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Abstract. We study the existence of lower and upper p–estimates in
weighted Orlicz sequence spaces and Lorentz–Orlicz sequence spaces. We
find necessary and sufficient conditions for a wide class of weighted Orlicz
sequence spaces to have Sp or UTq property. We also find upper estimates
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1. Introduction

The existence of `p–estimates in the sequences in a Banach space is of
great interest in the study of the structure of the space. It is also relevant in
some questions of non linear analysis such as the behaviour of polynomials [1],
[7], [10], [20], [24]. The upper and lower `p–estimates in the sequences are of
great interest when studding reflexivity of the space of polynomials [2], [6], [18]
and the problems of smoothness in Banach spaces [10], [11], [17], [18] in the
sense of existence of real bump functions with higher order of differentiability
[10], [4]. The existence of these estimates and the behavior of polynomials has
been studied in [10], [9].

1Research is partially supported by National Fund for Scientific Research of the Bulgarian
Ministry of Education and Science, Contract MM-1401/04.
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B. Zlatanov

We use the standard Banach space terminology from [16].
We will begin with the following well known definition:

Definition 1.1. Let X be a Banach space and 1 < p, q ≤ ∞. A sequence
{xk}∞k=1 of elements of X is said to have upper p–estimate (respectively, a
lower q–estimate) if there exists a constant C > 0 such that for all scalars
a1, a2, . . . , an and all n ∈ N we have

∥∥∥∥∥
n∑

k=1

aixi

∥∥∥∥∥ ≤ C

(
n∑

i=1

|ai|p
)1/p


respectively, C

(
n∑

i=1

|ai|q
)1/q

≤
∥∥∥∥∥

n∑

k=1

aixi

∥∥∥∥∥




Here (
∑ |ak|∞)1/∞ = maxk∈N |ak|.

Definition 1.2. A Banach space X is said to have property Sp if every
weakly null normalized sequence {xk}∞k=1 in X has a subsequence {xki}∞i=1 with
an upper p–estimate [15].

A Banach space X is said to have property Tq if every weakly null normal-
ized sequence {xk}∞k=1 in X has a subsequence {xki}∞i=1 with a lower q–estimate
[10].

Definition 1.3. A Banach space X has USp–property [15] (respectively,
UTq–property [10]) if there is a constant C > 0 such that every weakly null nor-
malized sequence {xk}∞k=1 has a subsequence {xki}∞i=1 with an upper
p–estimate (respectively, lower q–estimate) with the constant C.

It is proved in [15] that the properties Sp and USp coincide. The properties
Tq and UTq are not equivalent, even in reflexive Banach spaces [8].

The following notion was introduced in [12].

Definition 1.4. Let 1 < p ≤ ∞. A Banach space has Banach–Saks type p
(for short BSp–property ) if every weakly null normalized sequence {xk}∞k=1

has a subsequence {xki}∞i=1 so that for some constant 0 < C < ∞ holds the
inequality ∥∥∥∥∥

n∑

i=1

xki

∥∥∥∥∥ ≤ Cn1/p

for every n ∈ N. Here n1/∞ = 1.
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Upper and lower estimates in weighted Orlicz sequence spaces and . . .

Let us recall that an Orlicz function M is even, continuous, non-decreasing
convex function such that M(0) = 0 and limt→∞M(t) = ∞. We say that M
is non–degenerate Orlicz function if M(t) > 0 for every t > 0. We say that M
has the ∆2–condition at zero, if for some constants K > 0 and t0 > 0 it holds
M(2t) ≤ KM(t) for every 0 < t ≤ t0.

Throughout this paper M will always denote Orlicz function.
The lower and upper Boyd indices associated to M (see e.g. [16]) are

defined by

αM = sup
{

p ≥ 1 : sup
0<u,v≤1

M(uv)
upM(v)

< ∞
}

βM = inf
{

q ≥ 1 : inf
0<u,v≤1

M(uv)
uqM(v)

> 0
}

.

For a positive measure space (Ω, Σ, µ) the Orlicz space LM (µ) is defined
as the set of all equivalence classes of µ–measurable scalar functions x on Ω
such that for some λ > 0 the inequality holds:

M̃(x/λ) =
∫

Ω

M

(
x(t)
λ

)
dµ(t) < ∞.

Usually the Orlicz space LM (µ) is equipped with the so called Luxemburg
norm:

‖x‖`M (w) = inf{λ > 0 : M̃(x/λ) ≤ 1}.
An extensive study of Orlicz spaces can be found in [16].

For Ω = N and w = {wj}∞j=1 = {µ(j)}∞j=1 we get the weighted Orlicz
sequence space `M (w).

In this case we have x ∈ `M (w) iff M̃(x/λ) =
∑∞

i=1 wiM(xi/λ) < ∞ for
some λ > 0 and ‖x‖`M (w) = inf{λ > 0 :

∑∞
i=1 wiM(xi/λ) ≤ 1}.

We denote by hM (w) the subspace of `M (w) consisting of those sequences
{xi}∞i=1, such that

∑∞
i=1 wiM(λxi) < ∞ for every λ > 0.

It is well know that the space `M (w) endowed with the Luxemburg norm
‖ · ‖`M (w) is a Banach space. The unit vectors {ei}∞i=1 form an unconditional
basis in hM (w).

By w ∈ Λ, we mean that there exists a subsequence {wjk
}∞k=1 of w such

that

lim
k→∞

wjk
= 0 and

∞∑

k=1

wjk
= ∞.

When wj = 1 for each j ∈ N, we obtain the usual Orlicz sequence space
denoted by `M .
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Some results concerning Sp and Tq properties in Orlicz sequence spaces
hM are obtained in [14] and [8].

