
PLOVDIV UNIVERSITY �PAISSII HILENDARSKI�, BULGARIA
SCIENTIFIC WORKS, VOL. 35, BOOK 3, 2007 � MATHEMATICS

ÏËÎÂÄÈÂÑÊÈ ÓÍÈÂÅÐÑÈÒÅÒ �ÏÀÈÑÈÉ ÕÈËÅÍÄÀÐÑÊÈ�, ÁÚËÃÀÐÈß
ÍÀÓ×ÍÈ ÒÐÓÄÎÂÅ, ÒÎÌ 35, ÊÍ. 3, 2007 � ÌÀÒÅÌÀÒÈÊÀ

TRANSFORMATION OF SPACES
OF COMPOSITIONS
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Abstract. In the present paper three new connections 1Γσ
αβ , 2Γσ

αβ

and 3Γσ
αβ = 1

2
(1Γσ

αβ +2 Γσ
αβ) are introduced to any weyl connection Γσ

αβ

with the help of the projecting affinors of a composition. The spaces
of compositions WN , 1An, 2An, 3An with connections Γσ

αβ , 1Γσ
αβ , 2Γσ

αβ ,
3Γσ

αβ , respectively are considered.

It is proved that if one of these spaces has special composition
Xn × Xm(n + m = N) then and the rest three spaces are spaces of
the same special composition.
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1. Preliminary

Let the field of the affinor aβ
α satisfying the condition [1], [2]

(1) aσ
αaβ

σ = δβ
α.

be given in the differentiable manifold XN .
Let an arbitrary symmetric connection Γσ

αβ be given in XN . The differen-
tiable manifold XN supplied with the connection Γσ

αβ will be denoted by AN .
The giving of the field of the affinor aβ

α satisfying the condition (1) is
equivalent to the giving of the composition Xn ×Xm(n + m = N) in AN [1].

The affinor aβ
α is called an affinor of the composition. Two positions

P (Xn) and P (Xm) of the base manifolds pass through any point of the space
AN (Xn ×Xm).
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According to [1], [2] the condition for integrability of the structure char-
acterizes with the equality

(2) aσ
β∇[α aν

σ] − aσ
α∇[β aν

σ] = 0.

The projecting affinors
n
a β

α and
m
a β

α, define by the equalities [4]

(3)
n
a β

α =
1
2
(δβ

α + aβ
α) ,

m
a β

α =
1
2
(δβ

α − aβ
α) ,

satisfy the following conditions [3], [4]:

(4)

n
a β

α +
m
a β

α = δβ
α ,

n
a β

α −
m
a β

α = aβ
α ,

n
a β

α

n
a γ

β =
n
a γ

α ,
m
a β

α

m
a γ

β =
m
a γ

α ,
m
a β

α

n
a γ

β = 0 ,

n
a β

α aγ
β = aβ

α

n
a γ

β =
n
a γ

α ,
m
a β

α aγ
β = aβ

α

m
a γ

β = −m
a γ

α .

Any vector vα ∈ AN has the following representation [3]

(5) vα =
n
a α

σvσ +
m
a α

σvσ =
n

V α +
m

V α,

where
n

V α =
n
a α

σvσ ∈ P (Xn),
m

V α =
m
a α

σvσ ∈ P (Xm).
Characteristics of the following compositions are obtained in [2]:
1. (d − d)-compositions for which the positions P (Xn) and P (Xm) are

parallelly translated along any line of the space characterize with the condition

(6) ∇σaβ
α = 0.

2. (ch − ch)-compositions for which the positions P (Xn) and P (Xm) are
parallelly translated along Xm and Xn, respectively characterize with the con-
dition

(7) ∇[σaβ
α] = 0.

3. (g − g)-compositions for which the positions P (Xn) and P (Xm) are
parallelly translated along Xn and Xm, respectively characterize with the con-
dition

(8) aσ
β ∇αaν

σ + aσ
α ∇σaν

β = 0.
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4. (g − ch)-compositions for which the positions P (Xn) and P (Xm) are
parallelly translated along Xn characterize with the condition

(9)
n
a σ

α ∇σ
n
a ν

β = 0.

5. (ch − g)-compositions for which the positions P (Xn) and P (Xm) are
parallelly translated along Xm characterize with the condition

(10)
m
a σ

α ∇σ
m
a ν

β = 0.

