Opsnd na npurekasar csoifcrsoro S, unu UT,. Hamepern
Ca TOPHU OIEHKU 33 eNVHWYIHUS DA3WC B TErJIOBU PEIUYHU TPOCTPAHCTBA, HA
Opsna u peauanan npocrpancrBa vHa Jlopean—Opina. Tlonyuenure pesyararu
ca TMPUJIOZKEHU 33 M3CJIeIBAHE Ha CJ1a0a HEMPEK'bCHATOCT HA TOJUHOMHU B TE3U
MPOCTPAHCTBA.
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