Theorem 1. ([14]) Let 1 < p < ∞, M is an Orlicz function. Let hM be
an Orlicz sequence space not containing `1. Then the following assertions are
equivalent:

(a) hM has property BSp;
(b) the Orlicz function M satisfies:

sup
0<s,t≤1

M(st)
M(s)tp

< ∞;

(c) hM has property Sp.

Theorem 2. [8] Let 1 < q < ∞, M is an Orlicz function. Let hM be
an Orlicz sequence space not containing `1. Then the following assertions are
equivalent:

(a) hM has property UTq;
(b) the Orlicz function M satisfies:

inf
0<s,t≤1

M(st)
M(s)tq

> 0.

Let w = {wi}∞i=1 be a positive decreasing sequence such that w1 = 1,
limi→∞ wi = 0 and limn→∞W (n) = ∞, where W (n) =

∑n
i=1 wi for every

n ∈ N. The Lorentz–Orlicz sequence space d(w, M) consists of all bounded
real sequences x = {xn}∞n=1 such that for some λ > 0 holds I(λx) < ∞, where

I(x) =
∞∑

i=1

wiM(x∗i ) = sup

{ ∞∑

i=1

wiM(xπ(i)) : π is an injection N→ N
}

,

and x∗ = {x∗i }∞i=1 is the decreasing rearrangement of |x| = {|xn|}∞n=1. The
space d(w,M) equipped with the Luxemburg norm

(1) ‖x‖d(w,M) = inf{λ > 0 : I(x/λ) ≤ 1}
is a Banach space.

Notice that the assumption limn→∞W (n) = ∞ yields that d(w,M) ↪→ c0.
We denote by d0(w, M) the closure of finitely supported sequences in

d(w, M).
The next proposition from [13] shows that the space d(w,M) has much in

common with `M .
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Upper and lower estimates in weighted Orlicz sequence spaces and . . .

Proposition 1.1. ([13]) I) The subspace d0(w, M) coincides with the set
of all sequences x = {xn}∞n=1 such that for every λ > 0 holds I(λx) < ∞.
Moreover, the sequence of the unit vectors {ei}∞i=1 is a symmetric basis in
d0(w, M).

II) The following assertions are equivalent:
i) The Orlicz function M satisfies the ∆2–condition;
ii) the unit vectors {ei}∞i=1 form a boundedly complete basis in d0(w, M);
iii) d0(w, M) = d(w,M);
iv) d0(w,M) does not contain a closed subspace isomorphic to c0.

If M(t) = tp, 1 ≤ p < ∞, then d(w,M) = d(w, p) is the Lorentz sequence
space. If wi = 1 for every i ∈ N, then d(w, M) = `M is the Orlicz sequence
space and hM = d0(w, M).

The symbol en will stand for the unit vectors in hM (w) and d0(w,M).
A sufficient condition for existence of property Sp in Lorentz sequence

spaces d(w, p) is obtained in [3].

Theorem 3. ([3]) The Lorenz sequence space d(w, p) has property Sp if
1 < p < ∞.

Related to these properties are the following indices defined in [10]:

`(X) = sup{p ≥ 1 : X has Sp − property}

u(X) = inf{q ≥ 1 : X has Tq − property}.
Obviously `(`p) = u(`p) = p. It is found in [8] that `(hM ) = αM , u(hM ) =

βM and `(d0(w, p)) = p.

2. Auxiliary results

The following fact is well known, (see [14]) but for the sake of completeness
we will prove it.

Proposition 2.1. If a Banach space X has property Sp then X has pro-
perty BSp.

Proof. Let {xk}∞k=1 be a weakly null normalized sequence in X. By the
fact that X has property Sp follows that there is a subsequence {xki}∞i=1 such
that ∥∥∥∥∥

n∑

i=1

aixki

∥∥∥∥∥ ≤ C

(
n∑

i=1

|ai|p
)1/p
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for all n ∈ N and all sequences {ai}n
i=1.

Let ai = 1/n1/p. Then
n∑

i=1

|ai|p =
n∑

i=1

(
1

n1/p

)p

= 1.

Thus

∥∥∥∥∥
n∑

i=1

1
n1/p

xki

∥∥∥∥∥ ≤ C or equivalently ‖∑n
i=1 xki

‖ ≤ Cn1/p. ¤

It follows from Elton’s c0–theorem [5] that BS∞–property implies S∞–
property. Moreover both properties are equivalent to the hereditary Danford–
Pettis property. For 1 < p < ∞, however, both properties are not equivalent:
the Lorentz sequence space d(w, 1), where W (n) = n1/p for all n ∈ N, has
property BSp, while failing property Sp. It is proved in [21] that property BSp

implies Sp−ε for any ε > 0.
If `1 ↪→ hM , then αM = 1. It is shown [22] that in this case either hM

has BS∞–property and thus S∞, or hM fails BSp–property and thus Sp for
all p > 1. Consequently, property BSp and Sp are equivalent for all Orlicz
sequence spaces.

We do not know of an example of a Banach space, not containing `1, which
has property BSp and fails property Sp.

Definition 2.1. Let {xn}∞n=1 be a basic sequence in a Banach space X. A

sequence of non–zero vectors {uj}∞j=1 in X of the form uj =
pj+1∑

n=pj+1

anxn with

{an}∞n=1 scalars and p1 < p2 · · · < pj < . . . an increasing sequence of integers,
is called a block basic sequence of {xn}∞n=1.

Definition 2.2. Two bases, {xn}∞n=1 of X and {yn}∞n=1 of Y , are called

equivalent provided a series
∞∑

n=1

anxn converges iff
∞∑

n=1

anyn converges.

The next Proposition is in fact an easy consequence results in ([16], p.7).
As it is not stated there in terms of normalized weakly null sequences and
normalized block basic sequences and just for the sake of completeness we will
prove it.