6. (Xn − d)-compositions (resp. (d − Xm)-compositions) for which the
positions P (Xm) (resp. P (Xn)) are parallelly translated along any line of the
space characterize with the condition

(11)
m
a σ

α ∇σ
n
a ν

β = 0 (resp.
n
a σ

α ∇σ
m
a ν

β = 0) .

7. (Xn − ch)-compositions (resp. (ch −Xm)-compositions) for which the
positions P (Xm) (resp. P (Xn)) are parallelly translated along P (Xn) (resp.
P (Xm)) characterize with the condition

(12)
n
a σ

α

m
a ν

β ∇σ
m
a β

ν = 0 (resp.
m
a σ

α

n
a ν

β ∇σ
n
a β

ν = 0) .

8. (Xn − g)-compositions (resp. (g − Xm)-compositions) for which the
positions P (Xm) (resp. P (Xn)) are parallelly translated along P (Xm) (resp.
P (Xn)) characterize with the condition

(13)
m
a σ

α

m
a ν

β ∇σ
m
a β

ν = 0 (resp.
n
a σ

α

n
a ν

β ∇σ
n
a β

ν = 0) .

2. Transformation of spaces of compositions

Let the weyl connection Γσ
αβ define with symmetric tensor gαβ and covec-

tor ωσ so that ∇σgαβ = 2ωσgαβ be given in the differentiable manifold XN

with an affinor aβ
α, satisfying the condition (1). The N -dimensional weyl space

with a fundamental tensor gαβ and complementery covector ωσ will be denoted
WN .

Consider the following symmetric connections:

(14) 1Γσ
αβ = Γσ

αβ +
n
a σ

α

n
ωβ +

n
a σ

β

n
ωα,

(15) 2Γσ
αβ = Γσ

αβ +
m
a σ

α

m
ωβ +

m
a σ

β

m
ωα,

207



Georgi Zlatanov, Bistra Tsareva

where

(16)
n
ωβ =

n
a σ

β ωσ ,
m
ωβ =

m
a σ

β ωσ.

The mean connection for connections 1Γσ
αβ and 2Γσ

αβ will be denoted 3Γσ
αβ i.e.

3Γσ
αβ =

1
2
(1Γσ

αβ +2 Γσ
αβ).

Denote by 1AN , 2AN , 3AN the space XN supplied with the connections
1Γσ

αβ , 2Γσ
αβ , 3Γσ

αβ , respectively. Let∇, 1∇, 2∇, 3∇ be the covariant derivatives
in the spaces WN , 1AN , 2AN , 3AN , respectively. From (1) it follows that
WN , 1AN , 2AN , 3AN are spaces of compositions Xn ×Xm(n + m = N).

Lemma 1. The covariant derivatives of the affinor aβ
α and projecting affi-

nors
n
a β

α ,
m
a β

α satisfy the following equalities:

(17) ∇σaβ
α = 1∇σaβ

α = 2∇σaβ
α = 3∇σaβ

α ,

(18) ∇σ
n
a β

α = 1∇σ
n
a β

α = 2∇σ
n
a β

α = 3∇σ
n
a β

α ,

(19) ∇σ
m
a β

α = 1∇σ
m
a β

α = 2∇σ
m
a β

α = 3∇σ
m
a β

α .

Proof. Using (14) we obtain

1∇σaβ
α −∇σaβ

α = (
n
a β

σ

n
ων +

n
a β

ν

n
ωσ)aν

α − (
n
a ν

σ

n
ωα +

n
a ν

α

n
ωσ)aβ

ν ,

from where taking into account (4) we establish

1∇σaβ
α −∇σaβ

α =
n
a β

σ(aν
α

n
ων − n

ωα) =
n
a β

σ[(
n
a ν

α −
m
a ν

α)
n
ων − n

ωα].

Now from (4) and (16) it follows

1∇σaβ
α −∇σaβ

α =
n
a β

σ[(
n
a ν

α −
m
a ν

α)
n
a ρ

ν ωρ − n
ωα] =

n
a β

σ(
n
a ρ

αωρ − n
ωα) =

n
a β

σ(
n
ωα − n

ωα) = 0, i.e. 1∇σaβ
α = ∇σaβ

α.

