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Abstract. Using as a base the approach from [7-30] and the algorithm 

from [41] we present one fast binary algorithm for solving the equation gcd 

∗ 2|j−k| = x ∗ a0 + y ∗ b0.  
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Main Results 

Let a and b be integer numbers such as a ≥ 1 and b ≥ 1. Let us define a0 = 

a and b0 = b. There are in existence integer numbers j ≥ 0, a2 ≥ 1, k ≥ 0, b2 ≥ 1 

for which a0 = a2 ∗ 2 
j, b0 = b2 ∗ 2k, where a2 and b2 are odd numbers. Our 

algorithms below seek integer numbers x and y such that gcd ∗ 2|j−k| = x ∗ a0 + y 

∗ b0, where gcd is the greatest common divisor of a and b. For classical 

algorithms, see [1-3] and [31-41]. New investigations, which concern efficient 

Euclidean algorithms, are presented in [7-30], [35-40]. 

Algorithm 1. 

a0 = a; b0 = b; iter = 0; 

x1 = 1; x2 = 0; y1 = 0; y2 = 1; 

while ((a & 1) == 0) 

{ iter++; a >>= 1; } 

j = iter; 

while ((b & 1) == 0) 

{ iter++; b >>= 1; } 

k = iter - j; 

if (j < k) min = j; else min = k; 
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jk = j + k; a2 = a; b2 = b; 

while (a != b) 

if (a < b) 

{ 

b -= a; y1 += x1; y2 += x2; 

do 

{ iter++; b >>= 1; x1 <<= 1; x2 <<= 1; } 

while ((b & 1) == 0); 

} 

else 

{ 

a -= b; x1 += y1; x2 += y2; 

do 

{ iter++; a >>= 1; y1 <<= 1; y2 <<= 1; } 

while ((a & 1) == 0); 

} 

while (iter > jk) 

{ 

if ((y1 & 1) == 1 ||(y2 & 1) == 1) { y1 += b2; y2 += a2; }  

iter--; y1 >>= 1; y2 >>= 1; 

} 

eeacmi1 = gcd = a << min; 

//as a result we receive: 

//eeacmi1 = Greatest Common Divisor of a0 and b0  

y1 = -y1; x = y1; y = y2; 

if (j == min) 

eeacmi2 = (x <<= (k - j)) * a0 + y * b0; 

//as a result we receive: eeacmi2 = gcd * 2^{k-j} = x * a0 + y * b0 

else 

eeacmi2 = x * a0 + (y <<= (j - k)) * b0; 

//as a result we receive: eeacmi2 = gcd * 2^{j-k} = x * a0 + y * b0 

and its recursive version as 

Algorithm 2. 
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static long Euclid(long a, long b, 

ref int iter, long x1, long x2, ref long y1, ref long y2) 

{ 

if ((a & 1) == 0) 

{ 

iter++; y1 <<= 1; y2 <<= 1; 

return Euclid(a >> 1, b, ref iter, x1, x2, ref y1, ref y2); 

} 

if ((b & 1) == 0) 

{ 

iter++; 

return Euclid(a, b >> 1, ref iter, x1 << 1, x2 << 1, ref y1, ref y2); 
} 

if (a == b) return a; 

else 

if (a > b) 

return Euclid(a - b, b, ref iter, x1 + y1, x2 + y2, ref y1, ref y2); 

else 

{ 

y1 += x1; y2 += x2; 

return Euclid(a, b - a, ref iter, x1, x2, ref y1, ref y2); 

} 

} 

and its calling: 

a0 = a; b0 = b; iter = 0; 

x1 = 1; x2 = 0; y1 = 0; y2 = 1; 

while ((a & 1) == 0) 

{ iter++; a >>= 1; } 

j = iter; 

while ((b & 1) == 0) 

{ iter++; b >>= 1; } k = iter - j; 

if (j < k) min = j; else min = k; 

jk = j + k; a2 = a; b2 = b; 

gcd = Euclid(a2, b2, ref iter, x1, x2, ref y1, ref y2); 
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while (iter > jk) 

{ 

if ((y1 & 1) == 1 ||(y2 & 1) == 1) { y1 += b2; y2 += a2; }  

iter--; y1 >>= 1; y2 >>= 1; 

} 

eeacmi1 = gcd << min; 

//as a result we receive: 

//eeacmi1 = Greatest Common Divisor of a0 and b0 

y1 = -y1; x = y1; y = y2; 

if (j == min) 

eeacmi2 = (x <<= (k - j)) * a0 + y * b0; 

//as a result we receive: eeacmi2 = gcd * 2^{k-j} = x * a0 + y * b0  

else  

eeacmi2 = x * a0 + (y <<= (j - k)) * b0; 

//as a result we receive: eeacmi2 = gcd * 2^{j-k} = x * a0 + y * b0 

Numerical Example 

For testing purposes we will use the following computer: processor - 

Intel(R) Core(TM) i7-6700HQ CPU 2.60GHz, 2592 Mhz, 4 Core(s), 8 Logical 

Processor(s), RAM 16 GB, Microsoft Windows 10 Enterprise x64, Microsoft 

Visual C# 2017 x64. 

We will use the following example: 

long a, b, gcd, eeacmi1, eeacmi2, d1 = 0, d2 = 0, x, y; 

long b0, a0, x1, x2, y1, y2, a2, b2; 

int min, iter, j, k, jk; 

for (int i = 1; i < 100000001; i++) 

{ 

b = i; a = 200000002 - i; 

//here is placed the algorithm 1, 

//calling of recursive algorithm 2 

d1 += eeacmi1; d2 += eeacmi2; 

} 

Console.WriteLine (d1); Console.WriteLine (d2); 

CPU time results are: 
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 CPU time of Algorithm 1 is: 89.287 seconds. 

 CPU time of Algorithm 2 is: 200.377 seconds. 
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