Proposition 2.2. Let {xi}∞i=1 be a basis of a Banach space X with a

basis constant K. Let y(k) =
∑∞

i=1 a
(k)
i xi, k ∈ N be a weakly null normalized

sequence in X. Then there exists a subsequence {y(kn)}∞n=1 of {y(k)}∞k=1, which
is equivalent to a normalized block basic sequence of {xi}∞i=1.

Proof. We will construct the block basic sequence of {xi}∞i=1 inductively.
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Upper and lower estimates in weighted Orlicz sequence spaces and . . .

1) Let take y(k1) = y(1). Find p1 ∈ N such that

∥∥∥∥∥∥

∞∑

i=p1+1

a
(1)
i xi

∥∥∥∥∥∥
≤ 1

2.4.K
. Put

u1 =
p1∑

i=1

a
(1)
i xi and v1 = u1/‖u1‖. Obviously ‖v1‖ = 1 and

1 ≥ ‖u1‖ =

∥∥∥∥∥∥

∞∑

i=1

a
(1)
i xi −

∞∑

i=p1+1

a
(1)
i xi

∥∥∥∥∥∥
≥

∥∥∥∥∥
∞∑

i=1

a
(1)
i xi

∥∥∥∥∥−
∥∥∥∥∥∥

∞∑

i=p1+1

a
(1)
i xi

∥∥∥∥∥∥
≥ 1− 1

2.4.K
.

2) Let take y(k2) such that

∥∥∥∥∥
p1∑

i=1

a
(k2)
i xi

∥∥∥∥∥ ≤ 1
4.42.K

. Find p2 ∈ N such that
∥∥∥∥∥∥

∞∑

i=p2+1

a
(k2)
i xi

∥∥∥∥∥∥
≤ 1

4.42.K
. Put u2 =

p2∑

i=p1+1

a
(k2)
i xi and v2 = u2/‖u2‖. Obvi-

ously ‖v2‖ = 1 and

1 ≥ ‖u2‖ =

∥∥∥∥∥∥

∞∑

i=1

a
(k2)
i xi −

p1∑

i=1

a
(k2)
i xi −

∞∑

i=p2+1

a
(k2)
i xi

∥∥∥∥∥∥
≥

1− 1
4.42.K

− 1
4.42.K

= 1− 1
2.42.K

.

3) Let take y(k3) such that

∥∥∥∥∥
p2∑

i=1

a
(k3)
i xi

∥∥∥∥∥ ≤ 1
4.43.K

. Find p3 ∈ N such that
∥∥∥∥∥∥

∞∑

i=p3+1

a
(k3)
i xi

∥∥∥∥∥∥
≤ 1

4.43.K
. Put u3 =

p3∑

i=p2+1

a
(k3)
i xi and v3 = u3/‖u3‖. Obvi-

ously ‖v3‖ = 1 and

1 ≥ ‖u3‖ =

∥∥∥∥∥∥

∞∑

i=1

a
(k3)
i xi −

p2∑

i=1

a
(k3)
i xi −

∞∑

i=p3+1

a
(k3)
i xi

∥∥∥∥∥∥
≥

1− 1
4.43.K

− 1
4.43.K

= 1− 1
2.43.K

.
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If we have chosen pn−1, un−1 we proceed

4) Let take y(kn) such that

∥∥∥∥∥
pn−1∑

i=1

a
(kn)
i xi

∥∥∥∥∥ ≤
1

4.4n.K
. Find pn ∈ N such that

∥∥∥∥∥∥

∞∑

i=pn+1

a
(kn)
i xi

∥∥∥∥∥∥
≤ 1

4.4n.K
. Put un =

pn∑

i=pn−1+1

a
(kn)
i xi and vn = un/‖un‖.

Obviously ‖vn‖ = 1 and

1 ≥ ‖un‖ =

∥∥∥∥∥∥

∞∑

i=1

a
(kn)
i xi −

pn−1∑

i=1

a
(kn)
i xi −

∞∑

i=pn+1

a
(kn)
i xi

∥∥∥∥∥∥
≥

1− 1
4.4n.K

− 1
4.4n.K

= 1− 1
2.4n.K

.

Thus by
∞∑

n=1

‖y(kn) − vn‖ =

=
∞∑

n=1

∥∥∥∥y(kn) − un + un − un

‖un‖

∥∥∥∥ ≤
∞∑

n=1

‖y(kn) − un‖+
∞∑

n=1

∥∥∥∥un − un

‖un‖

∥∥∥∥

≤
∞∑

n=1




∥∥∥∥∥
pn−1∑

i=1

a
(kn)
i xi

∥∥∥∥∥ +

∥∥∥∥∥∥

∞∑

i=pn+1

a
(kn)
i xi

∥∥∥∥∥∥
+ ‖un‖

∣∣∣∣1−
1

‖un‖

∣∣∣∣




≤
∞∑

n=1

(
1

4.4n.K
+

1
4.4n.K

+
1

2.4n.K

)
=

∞∑
n=1

1
4n.K

<
1

3.K
.

it follows that {y(kn)}∞n=1 is equivalent to {vn}∞n=1 [16]. ¤

3. Sp and UTq properties in weighted Orlicz sequence spaces

In this section we will investigate the Sp and UTq–properties in weighted
Orlicz sequence spaces.

It is found in [23] that all weighted Orlicz sequence spaces `M (w) are
mutually isomorphic provided that w ∈ Λ. A sharp estimate the cotype of a
weighted Orlicz sequence spaces `M (w) are found in [19], depending only on
the Orlicz function M , provided that w ∈ Λ.

Naturally, the problem arises to find conditions for a weighted Orlicz se-
quence spaces `M (w) to have property Sp or UTq, dependent only on the Orlicz
function M , provided that w ∈ Λ.
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Upper and lower estimates in weighted Orlicz sequence spaces and . . .

