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Abstract: Here we will give faster modification of Lehmer’s optimized
solution for computing greatest common divisor. Our result is a natural
continuation of new realizations given in [12]-[24]. The approach [12] is a
good base for optimized solution for greatest common divisor. We also cite
many world famous sources that study in details this topic [3]-[11],
[25]-[35].
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Introduction

Let x and y be positive integers in radix b representation. Without loss of
generality, assume that x and y have the same number of base b digits throughout.
Lehmer’s algorithm for computing greatest common divisor is the following [35]:

Algorithm 1.

INPUT: two positive integers x and y in radix b representation, with
X>y.

OUTPUT: ged(x, y).
1. While y>Db do the following:
1.1 Set X, ¥ to be the high-order digit of x, y respectively (y could be 0).
1.2 A1 B« 0,C«0,D<«1.
1.3 While (§+C) =0 and (§+ D)= 0 do the following:
g« |(X+A)/(§+C)|, g «|(%+B)/(y+D)|.
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If g=q’, then go to 1.4.
t< A—qC, A< C,C«t,t«<B—gD,B« D, D «-t.
t<X—qy, X<V, y«1t.
1.41fB=0,then T« xmod y, x< vy, y<«T,;

otherwise, T <~ Ax + By, U<« Cx + Dy, x<«T, y<«u.
2. While y =0 do the following:
2.1Set r<—xmody, X<y, y<«r.

3. Return(x).

We will point out that there are several implementation notes of
Algorithm 1. which are presented in [35]:

e Tisamultiple-precision variable. A, B, C, D, and t are signed single-
precision variables. One bit of each of these variables must be
reserved for the sign.

e The first operation of step 1.3 may result in overflow since 0 < X+ A,
¥+ D <b. One solution is to reserve two bits more than the number

of bits in a digit for each of x and y to accommodate both the sign
and the possible overflow.

e The multiple-precision additions of step 1.4 are actually subtractions,
since AB<0and CD <0.

Main results

Using results given in [12] we receive the following optimized Lehmer’s
greatest common divisor algorithm:

Algorithm 2,

INPUT: two positive integers x and y in radix b representation.
OUTPUT: ged(x, y).

0.If x>y, then

1. While y>Db do the following:

1.1 Set X,V to be the high-order digit of x, y respectively (¥ could be 0).
12 A<~1, B« 0,C«0,D<«1.

1.3 While (§+C)=0 and (y+ D) =0 do the following:

g« | (X+A)/(§+C)|, o' «|(X+B)/(§+D)|.
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If g=q', thengoto 1.4.
t< A-QgC, A< C,C«t,t«<B—-gD,B<« D, D «-t.
t<«X—qy, X<V, <Lt
1.41fB=0,then T «~xmody, X<y, y<«T;
otherwise, T «— Ax + By, U< Cx + Dy, x<«T, y<«u.
2. Do the following:
Set X« xmody,
If x<1 Return(y), break.
Set y «<— ymod x,
If y <1 Return(x), break.

While true.
3. else of step 0. {i.e. the case x<y}:

4. While x>b do the following:
4.1 Set ¥, X to be the high-order digit of vy, x, respectively (X could be 0).
42 A1 B« 0,C«0,D<«1.
4.3 While (£+C)=0 and (%+ D)= 0 do the following:
g« |(§+A)/(X+C) |, q' «|(y+B)/(%+D)|.

If g=q', then go to 4.4.

t< A—gC, A< C,C«t,t«<B—-gD,B« D, D«-t.

t<—V—0X, V<X, X<t
4.41fB=0,then T «<—ymodXx, y < X, X<« T,;

otherwise, T <~ Ay + Bx, U<« Cy + DX, y<« T, x<«u.

5. Do the following
Set y <« ymodx.

If y <1 Return(x), break.
Set x«—xmody.

If x<1 Return(y), break.
While true.

Implementation notes of Algorithm 1. remain the same for Algorithm 2.
and we will add the following to them:

e The first operation of step 4.3 may result in overflow since 0<y+A

X+D<b_ One solution is to reserve two bits more than the number
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of bits in a digit for each of y and x to accommodate both the sign
and the possible overflow.

e The multiple-precision additions of step 4.4 are actually subtractions,
since AB <0 and CD <0.

Algorithm 2. uses algorithmic technique “divide and conquer” [12] where

two basic branches are x>y and x<vy.
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HO-BbP3UAT AJITOPUTHBM HA JIEMEP
3A HAU-T'OJIEMUSA ObLI AEJIUTEJI

Bukrop Marancku, [1asen Kopkumnes

Pestome: Tyk ngaBame mo-Obp3a MoaMdHKAIMs HA ONTHMHU3UPAHOTO
pemerne ot JlemMep 3a U3UUCIABAHE HA Hali-roeMus o0 aeauren. Hammsr
pe3yiTaT € €CTeCTBEHO NMPOIbIDKCHIE Ha HOBUTE peaiu3aluu najaeHu B [12]—
[24]. TloaxonsT [12] € n0Opa OCHOBA 3a ONTHMH3MPAHO PEIICHUE 3a Haii-
rosiemMust oOm[ jgenuren. LluTupame CHII0O MHOTO CBETOBHOM3BECTHH

U3TOYHHIIM, KOUTO JETallIHO u3y4yaBaT Ta3u TemaTuka [3]-[11], [25]-[35].
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