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TRANSFORMATION OF SPACES
OF COMPOSITIONS

Georgi Zlatanov, Bistra Tsareva

Abstract. In the present paper three new connections 1Fgﬁ, ngﬂ
and °T'75 = 1('T5 +7 ') are introduced to any weyl connection I'J 5
with the help of the projecting affinors of a composition. The spaces
of compositions Wy, *A,, 2A,, 3A, with connections e, 1rgﬁ, QF‘;ﬁ,
31 3, respectively are considered.

It is proved that if one of these spaces has special composition
Xn X Xm(n+m = N) then and the rest three spaces are spaces of
the same special composition.
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1. Preliminary

Let the field of the affinor a? satisfying the condition [1], [2]

(1) agay = 0.
be given in the differentiable manifold Xy .
Let an arbitrary symmetric connection I'g 5 be given in Xy. The differen-
tiable manifold Xy supplied with the connection I'y ; will be denoted by Ax.
The giving of the field of the affinor a? satisfying the condition (1) is
equivalent to the giving of the composition X,, X X,,(n+m = N) in Ay [1].
The affinor a? is called an affinor of the composition. Two positions
P(X,) and P(X,,) of the base manifolds pass through any point of the space
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According to [1], [2] the condition for integrability of the structure char-
acterizes with the equality

(2) agVia aZ] —axVi ag] =0.
The projecting affinors @ # and @ 2, define by the equalities [4]

3) 00 =500+

o3
o
SH
w2
Il
o

(5) V=0 %"+ 0T =V 4V @

where V @ =4 %07 € P(X,,), V =10 % € P(X,,).
Characteristics of the following compositions are obtained in [2]:
1. (d — d)-compositions for which the positions P(X,) and P(X,,) are

parallelly translated along any line of the space characterize with the condition
(6) Vea? =0.

2. (ch — ch)-compositions for which the positions P(X,) and P(X,,) are
parallelly translated along X,, and X,,, respectively characterize with the con-
dition

(7) Vigal = 0.

3. (g — g)-compositions for which the positions P(X,) and P(X,,) are
parallelly translated along X,, and X,,, respectively characterize with the con-
dition
(8) ag Vaay +ag Veag = 0.
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4. (g — ch)-compositions for which the positions P(X,) and P(X,,) are
parallelly translated along X,, characterize with the condition

9) ag Veal=0.

5. (ch — g)-compositions for which the positions P(X,,) and P(X,,) are
parallelly translated along X,, characterize with the condition

m

(10) af Veal=0.

6. (X, — d)-compositions (resp. (d — X,,)-compositions) for which the
positions P(X,,) (resp. P(X,,)) are parallelly translated along any line of the
space characterize with the condition

(11) ’Zﬁgvaéig:o (resp. 33%&";:0).

7. (X, — ch)-compositions (resp. (ch — X,,)-compositions) for which the
positions P(X,,) (resp. P(X,)) are parallelly translated along P(X,) (resp.
P(X,,)) characterize with the condition

(12) agrggvgafz() (resp. angVUZfzo).

8. (X, — g)-compositions (resp. (g — X,,)-compositions) for which the
positions P(X,,) (resp. P(X,)) are parallelly translated along P(X,,) (resp.
P(X,)) characterize with the condition

(13) GIALV,A=0 (resp. 45 a4 Veal=0).

2. Transformation of spaces of compositions

Let the weyl connection I'7 5 define with symmetric tensor gag and covec-
tor w, so that Vogap = 2wsgap be given in the differentiable manifold Xy
with an affinor a2, satisfying the condition (1). The N-dimensional weyl space
with a fundamental tensor g,3 and complementery covector w, will be denoted
Wh.

Consider the following symmetric connections:

n

(14) 17, =T%5+a? &s+afwa,

(15) Mos=T%%+ad bsg+afa,
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where

(16) (Zgzg,gwg, nwlgzggwa.

The mean connection for connections 1Fgﬁ and QI‘gﬁ will be denoted ngﬁ ie.
o 1 1 2
T = 5( o5+ T0s)-
Denote by Ay, 2Ay, 2An the space Xy supplied with the connections
11"36, 2Fgﬁ, 31"25, respectively. Let V, 'V, 2V, 3V be the covariant derivatives

in the spaces Wy, Ay, 2An, 3Ap, respectively. From (1) it follows that
Wy, YAn, 2AN, 3Ay are spaces of compositions X,, X X,,(n +m = N).

Lemma 1. The covariant derivatives of the affinor a and projecting affi-

nors a - a B satisty the following equalities:

(17) Veal = 'Veadl = *V,a = 3V,df |
(18) Vea? = 1V,a" = 2V,a?=3V,a?,
(19) Voo P = 1V,0 0 =?%v,a’=73v,a".