Using (15) we obtain

2∇σaβ
α −∇σaβ

α = (
m
a β

σ

m
ων +

m
a β

ν

m
ωσ)aν

α − (
m
a ν

σ

m
ωα +

m
a ν

α

m
ωσ)aβ

ν ,

from where taking into account (4) and (16) we establish

2∇σaβ
α −∇σaβ

α =
m
a β

σ(aν
α

m
ων +

m
ωα) =

m
a β

σ[(
n
a ν

α −
m
a ν

α)
m
a ρ

ν ωρ +
m
ωα] =

m
a β

σ(−m
a ρ

α ωρ +
m
ωα) =

m
a β

σ(−m
ωα +

n
ωα) = 0, i.e. 2∇σaβ

α = ∇σaβ
α.
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From 3Γσ
αβ =

1
2
(1Γσ

αβ +2 Γσ
αβ) it follows 3∇σaβ

α =
1
2
( 1∇σaβ

α + 2∇σaβ
α) =

∇σaβ
α.

Thus we proved the equalities (17).
According to (14) we have

1∇σ
n
a β

α −∇σ
n
a β

α = (
n
a β

σ

n
ων +

n
a β

ν

n
ωσ)

n
a ν

α − (
n
a ν

σ

n
ωα +

n
a ν

α

n
ωσ)

n
a β

ν ,

from where taking into account (4) and (16) we obtain

1∇σ
n
a β

α −∇σ
n
a β

α =
n
a β

σ(
n
a ν

α

n
ων − n

ωα) =
n
a β

σ(
n
a ν

α

n
a ρ

ν ωρ − n
ωα) =

n
a β

σ(
n
a ρ

α ωρ − n
ωα) =

n
a β

σ(
n
ωα − n

ωα) = 0, i.e. 1∇σ
n
a β

α = ∇σ
n
a β

α.

According to (15) we can write

2∇σ
n
a β

α −∇σ
n
a β

α = (
m
a β

σ

m
ων +

m
a β

ν

m
ωσ)

n
a ν

α − (
m
a ν

σ

m
ωα +

m
a ν

α

m
ωσ)

n
a β

ν ,

from where taking into account (4) and (16) we obtain

2∇σ
n
a β

α −∇σ
n
a β

α =
m
a β

σ

n
a ν

α

m
ων =

m
a β

σ

n
a ν

α

m
a ρ

ν ωρ = 0 i.e. 2∇σ
n
a β

α = ∇σ
n
a β

α.

Hence 3∇σ
n
a β

α =
1
2
( 1∇σ

n
a β

α + 2∇σ
n
a β

α) = ∇σ
n
a β

α.

Thus we proved the and equalities (18).
According to (14) we have

1∇σ
m
a β

α −∇σ
m
a β

α = (
n
a β

σ

n
ων +

n
a β

ν

n
ωσ)

m
a ν

α − (
n
a ν

σ

n
ωα +

n
a ν

α

n
ωσ)

m
a β

ν ,

from where taking into account (4) and (16) we obtain

1∇σ
m
a β

α−∇σ
m
a β

α =
n
a β

σ

m
a ν

α

n
ων =

n
a β

σ

m
a ν

α

n
a ρ

ν ωρ = 0 i.e. 1∇σ
m
a β

α = ∇σ
m
a β

α.

According to (15) we can write

2∇σ
m
a β

α −∇σ
m
a β

α = (
m
a β

σ

m
ων +

m
a β

ν

m
ωσ)

m
a ν

α − (
m
a ν

σ

m
ωα +

m
a ν

α

m
ωσ)

m
a β

ν ,

from where taking into account (4) and (16) we obtain

2∇σ
m
a β

α −∇σ
m
a β

α =
m
a β

σ(
m
a ν

α

m
ων − m

ωα) =
m
a β

σ(
m
a ν

α

m
a ρ

ν ωρ − m
ωα) =

m
a β

σ(
m
a ρ

α ωρ − m
ωα) =

m
a β

σ(
m
ωα − m

ωα) = 0, i.e. 2∇σ
m
a β

α = ∇σ
m
a β

α.

