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THE FASTER EUCLIDEAN ALGORITHM  

Anton Iliev, Nikolay Kyurkchiev 

Abstract: In our previous works [12]–[22] we give a possible way to 

optimize classical widespread realizations of Euclidean algorithm. These 

algorithms are faster about 10% and about 30% in iterative and recursive 

ways of implementation respectively because we reduce some operations. 

We will note that recursive realizations of these algorithms [12]–[22] 

consume only about 50% of operation memory which is necessary in 

realizations given by other authors [3]–[11], [23]–[31]. The calculation of the 

greatest common divisor is one of the most important tasks in Number 

Theory. When ask Google for “Euclidean algorithm” in September 2018 we 

receive more than 10 500 000 indexed pages. Using well-known common 

apparatus for analysis we formulate the theorem which guarantee correctness 

of new [12]–[22] described by us Euclid’s algorithm. 

Keywords: greatest common divisor, Euclid’s algorithm, reduced memory usage 

1. Introduction 

The Euclidean algorithms and their modifications [1]–[31] work correctly 

for every natural numbers 0a   and 0b  . Without loosing of generality we will 

explore the case when a b . Let 
0a a  and 

1a b  (analysis of the other case 

a b  is analogical because the only that we need is to swap  anda b ). 

2. Main results 

Let us denote by ( 1)m m   the number of divisions in the Euclid’s 

algorithm. 

If m  is even number the process [12]–[22] can be defined by the following 

way: 
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                           (1) 

where 1= /j j jc a a   , 0 1j m   . 

It is obvious that if m  is odd number then every “step” will take one-half 

of “some step” of (1) and eventually one-half from “next step” of (1) which is no 

problem for organization of computational process. This division in “steps” is 

only for easier explanation of main idea. 

Without loosing of generality we will explore the case when m  is an even 

number (the case when m  is an odd number is analogical as we already noted). 

The process (1) will guarantee that we will keep correct order i.e. 

0 1 2 3( ) ( )a a a a    . 

Let us denote the greatest common divisor of a  and b  by = ( , )g gcd a b . 

Here we will set that the faster Euclidean algorithm [12]–[22] is based on 

the following equivalence: 

 

   | and |

| mod , 0, and | mod , 0 .
p q

g a g b

g a b p g b p q



  
        

                  (2) 

We will point out that if = 0p  or = 0q  at the right hand side of 

equivalence (2) then ( , ) =gcd a b b  or ( , ) =gcd a b p  respectively. 

So, 2 3( , ) = ( , )gcd a b gcd a a . 

We will prove that 1 = 0ma  . 

Simple can be seen that 1 2mc    when >1m . 

Now we will prove that = = ( , )ma g gcd a b . 

Using (1) on first step we receive 1 0 1> moda a a , 2 0 1= moda a a  and 

2 1 2 3 1 2> mod , = moda a a a a a  and we can conclude that 0 1 2 3( , ) = ( , )gcd a a gcd a a . 

On the second step: 
3 2 3> moda a a , 

4 2 3= moda a a  and 
4 3 4> mod ,a a a  
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5 3 4= moda a a  and we obtain that 
2 3 4 5( , ) = ( , )gcd a a gcd a a . This process has 

limited number of divisions because 
0 1 2 3( ) ( )a a a a     and on step number 

( 1) / 2m    for some m  we will receive 
1 = 0ma 

. 

These calculations can be written in algorithmic form:  

Euclid( ,a b) 

        = modp a b 

       if ( 0p  )  

           return (b) 

        
= modq b p

 

       if ( 0q  ) 

           return ( p ) 

       return Euclid( ,p q ) 

The calling of algorithm Euclid( ,a b) is: 

if ( >a b) 

        Euclid( ,a b) 

     else  

        Euclid( ,b a) 

So we have proved the following: 

Theorem. The Euclid’s algorithm for natural numbers a  and b  gives as a 

result ( , )gcd a b . 
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ПО-БЪРЗИЯТ АЛГОРИТЪМ НА ЕВКЛИД 

Антон Илиев, Николай Кюркчиев 

Резюме: В наши предишни работи [12]–[22] даваме възможен път за 

оптимизиране на класически широкоразпространени реализации на 

алгоритъма на Евклид. Тези алгоритми са по-бързи с около 10% и с 

около 30% съответно при итеративна и рекурсивна реализация поради 

редуциране на някои операции. Ще отбележим, че рекурсивните 

реализации на тези алгоритми [12]–[22] консумират само около 50% от 

оперативната памет нужна на реализациите дадени от други автори  

[3]–[11], [23]–[31]. Изчисляването на най-големия общ делител е една 

от най-важните задачи в Теория на числата. При заявка към Google за 

“Euclidean algorithm” през септември 2018 г. получаваме повече от 

10 500 000 индексирани страници. Използвайки добре известния общ 

апарат за анализ формулираме теоремата, която гарантира коректността 

на новия [12]–[22] описан от нас алгоритъм на Евклид. 


