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Abstract: Here we will give faster modification of Lehmer’s optimized 

solution for computing greatest common divisor. Our result is a natural 

continuation of new realizations given in [12]–[24]. The approach [12] is a 

good base for optimized solution for greatest common divisor. We also cite 

many world famous sources that study in details this topic [3]–[11],  

[25]–[35]. 
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Introduction 

Let x  and y be positive integers in radix b representation. Without loss of 

generality, assume that x  and y have the same number of base b digits throughout. 

Lehmer’s algorithm for computing greatest common divisor is the following [35]: 

Algorithm 1. 

INPUT: two positive integers x  and y  in radix b  representation, with 

.x y  

OUTPUT:  ,  .gcd x y  

1. While y b  do the following: 

1.1 Set ,x y  to be the high-order digit of ,x y  respectively ( y  could be 0). 

1.2 1, 0, 0, 1.A B C D     

1.3 While   0y C   and   0y D   do the following: 

       / , / .q x A y C q x B y D             
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If q q , then go to 1.4. 

, , , , , .t A qC A C C t t B qD B D D t         

, , .t x qy x y y t      

1.4 If B = 0, then mod  ,  ,  y x y TT x y   ; 

      otherwise,   ,    ,  ,  .Ax By u Cx DT y x T y u      

2. While 0y   do the following: 

2.1 Set mod ,  ,  .y x yx rr y     

3. Return(x). 

We will point out that there are several implementation notes of 

Algorithm 1. which are presented in [35]: 

 T is a multiple-precision variable. A, B, C, D, and t are signed single-

precision variables. One bit of each of these variables must be 

reserved for the sign. 

 The first operation of step 1.3 may result in overflow since 0 ,x A 

y D b  . One solution is to reserve two bits more than the number 

of bits in a digit for each of x  and y to accommodate both the sign 

and the possible overflow. 

 The multiple-precision additions of step 1.4 are actually subtractions, 

since AB ≤ 0 and CD ≤ 0. 

Main results 

Using results given in [12] we receive the following optimized Lehmer’s 

greatest common divisor algorithm: 

Algorithm 2. 

INPUT: two positive integers x  and y  in radix b representation. 

OUTPUT:  ,  .gcd x y  

0. If ,x y  then 

1. While y b  do the following: 

1.1 Set ,x y  to be the high-order digit of ,x y  respectively ( y  could be 0). 

1.2 1, 0, 0, 1.A B C D     

1.3 While   0y C   and   0y D   do the following: 

       / , / .q x A y C q x B y D             
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If ,q q  then go to 1.4. 

, , , , , .

, , .

t A qC A C C t t B qD B D D t

t x qy x y y t

       

   
 

1.4 If B = 0, then mod , , ;T x y x y y T    

      otherwise,   ,    ,  ,  .Ax By u Cx DT y x T y u      

2. Do the following: 

    Set modx x y , 

    If 1x   Return(y), break. 

    Set mod ,y y x  

    If 1y   Return(x), break. 

    While true. 

3. else of step 0. {i.e. the case x y }: 

4. While x b  do the following: 

4.1 Set ,y x  to be the high-order digit of ,y x , respectively ( x  could be 0). 

4.2 1, 0, 0, 1.A B C D     

4.3 While   0x C   and   0x D   do the following: 

       / , / .q y A x C q y B x D             

If ,q q  then go to 4.4. 

, , , , , .

, , .

t A qC A C C t t B qD B D D t

t y qx y x x t

       

     

4.4 If B = 0, then mod , , ;T y x y x x T    

      otherwise,   ,    ,  ,  .Ay Bx u Cy DT x y T x u      

5. Do the following 

    Set mody y x . 

    If 1y   Return(x), break. 

    Set modx x y . 

    If 1x   Return(y), break. 

    While true. 

Implementation notes of Algorithm 1. remain the same for Algorithm 2. 

and we will add the following to them: 

 The first operation of step 4.3 may result in overflow since 0 ,y A 

x D b  . One solution is to reserve two bits more than the number 
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of bits in a digit for each of y  and x  to accommodate both the sign 

and the possible overflow. 

 The multiple-precision additions of step 4.4 are actually subtractions, 

since AB ≤ 0 and CD ≤ 0. 

Algorithm 2. uses algorithmic technique “divide and conquer” [12] where 

two basic branches are x y  and x y . 
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ПО-БЪРЗИЯТ АЛГОРИТЪМ НА ЛЕМЕР  

ЗА НАЙ-ГОЛЕМИЯ ОБЩ ДЕЛИТЕЛ 

Виктор Матански, Павел Кюркчиев 

Резюме: Тук даваме по-бърза модификация на оптимизираното 

решение от Лемер за изчисляване на най-големия общ делител. Нашият 

резултат е естествено продължение на новите реализации дадени в [12]–

[24]. Подходът [12] е добра основа за оптимизирано решение за най-

големия общ делител. Цитираме също много световноизвестни 

източници, които детайлно изучават тази тематика [3]–[11], [25]–[35]. 