Hence 3∇σ
m
a β

α =
1
2
( 1∇σ

m
a β

α + 2∇σ
m
a β

α) = ∇σ
m
a β

α

Thus we proved the equalities (19) and the lemma. ¤
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Theorem 1. If one of the spaces WN , 1AN , 2AN , 3AN is a space of the
special composition (d− d) or (ch− ch), or (g− g), or (g− ch), or (ch− g), or
(Xm− d), or (d−Xm), or (Xm− g), or (g−Xm), or (Xm − ch), or (ch−Xm)
then the rest three spaces are spaces of the same special composition.

Proof. From the condition for integrability (2) and from the equality (17)
of the lemma it follows that if the structure of one of the spaces of compositions
WN , 1AN , 2AN , 3AN is integrable, then the structures of the rest three spaces
are integribale too.

From the characteristics (6), (7), (8), (9), (10), (11), (12), (13) of the
special compositions and by the lemma it follows that if the composition
Xn ×Xm is special from the kind (d− d) or (ch− ch), or (g − g), or (g − ch),
or (ch− g), or (Xm− d), or (d−Xm), or (Xm− g), or (g−Xm), or (Xm− ch),
or (ch−Xm) in one of the spaces WN , 1AN , 2AN , 3AN , then this composition
is special of the same kind and in the rest three spaces.

Thus the theorem is proved. ¤

References

[1] Norden, A.: Spaces of Cartesian composition. Izv. Vyssh. Uchebn. Zaved.,
Mathematics, 4 (1963), 117-128. (in Russian)

[2] Norden, A., Timofeev, G.: Invariant tests of the special compositions
in multivariate spaces, Izv. Vyssh. Uchebn. Zaved., Mathematics, 8 (1972),
81-89. (in Russian)

[3] Walker, A.: Connexions for parallel distributions in the large, II. Quart.
J. Math., v.9, 35 (1958), 221-231.

[4] Yano, K.: Affine Connections in an Almost Product Space, Kodai Math.
Semin. Repts, v.11, 1, 1959, 1-24.

[5] Zlatanov G. : One Transformation of Connections of Spaces of Compo-
sitions, . Vol. 54, 10, 2001, 19-24.

[6] Zlatanov G.: Weyl Spaces of Compositions, Mathematics and Education
in Mathematics, Proceeding of the Thirty Second Spring Conference of the
Union of Bulgarian Mathematicians, Proc. 32, Sunny beach, April 5-8, 2003,
169-174.

210



Transformation of Spaces of Compositions

University of Plovdiv “Paissii Hilendarski” Received 22 January 2007
Faculty of Mathematics and Informatics
24 “Tzar Assen” str.
4000 Plovdiv
Bulgaria
E-mail: zlatanov@pu.acad.bg
E-mail: btsareva@pu.acad.bg

ÏÐÅÎÁÐÀÇÓÂÀÍÅ ÍÀ ÏÐÎÑÒÐÀÍÑÒÂÀ
ÎÒ ÊÎÌÏÎÇÈÖÈÈ

Ãåîðãè Çëàòàíîâ, Áèñòðà Öàðåâà

Ðåçþìå. Â íàñòîÿùàòà ðàáîòà ñà âúâåäåíè êúì ïðîèçâîëíà âàéëîâà
ñâúðçàíîñò Γσ

αβ òðè íîâè ñâúðçàíîñòè 1Γσ
αβ , 2Γσ

αβ and 3Γσ
αβ = 1

2 (1Γσ
αβ+2Γσ

αβ)
ñ ïîìîùòà íà ïðîåêòèðàùèòå àôèíîðè íà êîìïîçèöèÿ.

Ðàçãëåäàíè ñà ïðîñòðàíñòâà îò êîìïîçèöèè WN , 1An, 2An, 3An ñúîò-
âåòíî ñúñ ñëåäíèòå ñâúðçàíîñòè Γσ

αβ , 1Γσ
αβ , 2Γσ

αβ , 3Γσ
αβ .

Äîêàçàíî å, ÷å àêî åäíî îò òåçè ïðîñòðàíñòâà ñúäúðæà ñïåöèàëíè
êîìïîçèöèè Xn ×Xm(n + m = N), òîãàâà è îñòàíàëèòå òðè ïðîñòðàíñòâà
ñà ïðîñòðàíñòâà îò ñúùèòå ñïåöèàëíè êîìïîçèöèè.
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