There is no chance of mixing the Luxemburg norm in `M (w) and in
d(w, M), that is why in this section we will use ‖ · ‖ instead of ‖ · ‖`M (w).

An equivalent definition of the Sp–property is the following:

Definition 3.1. A X be a Banach space and 1 < p ≤ ∞. It is said that
X has Sp–property if every weakly null normalized sequence {xk}∞k=1 has a
subsequence {xki

}∞i=1 so that for some constant 0 < C < ∞ holds:
∥∥∥∥∥

n∑

i=1

aixki

∥∥∥∥∥ ≤ C

for every n ∈ N and for all scalars {ai}n
i=1 with

(
n∑

i=1

|ai|p
)1/p

≤ 1. Here

(
∑ |ak|∞)1/∞ = maxk∈N |ak|.

Indeed if the conditions in Definition 1.2 hold and {xk}∞k=1 is a weakly
null normalized sequence, and {ai}n

i=1 be such that (
∑n

i=1 |ai|p)1/p ≤ 1, then∥∥∥∥∥
n∑

i=1

aixki

∥∥∥∥∥ ≤ C

(
n∑

i=1

|ai|p
)1/p

≤ C for some subsequence {xki}∞i=1, some

constant C > 0 and every n ∈ N.
Let now hold the conditions in Definition 3.1 and {xk}n

k=1 be a weakly
null normalized sequence, and {ai}∞i=1 be arbitrary sequence of scalars. Let

define αk =
ak

(
∑n

i=1 |ai|p)1/p
. Then

n∑

k=1

|αk|p =
n∑

k=1

|ak|p∑n
i=1 |ai|p = 1. Thus

‖∑n
i=1 αixki‖ ≤ C for some subsequence {xki}∞i=1 and some constant C > 0 or

equivalently

∥∥∥∥∥
n∑

k=1

ak

(
∑n

i=1 |ai|p)1/p
xki

∥∥∥∥∥ =

∥∥∥∥∥
n∑

i=1

αixki

∥∥∥∥∥ ≤ C. Therefore we obtain

‖∑n
i=1 aixki‖ ≤ C (

∑n
i=1 |ai|p)1/p.

Theorem 4. Let 1 < p < ∞, M is an Orlicz function, w = {wi}∞i=1 ∈ Λ.
Let hM (w) be a weighted Orlicz sequence space not containing `1. Then the
following assertions are equivalent:

(a) hM (w) has property BSp;
(b) the Orlicz function M satisfies:

sup
0<s,t≤1

M(st)
M(s)tp

< ∞;

(c) hM (w) has property Sp.
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Proof. (c)⇒(a) follows by Proposition 2.1.

(a)⇒(b) WLOG we may assume that

lim
j→∞

wj = 0 and
∞∑

j=1

wj = ∞.

If not we can consider the subspace hM ({wjk
}∞k=1) ↪→ hM (w), where lim

k→∞
wjk

=

0 and
∑∞

k=1 wjk
= ∞.

For any k ∈ N there are sequences {p(k)
m }∞m=1 and {q(k)

m }∞m=1 such that

1 ≤ p
(k)
1 ≤ q

(k)
1 < p

(k)
2 ≤ q

(k)
2 < · · · < p(k)

m ≤ q(k)
m < . . .

and

k − 1
2

<

q(k)
m∑

j=p
(k)
m

wj < k.

Let the sequence {αk}∞k=1 be the solution of the equation kM(αk) = 1. Obvi-
ously αk ↘ 0.

Let b
(k)
m =

q(k)
m∑

j=p
(k)
m

αkej . Since hM (w) does not contain an isomorphic copy

of `1, {b(k)
m }∞m=1 is a weakly null sequence for every k ∈ N and ‖b(k)

m ‖ ≤ 1.

Let define now y
(k)
m =

b
(k)
m

‖b(k)
m ‖

. Obviously ‖y(k)
m ‖ = 1. Thus by the property

BSp, there exists an increasing sequence of naturals {ms}∞s=1 such that:

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≤
∥∥∥∥∥

n∑
s=1

b
(k)
ms

‖b(k)
ms‖

∥∥∥∥∥ =

∥∥∥∥∥
n∑

s=1

y(k)
ms

∥∥∥∥∥ ≤ C1n
1/p

holds for some constant C1 < ∞ and for every n ∈ N.
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Upper and lower estimates in weighted Orlicz sequence spaces and . . .

By the inequalities:

n∑
m=1

q(k)
m∑

j=p
(k)
m

wjM




αk

2

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




≤
n∑

m=1

1
2
M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




q(k)
m∑

j=p
(k)
m

wj ≤
n∑

m=1

k

2
M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




=
nk

2
M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥



≤ n(k − 1/2)M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




=
n∑

m=1

(k − 1/2)M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥



≤

n∑
s=1

q(k)
ms∑

j=p
(k)
ms

wjM




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥



≤ 1

it follows that

∥∥∥∥∥
n∑

m=1

b(k)
m

∥∥∥∥∥ ≤ 2

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≤ Cn1/p, where C = 2C1.

The last inequality is equivalent to

(2) 1 ≥
n∑

m=1

q(k)
m∑

j=p
(k)
m

wjM
( αk

Cn1/p

)
≥ n

(
k − 1

2

)
M

( αk

Cn1/p

)
.

