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ON AN APPROACH FOR CONSTRUCTION
OF I-V CURVES IN LJJ

P. Khr. Atanasova

Abstract. New approach for construction of current-voltage (I-V)
curves which are significant in Physics of long Josephson junctions (LJJ)
is presented in this paper. The bifurcational static solution and eigenfunc-
tions of the corresponding Sturm-Liouville problem is used. After dis-
cretization an overdetermined nonlinear algebraic system is obtained
which is solved by least square method. The properties of eigenfunctions
lead to the possibility to solve the problem recursively using the contin-
uous analog of Newton’s method. An algorithm for successive finding of
I-V curve points is described.
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1. Introduction

Here we solve the dynamical problem concerning the magnetic flux in an
one-layer homogeneous LJJ which is simulated by the equation [1]

(1) Gew — b1t — gy =sing —v, t>0, xc (=11
with boundary conditions
(2) ¢ (£, 1) = he,
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where h. is an external Josephson junction magnetic field. Let us suppose that
at t = 0 the dynamical solution coincides with the corresponding static solution
which is denoted by ¢(z). This is a solution of the following static problem:

(3) — zz +sinp —v =0
with boundary conditions
0z (£l) = he .
Of course, this is the same problem as the dynamical one but without the

derivatives with respect to time.
The following Sturm-Liouville problem (StLP) corresponds to this problem

(4) — Yz + q(I)i/} =\,
(5) Yo (£l) =0,

under norming condition

l

(6) /w2dx—1:0,

—1

where the weight ¢(z) = cos p(z).

In order to find the static solution and to use it as an initial approximation
for the dynamic one first of all the bifurcation problem must be solved, i.e. it
is assumed that A = 0 or X is sufficiently small, for example A = 10~°. This
means that the static problem and StLP are solved simultaneously at A = 1075,
So we have the model

(7&) — Obgz T sin $b — VYer = 0,
(7b) @b,z(il) - he = Oa
(7C) - ¢11 + [Qb(x) - /\]¢ = 07
(7d) V() =0,

l
(7e) /¢2dx—1:0.
—1

Further the received solutions ¢y(x) and ¥, (x), n =1,..., N are used for
the construction of the dynamical distribution as follows

N
(8) Ox,1) = pu(x) + e 2y L (t)nla).
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For the sake of simplicity the counting of n is begun with 1. Of course this

counting can not coincide with the numbers of eigenvalues ¥, (z).

n =

In order to find the required dynamical distribution the functions &, (t),
1,..., N must be defined.

Using (8) in such form is proper because

for the sake of choice pp(z) and ¥, (x), n =1,..., N the boundary con-
ditions (2) are satisfied;

functions ¢, (z), 1 =0,..., N are orthonormalized;

dynamical distribution can be received by the “perturbation” of the bi-
furcation solution;

the problem decomposes because only dynamical functions &,(¢), n =
1,..., N are sought but space functions ¥, (z), n = 1,..., N remain the
same as found in advance;
due to the exponent e~**/2 the coefficient in front of the first derivative
with respect to time in (1) is zero (for details see §2).

2. Insertion of an exponent into the decomposition for ¢(x,t)

(9)

The solution of the problem (1) is searched in the decomposed form

N

$(x,t) = @p(@) + f(£) D &n(t)n(x).

n=1

where the function f(¢) is found (9) thus, the derivatives &, (), n=1,...,N

do ni

(1).

ot take part in the final form of the equation after the insertion of (9) into

Initially, we find the first and second derivatives of the function ¢(z,t)

with respect to time ¢ and to space coordinate z ¢:(x,t), ¢ (z,t), ¢ (z,t) and
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¢uz(x,t). After that we put their expressions into the equation (1) and receive

Pb, .L.L Z gn ¢n .L.L ftt Z En wn 2ft Z gn t ¢n
n=1

t) Z n et (D) hn(z)—afi(t Z z)—af(t) Z Ent (W) Yn(2) =
n=1 n=1

=

: — sin(a, 1) 7

Equating the coefficient in front of the derivative &, +(t) to zero i.e.

=2fi(t) —af(t) =

and solving this differential equation we obtain

f(t) _ efat/2 )

Thus, it is shown that the choice of function f(t) = e~t/2 in the expression
(9) helps us work further without first derivative &, (¢) with respect to time.