Proof. Using (14) we obtain
'Wod = Veal = (a5 by +al) bs)al, —(ah bo+ak bs)al,
from where taking into account (4) we establish
V.0l —V,adl =a b’ &, — o) =aP|(a
Now from (4) and (16) it follows

1VU“§ - V(,ag =a g[(g 0= 0 a)alw,—wa] = a 5(3 oWy — Wa) =

N2
Il
=
—
¢
—
<
q
Q
@
Il
<
q
S
=

nﬁn n
a b (We — W

Using (15) we obtain
Woa —Vaad? = (@ P W, +a P ,)ak — (a
from where taking into account (4) and (16)

W
2Vga§ — V(,ag =a E(a; 0, +$a) =q g[(a e Q)ZL L w, +$a] =

a g(_g o wpt ga) =a g(_ga +0 )=0, ie. 2vaa§ = Vgag.
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1 1
From °T'7 5 = 5(1Fgﬁ +2I75) it follows 3V,af = 5( 'V,al + ?V,al) =

Va2
Thus we proved the equalities (17).
According to (14) we have

ngn o \n,

1 n n ngn n, n n, n \n
Vea B —Veal =@l o, +ab b )al —(ah ba+al &y)a’,

from where taking into account (4) and (16) we obtain
Iy BB g h BB ) = B B e — ) =
abB(ar w,—00) =080 —0a)=0, ie 'V,al=v,a?.

According to (15) we can write

2 n n m m m m n m m m m n
Vea P —Veal =@l o, +al0)al—(ah wat+a? wy)a?,

from where taking into account (4) and (16

Weal -vVeal=0%a" 0, =4
Hence 3V, a2 = Z('V,a? + ?V,a?)=v,a’.
Thus we proved the and equalities (18).
According to (14) we have

N|—= 9

1 m m n n n n ml, v v m
Vea ? —VyaBl =@l o, +ald)a? —(a¥ oa+al w,)a?,

from where taking into account (4) and (16) we obtain

m m n n m n . 1 m m
Weal-Veal=ala?d,=ala’alw,=0 ie 'Vyal=V,a?.

According to (15) we can write

2 m m m m m m my l/m m
Vea? —Veal=(alo,+ald)al—(a’ws+alws)ab,

from where taking into account (4) and (16) we obtain
2y a8y o
WO D ) = BB ) =0, ie VAP =y, 0
Hence 3V, a £ = %( v, a2+ *v,a b)) =v,a?
Thus we proved the equalities (19) and the lemma. |
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Theorem 1. If one of the spaces Wy, 'An, 2An, 3Ay is a space of the
special composition (d — d) or (ch — ch), or (g — g), or (g — ch), or (ch —g), or
(Xm —d), or (d—Xp), or (X —g), or (g — Xm), or (X, —ch), or (ch — X,,)
then the rest three spaces are spaces of the same special composition.

Proof. From the condition for integrability (2) and from the equality (17)
of the lemma it follows that if the structure of one of the spaces of compositions
Wi, 'An, 2An, 3Ay is integrable, then the structures of the rest three spaces
are integribale too.

From the characteristics (6), (7), (8), (9), (10), (11), (12), (13) of the
special compositions and by the lemma it follows that if the composition
X, x X, is special from the kind (d — d) or (ch — ch), or (g — g), or (g — ch),
or (ch—g), or (X, —d), or (d—Xp), or (X, —g), or (g — Xu), or (X, — ch),
or (ch— X,,) in one of the spaces Wy, *An, 24y, 3Ay, then this composition
is special of the same kind and in the rest three spaces.

Thus the theorem is proved. O
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ITPEOBPA3YBAHE HA IIPOCTPAHCTBA
OT KOMIIO3NIINN

T'eopru 3aaramoB, bucrpa IlapeBa

Pesrome. B macrosiimara pabora ca BbBEIEHH KbM MPOU3BOJIHA BAHIOBa,
o e 270 310 _ 1l/110 210

cebpsanoct I'Y 5 Tpu rou cebp3anoctn 17 5, “I'7 5 and °I'g 5 = 5 ("5 5+°105)
¢ IIOMOINTA, HA MPOEKTHPAIATE APHUHOPH Ha KOMIIO3HIIHS.

Pasrenanu ca npocrpancTsa or xommosunun Wy, LA, 2A,, A, cvor-

o 1o 210 3o

BETHO C'bC CIeiHUTe CBbp3anoctn 17 5, "7 5, °I'7 5, °I' 5.

JlokazaHo e, 4e aKo €IHO OT TE3W MPOCTPAHCTBA CbIbPKA CIEIUATHA
komnozuimu X, X X,,(n +m = N), ToraBa u oCTaHAJUTE TPU HPOCTPAHCTBA
€4 IPOCTPAHCTBA OT CHITUTE CIEIMATHA KOMIIOSHUIAML.
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