WLOG we may assume that s < α1 and t < 1/C. Let s, t ∈ (0, 1], there
exists k ∈ N such that αk+1 < s ≤ αk and there exists n ∈ N such that

1
C(n + 1)1/p

< t ≤ 1
Cn1/p

. Therefore

M(st)
M(s)tp

≤
M

( αk

Cn1/p

)

M(αk+1)
(

1
C(n + 1)1/p

)p ≤
(k + 1)(n + 1)Cp

n
(
k − 1

2

) ≤ 8Cp .
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(b)⇒(c) Let {y(k)}∞k=1 be a sequence defined by y(k) =
∑qk

j=pk
yjej , where

1 ≤ p1 ≤ q1 < p2 ≤ q2 < · · · < pk ≤ qk < . . . and
∑qk

j=pk
wjM(yj) ≤ 1. By (b)

there is a constant 0 < C < ∞ such that

sup
0<s,t≤1

M(st)
M(s)tp

≤ Cp.

Let {βk}∞k=1 be such that
∑∞

k=1 |βk|p ≤ 1. We will show that
∥∥∑∞

i=1 βky(k)
∥∥ ≤

C. Indeed

∞∑

k=1

qk∑

j=pk

wjM

(
βkyj

C

)
≤

∞∑

k=1

qk∑

j=pk

wj |βk|pM(yj) ≤

∞∑

k=1

|βk|p
qk∑

j=pk

wjM(yj) ≤
∞∑

k=1

|βk|p ≤ 1.

Since every weakly null normalized sequence {xi}∞i=1 in hM (w) has a sub-
sequence {xik

}∞k=1 which is equivalent to a normalized block basic sequence
{y(k)}∞k=1, the proof is finished. ¤

Theorem 5. Let 1 < q < ∞, M is an Orlicz function, w = {wi}∞i=1 ∈ Λ.
Let hM (w) be a weighted Orlicz sequence space not containing `1. Then the
following assertions are equivalent:

(a) hM (w) has property UTq;
(b) the Orlicz function M satisfies:

inf
0<s,t≤1

M(st)
M(s)tp

> 0.

Proof. (a)⇒(b) Consider C1 > 0 such that every weakly null normalized
sequence admits a subsequence which has a lower q–estimate with the constant
C1. As mentioned in the proof of Theorem 4, WLOG we may assume that

lim
j→∞

wj = 0 and
∞∑

j=1

wj = ∞.

For any k ∈ N there are sequences {p(k)
m }∞m=1 and {q(k)

m }∞m=1 such that

1 ≤ p
(k)
1 ≤ q

(k)
1 < p

(k)
2 ≤ q

(k)
2 < · · · < p(k)

m ≤ q(k)
m < . . .
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and

k − 1
2

<

q(k)
m∑

j=p
(k)
m

wj < k.

Let the sequence {αk}∞k=1 be the solution of the equation kM(αk) = 1. Obvi-
ously αk ↘ 0.

Let b
(k)
m =

q(k)
m∑

j=p
(k)
m

αkej . Since hM (w) does not contain an isomorphic copy

of `1, {b(k)
m }∞m=1 is a weakly null sequence for every k ∈ N and obviously

‖b(k)
m ‖ ≤ 1. By the inequalities:

q(k)
m∑

j=p
(k)
m

wjM(2αk) ≥ 2M(αk)
q(k)

m∑

j=p
(k)
m

wj ≥ 2
(

k − 1
2

)
M(αk) ≥ kM(αk) = 1

it follows that ‖b(k)
m ‖ ≥ 1/2. Let define now y

(k)
m =

b
(k)
m

‖b(k)
m ‖

. Obviously ‖y(k)
m ‖ = 1.

Thus there exists an increasing sequence of naturals {ms}∞s=1 such that:

2

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≥
∥∥∥∥∥

n∑
s=1

b
(k)
ms

‖b(k)
ms‖

∥∥∥∥∥ =

∥∥∥∥∥
n∑

s=1

y(k)
ms

∥∥∥∥∥ ≥ C1

(
n∑

s=1

1q

)1/q

= C1n
1/q

holds for every n ∈ N. Then

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≥ C2n
1/q

for every n ∈ N with C2 = C1/2.
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By the inequalities:

n∑
m=1

q(k)
m∑

j=p
(k)
m

wjM




2αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




≥
n∑

m=1

2M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




q(k)
m∑

j=p
(k)
m

wj ≥
n∑

m=1

2
(

k − 1
2

)
M




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




= 2n

(
k − 1

2

)
M




αk∥∥∥∥∥∥∥

n∑
s=1

b(k)
ms

∥∥∥∥∥∥∥



≥ nkM




αk∥∥∥∥∥∥∥

n∑
s=1

b(k)
ms

∥∥∥∥∥∥∥




=
n∑

m=1

kM




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥



≥

n∑
s=1

q(k)
ms∑

j=p
(k)
ms

wjM




αk∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥




= 1

it follows that

∥∥∥∥∥
n∑

m=1

b(k)
m

∥∥∥∥∥ ≥
1
2

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≥ Cn1/q, where C =
C2

2
.

The last inequality is equivalent to

(3) 1 ≤
n∑

m=1

q(k)
m∑

j=p
(k)
m

wjM
( αk

Cn1/q

)
≤ nkM

( αk

Cn1/q

)
.

WLOG we may assume that s < α1 and t < 1/C. Let s, t ∈ (0, 1], there
exists k ∈ N such that αk+1 < s ≤ αk and there exists n ∈ N such that

1
C(n + 1)1/q

< t ≤ 1
Cn1/q

. Therefore

M(st)
M(s)tq

≥
M

(
αk+1(

C(1 + n)1/q
)q

)

M(αk)
(

1
Cn1/q

)q ≥ knCq

(k + 1)(n + 1)
≥ 1

4
Cq.
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(b)⇒(a) Let hold (b) and let y(k) =
∑qk

i=pk
αiei be a sequence with 1 ≤

p1 ≤ q1 < p2 ≤ q2 < · · · < pk ≤ qk < pk+1 ≤ . . . . Let

inf
0<s,t≤1

M(st)
M(s)tq

> C1,

then

n∑

k=1

qk∑

i=pk

wiM


 αi

‖y(k)‖ ·
‖y(k)‖

C
1/q
1

(∑n
j=1 ‖y(j)‖q

)1/q




≥
n∑

k=1

qk∑

i=pk

wiM

(
αi

‖y(k)‖
)
· ‖y(k)‖q

∑n
j=1 ‖y(j)‖q

=
1∑n

j=1 ‖y(j)‖q

n∑

k=1

‖y(k)‖q

qk∑

i=pk

wiM

(
αi

‖y(k)‖
)

= 1.