3. Discretization

First of all our aim is to find values of the required function in points
of some grid of interval [0,T], where T is the upper bound of the considered
time interval, which is defined during the work i.e. we need to fill a table of
values §,(¢;), n =1,...,N, 7 =T/M, t; = jr, j = 0, M. In order to form
two-dimensional grid (z;,t;) we use the values of z; from the grid of the mixed
static problem (7). We calculate the derivatives ¢u(z,t), ¢u(z,t), ¢u(z,t),
¢z (z, 1), put them into the expression (1) and obtain that the equation

o) an¢mwn(fmw (1) v (o) -

(10) _Sln¢(xi7tj)+7:07

where
E] _ e—octj/Q

and

Qs(.’l,'“ ) ‘Pb xz +E an n z)

n=0
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must be fulfilled in every point (z;,t;).

Since the functions () and ¥, (z), n = 1,..., N in grid knots are already
found we use their values in points x; and for the second derivatives in (10) we
can make use of the following formulae which are received from the equations
(3) and (4):

(11) @b,zx(zi) :SinSﬁb(zi) — Yer s 1= 0,...,K
(12) wn,xx = [(I(%) - )\n]wn(xi) P 1= Oa cee 7K
Further, we replace the values &, 1, n =0,..., N by the formulae [2]
En(tj+1) — 26 (t;) + &nltj—1)

(13) nue(t)) =
Since at t = tg = 0 the condition
(14) P(x,0) = @p(x)

must be fulfilled, it follows that for the required functions &,(t), n =1,...,N
the following condition

> . j=1,...,M.

N
(15) D (0 (z) =0

must be fulfilled.
Since the functions v, (z) are linearly independent, then the condition (15)
is fulfilled if and only if zero initial conditions for required functions

(16) £.(00=0, n=1,...,.N

are fulfilled.

If we replace in (10) all the derivatives by the formulae (11), (12) and (13)
for every j = 1,..., M we receive K 4 1 equations for every ¢ =0,..., K. The
equality (10) can be written in the following way

(17) Jiilo(ti—1),&o(ts), Eo(tjhn), - En(ti—1).En(t5), En(tjgr)] = 0
forevery j=1,...,.M i=0,...,K, where

fij = Ovza(xi) +
N 2 - ‘ ,
—l—Ej Z:l [fn(t])¢n7xm(l‘l) + (Ojlfn(tj)_gn(tj—l-l) 2£n(tj)+§n(tj—1)> ,(/)n(xl)] _

(18) —Sinqﬁ(a:i,tj)—&—'y, ’L':O,...,[(7 j:L,M
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and the second derivatives ¢ 45 (2;) and ¥y, 4, (2;) are defined by (11) and (12).
At j =0 we have

(19) En(te) =0, n=0,...,N.
Thus at every step j = 1,..., M we receive an overdetermined system for
unknown values &, (t;-1), &n(tj), &n(tj+1), n =0,..., N. Such a system can be

solved by least square method [2] i.e. the problem considered reduces itself to
minimum finding of the function

K
(20) Fi=Y_fl, i=0...,M.
i=0

Further in order to get some important simplification, the sum (20) will begin
from j = 1. Since the function F; (20) is positively definite, the necessary and
sufficient conditions for minimum of F; are

oOF,
21a _*Mi _0, k=1,...,N,
(21a) O (tj—1)

OF;
21b i_—0, k=1,....N,
(21b) D (1)

OF;
21c —2 _ =0, k=1,...,N
(210) 08k (tj+1)

for every j > 1.
These equations can be written in the following way. The first group of
equations (21a) and the last one (21c) coincide:

K
(22) > figtn(zi) =0, k=1,....N, Vj>1
i=1

and the second group (21b) looks as follows:
K

(23) D fij [Wkwa(@i) — cosp(i,ty) Yp(z:)] =0, k=1,...,N, Vj>1,
i=1

where f; ; is given by the expression (18). Firstly, let us pay attention to the
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first group equations. They look in details as

K
(24) Z {(pb Tx Il + E] Z gn wn xz(xz) +

1= n=1

e

2 ) Un () | —Sin¢(l‘i,tj)+’}’} (i) =0,
k=1,...,N, Vj>1.