Thus we have the inequality C1

(∑n
i=1 ‖y(k)‖q

)1/q ≤
∥∥∑n

k=1 y(k)
∥∥.

Since every weakly null normalized sequence {xi}∞i=1 in hM (w) has a sub-
sequence {xik

}∞k=1 which is equivalent to a normalized block basic sequence
{y(k)}∞k=1 the result follows. ¤

Corollary 3.1. Let hM (w) be a weighted Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {wi}∞i=1 ∈ Λ. Then
`(hM (w)) = αM and u(hM (w)) = βM .

Proof. From Theorem 4 and Theorem 5 and since hM (w) contains an
isomorphic copy of `αM and `βM , the result follows. ¤

The exact upper and lower estimates are found for the unit vector basis
{ei}∞i=1 in hM in terms of the generating function M [8]. When dealing with a
weight sequence the problem is much more complicated. Some upper estimates
are done for the unit vector basis in Lorentz sequence space d0(w, p) in terms
of the weight sequence w = {wi}∞i=1 and the parameter p.

Next by using the ideas from [8] we will find some upper estimates of the
unit vector basis {ei}∞i=1 in hM in terms of the generating Orlicz function M
and the sequence w = {wi}∞i=1.

Let start with the following notation:

For 1 < r < ∞ the number r∗ is the solution of the equation
1
r

+
1
r∗

= 1.

We will use the standard notation ‖x‖p = (
∑∞

i=1 |xi|p)1/p for the norm in `p.
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Proposition 3.1. Let hM (w) be a weighted Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {wi}∞i=1 ∈ Λ. Then
holds:

(a) If sup
0<t≤1

M(t)
tp

< ∞ and w ∈ `(s/p)∗ for some s > p then the unit vector

basis {en}∞n=1 has an upper s–estimate;

(b) If inf
0<t≤1

M(t)
tq

> 0 and the unit vector basis {en}∞n=1 has an upper

s–estimate then for some s > q then w ∈ `(s/q)∗ .

Proof. (a) Let w ∈ `(s/p)∗ for some s > p.

There exist a constant C > 0 such that
M(t)

tp
< C for every t ∈ (0, 1].

Consider the sequence a = {ai}∞i=1 ∈ `s such that ‖a‖s ≤ 1. Then for each
n ∈ N we have

(4) 1 =
n∑

i=1

wiM

(
ai

‖∑n
i=1 aiei‖

)
≤ C

n∑

i=1

wi
|ai|p

‖∑n
i=1 aiei‖

and thus it follows
∥∥∥∥∥

n∑

i=1

aiei

∥∥∥∥∥

p

≤ C

n∑

i=1

wi|ai|p ≤ C

(
n∑

i=1

w
(s/p)∗

i

)(p/s)∗ (
n∑

i=1

|ai|s
)(p/s)

.

Hence ‖∑n
i=1 aiei‖ ≤ C‖w‖1/p

(s/p)∗‖a‖s, i.e. {ei}∞i=1 has an upper s–estimate

with a constant C‖w‖1/p
(s/p)∗ .

(b) If the unit vector basis {en}∞n=1 has an upper s–estimate for some s > q

then ‖∑n
i=1 aiei‖ ≤ L (

∑∞
i=1 |ai|s)1/s holds for some constant L and for any

a1, a2, . . . , an, n ∈ N.

There exist a constant c > 0 such that
M(t)

tq
> c for every t ∈ (0, 1].

Let b = {bi}∞i=1 ∈ `s/q. By the inequality

n∑

i=1

wiM

(
|bi|1/q

c1/q (
∑n

i=1 wi|bi|)1/q

)
≥

n∑

i=1

wi
|bi|∑n

i=1 wi|bi| = 1

and the definition of the Luxemburg norm in hM (w) it follows that

c1/q

(
n∑

i=1

wi|bi|
)1/q

≤
∥∥∥∥∥

n∑

i=1

|bi|1/qei

∥∥∥∥∥ ≤ L

( ∞∑

i=1

|bi|s/q

)1/s

≤ L‖b‖1/q
s/q .
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Hence
∑∞

i=1 |bi|wi ≤ Lq

c
‖b‖s/q for any b ∈ `s/q and therefore w ∈ `(s/q)∗ . ¤

Remark. Let us mention that if sup
0<t≤1

M(t)
tp

< ∞ then the unit vector

basis {en}∞n=1 has an upper p–estimate. Indeed w ∈ `∞ and thus s should
be equal to p. The proof follows right away taking into account in (4) that
supi∈N wi < ∞. As stated in the theorem there are cases when the unit vector
basis in hM (w) may have a better upper s–estimate for s > p, depending on
the weight sequence w = {wi}∞i=1.

4. Sp property in Lorenz–Orlicz sequence spaces

Recently a deep result on embedding of `p spaces in Lorentz–Orlicz se-
quence spaces have been found in [13]. It is shown there that `p ↪→ d0(w, M)
iff `p ↪→ hM iff p ∈ [αM , βM ]. This result naturally arises the question for
finding of upper and lower p–estimates in Lorentz–Orlicz sequence spaces.

There is no chance of mixing the Luxemburg norm in d(w,M) and in
`M (w), that is why in this section we will use ‖ · ‖ instead of ‖ · ‖d(w,M).

Theorem 6. Let d0(w,M) be a Lorentz–Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {wi}∞i=1 satisfying wi ↘ 0
and

∑∞
i=1 wi = ∞, not having an isomorphic copy of `1. Then:

(a) If sup
0<s,t≤1

M(st)
M(s)tp

< ∞ for some 1<p<∞ then d0(w,M) has property Sp;

(b) If d0(w,M) has property UTq for some 1<q<∞ then inf
0<s,t≤1

M(st)
M(s)tq

> 0.

Proof. (a) Let {xi}∞i=1 be a weakly null normalized sequence in d0(w,M).
It has a subsequence {xik

}∞k=1 which is equivalent to a normalized block basic

sequence y(k) =
∑pk+1

j=pk+1 yjej , i.e.
pk+1−pk∑

j=1

wjM(y∗pk+j) = 1.

There is a constant 0 < C < ∞ such that

sup
0<s,t≤1

M(st)
M(s)tp

≤ Cp.

Let {βk}∞k=1 be such that
∑∞

k=1 |βk|p≤1. We will show that
∥∥∑∞

i=1 βky(k)
∥∥≤C.
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Indeed:
∞∑

k=1

pk+1∑

j=pk+1

wjM

(
βky∗j
C

)
≤

∞∑

k=1

pk+1−pk∑

j=1

wjM

(
βky∗pk+j

C

)

≤
∞∑

k=1

pk+1−pk∑

j=1

wj |βk|pM(y∗pk+j)

≤
∞∑

k=1

|βk|p
pk+1−pk∑

j=1

wjM(y∗pk+j) ≤ 1.

(b) Consider C1 > 0 such that every weakly null normalized sequence
admits a subsequence which has a lower q–estimate with a constant C1.

For any k ∈ N there exist pk such that

k − 1
2

<

pk∑

j=1

wj < k.

Let the sequence {αk}∞k=1 be the solution of the equation kM(αk) = 1. Obvi-
ously αk ↘ 0.

Let b
(k)
m =

mpk∑

j=1+(m−1)pk

αkej for m ∈ N. The sequence {b(k)
m }∞m=1 is a

weakly null sequence for every k ∈ N and ‖b(k)
m ‖ ≤ 1. By the inequalities:

pk∑

j=1

wjM(2αk) ≥ 2M(αk)
pk∑

j=1

wj ≥ 2
(

k − 1
2

)
M(αk) ≥ kM(αk) = 1

follows that ‖b(k)
m ‖ ≥ 1/2. Let define now y

(k)
m =

b
(k)
m

‖b(k)
m ‖

. Obviously ‖y(k)
m ‖ = 1.

Thus there exists an increasing sequence of naturals {ms}∞s=1 such that:

2

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≥
∥∥∥∥∥

n∑
s=1

b
(k)
ms

‖b(k)
ms‖

∥∥∥∥∥ =

∥∥∥∥∥
n∑

s=1

y(k)
ms

∥∥∥∥∥ ≥ C1

(
n∑

s=1

1q

)1/q

= C1n
1/q

holds for every n ∈ N. Then
∥∥∥∥∥

n∑
s=1

b(k)
ms

∥∥∥∥∥ ≥ Cn1/q

for every n ∈ N with C = C1/2.
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By the symmetry of the unit vector basis follows that
∥∥∥∥∥

n∑
m=1

b(k)
m

∥∥∥∥∥ =

∥∥∥∥∥
n∑

s=1

b(k)
ms

∥∥∥∥∥ ≥ Cn1/q.

The last inequality is equivalent to

(5) 1 ≤
n∑

m=1

mpk∑

j=1+(m−1)pk

wjM
( αk

Cn1/q

)
≤

n∑
m=1

pk∑

j=1

wjM
( αk

Cn1/q

)
≤ nkM

( αk

Cn1/q

)
.

WLOG we may assume that s < α1 and t < 1/C. Now for every s, t ∈ (0, 1],
there exists k ∈ N such that αk+1 < s ≤ αk and there exists n ∈ N such that

1
C(n + 1)1/q

< t ≤ 1
Cn1/q

. So

M(st)
M(s)tq

≥
M

(
αk+1(

C(1 + n)1/q
)q

)

M(αk)
(

1
Cn1/q

)q ≥ knCq

(k + 1)(n + 1)
≥ 1

4
Cq

¤
Remark. If M(t) = tp the result is obtained in [3].

Corollary 4.1. Let d0(w, M) be a Lorentz–Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {wi}∞i=1 satisfying
wi ↘ 0 and

∑∞
i=1 wi = ∞. Then `(d0(w, M)) = αM .

Proof. From Theorem 6 and since d0(w, M) contains an isomorphic copy
of `αM

, the result follows. ¤
Proposition 4.1. Let d0(w, M) be a Lorentz–Orlicz sequence space gen-

erated by an Orlicz function M and a weight sequence w = {wi}∞i=1 satisfying
wi ↘ 0 and

∑∞
i=1 wi = ∞. Then

(a) If sup
0<t≤1

M(t)
tp

< ∞ and w ∈ `(s/p)∗ for some s > p then the unit vector

basis {en}∞n=1 has an upper s–estimate;

(b) If inf
0<t≤1

M(t)
tq

> 0 and the unit vector basis {en}∞n=1 has an upper

s–estimate then for some s > q then w ∈ `(s/q)∗ .
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Proof. Let w ∈ `(s/p)∗ for some s > p.

There exists a constant C > 0 such that
M(t)

tq
< C for every t ∈ (0, 1].