Let us note that we can use the orthonormality condition for functions ¢, (),
n=1,...,N ie.
l

/wn(x)wk(x)dmzénk, n=1,..N, k=1,....N

-1

or approximately

K
(25) an(x)wk(x):%dkn, n=1,. . N, k=1,... N,

where 6, is a Kronecker delta.
For the sake of convenience we denote the coefficient in front of ¢, (x;) in

(24) by Sy; i.e. ,

o
Snj = I gn(tj) - fn,tt(tj) :
Then the system (24) can be written in the following way
(26) Z Po,xx xz +E Zgn ¢n xw(xl) _Sin¢(xi7tj) +7 ¢k($l)+
=1
+E, ZSMZ% = k=1,...,N, Vj>1.
n=1
Using (25) we can express Sy; as follows
(27)
nK
Skj = Z |ﬁﬂ7 va (i) +Ej an J¥n,wa(@i)—sing(zs, t;)+v | V(i)
E i=1 n=1

k=1,...,N, Vj>1.
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Let us note that the expressions Skj, k = 1,..., N take parts in f;; and if in
(23) we replace them by () then the unknowns & (t;-1),&k(tj41), k=1,...,N
drop out. Thus, only a system with respect to unknowns & (¢;), k=1,...,N
which looks as follows

K N

(28) X W’k,m(%) - COS(b(SCi,t]’) ’l,[}k(.fz)} = 07 k= 17 .. '7N7 v.] Z 1

remains.

We solve the system (28) by continuous analog of Newton’s method [3].
Since the initial approximations are &,(tg) = 0 then due to the zero initial
conditions for the first derivative, it follows that &,(t1) =0,n=1,..., N with
an accuracy O(7). Therefore we begin with &,(t1) =0,n =1,..., N as initial
approximations for the system (28). We use the received solutions as initial
approximations for the system at the next time layer and the voltage V(t;)
is calculated. The calculation of averaged voltage can be performed by the
formula

t; 1
11
2 = ——= t)dxdt .
(29) v tﬂL//@u,>x
0 1
After substitution (8) into (29) we receive

N
1
‘/ = — A 70‘151'/2 t:
(30) 2tjl T?:O n€ fn( j)a

l
An:/wnda:.
-1

The passage to the next layer stops if

where

V(tj41) — V(t))| <oV,

where §V is a beforehand given small number. Thus we reach some stabilization
of the described process.
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4. Algorithm

Finally, the following scheme for construction of current-voltage charac-

teristic is proposed here:

(1)
(2)

3)

(4)

(6)

set physical parameters (I, h. «);

solve a static problem at A = 10~° (for example) with a spectral param-
eter v and receive @y, ¥y, n=0,..., N and v = Y¢r ;

begin with 7., and decrease it by some step - until reaching the condition
V =0 and, besides, increasing it to some value (for example v = 1);

find &,(t;), n =0,..., N at the layer j by the described in item (3) way
at the corresponding value of external current ~;

e Note 1. At v = .. we receive zero solutions i.e. all the required
functions are identically equal to zero §,(¢;) =0,n=1,...,N,j =
0,...,M. This must be in view of the fact that at this point we
have a bifurcational solution which is already obtained by solving
the static problem.

e Note 2. At an external current value less than the critical one (6 <
0) zero voltages (V (tpr) = 0) must be received.

calculate V' by the formula (30); j = j+1 (the passage to the next layer ¢;)
and make a passage to item (4) until the condition |V (t;11) =V (¢;)| < 6V
is fulfilled. The last voltage obtained V and the considered current -y
define a point (v, V) from the current-voltage (I-V) curve;

go to item (3) until the exhausting of the + values;

We plan to announce and discuss numerical results of the described algo-

rithm in the next communication.
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BBbPXY EJIMH IIOAXO0/ 3A KOHCTPYUPAHE
HA I-V KPUBU HA JIJIK

II. Xp. Aranacosa

Pestome. B Ttazm pabora e mpeioxkeH HOB TOIXOM, 3a IMOCTPOsiBAHE HA
Bourr-amiiepun (I-V) kpusu, kouro ca 0cob6eHO BazKHU BbB (DU3NKATA HA [IbJIIU-
re mxo3edeonosn koaTakTH (JIJIK). Msnomnsea ce 6udypKammoHHOTO CTATHIHO
pelnierre u cobcrBeHuTe PYyHKIUU Ha ChOTBeTHATa 3aa4a Ha IILypm-Jlnysuir.
Ciren quckperusanusTa ce IMOoJIydaBa IIpeonpee/ieHa HeJIMHeHA aJredpudHa,
cHcTeMa, 3a KOSITO Ce IIPeJIjiara Ja Ce PeraBa o MeTo/1a Ha, Hali-MaJIKUTEe KBaJI-
patu. CBoiicTBara Ha cobcTBeHUTE (DYHKIUU JTOBEXKIA JT0 Bh3MOKHOCTTA 3318~
qaTa Ja Ce PellaBa PEKYPCUBHO C M3IOJ3BAHETO HA HENPEKbCHATHS aHAJIOL Ha
Merosa Ha Hioron. Onucan e aaropuTbMbT 3a II0CJIE€I0BATEIHO HAMUDAHe Ha
ToukuTe oT I-V Kpupara.
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