Consider the sequence a = {ai}∞i=1 ∈ `s such that ‖a‖s ≤ 1. Then for each
n ∈ N we have

1 =
n∑

i=1

wiM

(
a∗i

‖∑n
i=1 aiei‖

)
≤ C

n∑

i=1

wi
|a∗i |p

‖∑n
i=1 aiei‖p

and thus it follows
∥∥∥∥∥

n∑

i=1

aiei

∥∥∥∥∥

p

≤ C

n∑

i=1

wi|a∗i |p ≤ C

(
n∑

i=1

w
(s/p)∗

i

)(p/s)∗ (
n∑

i=1

|a∗i |s
)(p/s)

.

Hence ‖∑n
i=1 aiei‖ ≤ C‖w‖1/p

(s/p)∗‖a‖s.
(b) If the unit vector basis {en}∞n=1 has an upper s–estimate then

∥∥∥∥∥
n∑

i=1

aiei

∥∥∥∥∥ ≤ L

( ∞∑

i=1

|ai|s
)1/s

holds for some constant L and for any a1, a2, . . . , an, n ∈ N.

There exists a constant c > 0 such that
M(t)

tq
> c for every t ∈ (0, 1].

Let b = {bi}∞i=1 ∈ `s/q. By the inequalities

n∑

i=1

wiM

(
(b∗i )

1/q

c1/q (
∑n

i=1 wib∗i )
1/q

)
≥

n∑

i=1

wi
b∗i∑n

i=1 wib∗i
= 1

and the definition of the Luxemburg norm in d0(w, M) it follows that

c1/q

(
n∑

i=1

wi|bi|
)1/q

≤ c1/q

(
n∑

i=1

wib
∗
i

)1/q

≤
∥∥∥∥∥

n∑

i=1

|bi|1/qei

∥∥∥∥∥ ≤ L

( ∞∑

i=1

|bi|s/q

)1/s

≤ L‖b‖1/q
s/q .

Hence
∑∞

i=1 |bi|wi ≤ Lq

c
‖b‖s/q for any b ∈ `s/q and therefore w ∈ `(s/q)∗ . ¤

Remark. If M(t) = tp the result is obtained in [8].
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5. Some applications to polynomials

As mentioned in the introduction upper and lower p–estimates give us
much information about weak continuity of polynomials and this is of great
interest in some problems of smoothness [10], [4], [11], [18]. A connection
between upper and lower estimates in a Banach space and weak continuity of
polynomials is obtained in [8]:

Proposition 5.1. [8] Let X be a Banach space.
(i) If a sequence {xn}∞n=1 in X has an upper p–estimate, then for every

N–homogeneous polynomial P on X, with N < p, the sequence {P (xn)}∞n=1 is
convergent to zero.

(ii) If X has a basis {en}∞n=1 which satisfies a lower q–estimate, then there
exists an N–homogeneous polynomial on X, with N ≥ q, such that P (en) ≥ 1
for all n ∈ N.

By Proposition 5.1 and the results of the previous sections it follows:

Corollary 5.1. Let hM (w) be a weighted Orlicz sequence space generated
by an Orlicz function M and a weight sequence w = {wi}∞i=1 ∈ Λ and not
containing an isomorphic copy of `1. Then any N–homogeneous polynomial
such that N < αM is weakly sequentially continuous. Moreover if N < s,

where s > p, sup
0<t≤1

M(t)
tp

< ∞ and w ∈ `(s/p)∗ then for every N–homogeneous

polynomial P the sequence {P (en)}∞n=1 converges to zero.

Corollary 5.2. Let d0(w, M) be a Lorentz–Orlicz sequence space gene-
rated by an Orlicz function M and a weight sequence w = {wi}∞i=1 satisfy-
ing wi ↘ 0 and

∑∞
i=1 wi = ∞ and not containing an isomorphic copy of `1.

Then any N–homogeneous polynomial such that N < αM is weakly sequen-
tially continuous.Then for every N–homogeneous polynomial P the sequence

{P (en)}∞n=1 converges to zero, provided N < s, where s > p, sup
0<t≤1

M(t)
tp

< ∞
and w ∈ `(s/p)∗ .
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ÃÎÐÍÈ È ÄÎËÍÈ ÎÖÅÍÊÈ Â ÒÅÃËÎÂÈ
ÐÅÄÈ×ÍÈ ÏÐÎÑÒÐÀÍÑÒÂÀ ÍÀ ÎÐËÈ× È

ÐÅÄÈ×ÍÈ ÏÐÎÑÒÐÀÍÑÒÂÀ ÍÀ ËÎÐÅÍÖ�ÎÐËÈ×

Áîÿí Çëàòàíîâ

Ðåçþìå. Èçñëåäâàíî å ñúùåñòâóâàíåòî íà ãîðíè è äîëíè p�îöåíêè
â òåãëîâè ðåäè÷íè ïðîñòðàíñòâà íà Îðëè÷ è ðåäè÷íè ïðîñòðàíñòâà íà
Ëîðåíö�Îðëè÷. Íàìåðåíè ñà íåîáõîäèìè è äîñòàòú÷íè óñëîâèÿ, çàâèñåùè
ñàìî îò ïîðàæäàùàòà ôóíêöèÿ íà Îðëè÷, çà øèðîê êëàñ îò òåãëîâè ðåäè÷íè
ïðîñòðàíñòâà íà Îðëè÷ äà ïðèòåæàâàò ñâîéñòâîòî Sp èëè UTq. Íàìåðåíè
ñà ãîðíè îöåíêè çà åäèíè÷íèÿ áàçèñ â òåãëîâè ðåäè÷íè ïðîñòðàíñòâà íà
Îðëè÷ è ðåäè÷íè ïðîñòðàíñòâà íà Ëîðåíö�Îðëè÷. Ïîëó÷åíèòå ðåçóëòàòè
ñà ïðèëîæåíè çà èçñëåäâàíå íà ñëàáà íåïðåêúñíàòîñò íà ïîëèíîìè â òåçè
ïðîñòðàíñòâà.
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