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Introduction

The geometry of the almost contact manifolds with Norden metric (B-
metric) is a natural extension of the geometry of the almost complex manifolds
with Norden metric (B-metric) in the odd dimensional case.

Almost contact manifolds with Norden metric are introduced in [1]. Ele-
ven basic classes of these manifolds are characterized there according to the
properties of the covariant derivatives of the almost contact structure.

In this work we focus our attention on one of the basic classes almost
contact manifolds with Norden metric, namely the class F1;. We study some
curvature properties and relations between certain scalar invariants of the
manifolds belonging to this class. In the last section we illustrate the obtained
results by constructing and studying an example of an Fj;-manifold on a Lie

group.

1. Preliminaries

Let M be a (2n + 1)-dimensional smooth manifold, and let (¢, &,n) be
an almost contact structure on M, i.e. ¢ is an endomorphism of the tangent
bundle of M, £ is a vector field, and 7 is its dual 1-form such that

(1.1) Plr=-Id+n®¢, n(€) = 1.

Then, (M, ¢,&,n) is called an almost contact manifold.
We equip (M, ¢, &,n) with a compatible pseudo-Riemannian metric g sa-
tisfying

(1.2) g(wx,0y) = —g(x,y) +n(x)n(y)

!This work is partially supported by The Fund for Scientific Research of the University
of Plovdiv, Bulgaria, Project RS09-FMI-003.



218 Anniversary International Conference REMIA2010

for arbitrary x, y in the Lie algebra X(M) of the smooth vector fields on M.
Then, g is called a Norden metric (B-metric), and (M, ¢,&,n,g) is called an
almost contact manifold with Norden metric.

From (1.1), (1.2) it follows @& =0, nop =0, n(z) = g(z,£), g(pz,y) =
9@, py).

The associated metric g of g is defined by g(z,y) = g(z, vy)+n(z)n(y) and
is a Norden metric, too. Both metrics are necessarily of signature (n + 1,n).

Further, z, y, z, u will stand for arbitrary vector fields in X(M).

Let V be the Levi-Civita connection of g. The fundamental tensor F' of
type (0,3) is defined by

(1.3) F(z,y,2) = g ((Vap)y, 2)
and has the properties
F(x,y,z) = F(z,2,9),
F(x, py, p2) = F(a,y,2) = F(x, &, 2)n(y) — F(z,y,&)n(2)-

From the last equation and @£ = 0 it follows F'(z,£,€&) = 0.

Let {e;,&} (i =1, 2, ..., 2n) be a basis of the tangent space T,M at an
arbitrary point p of M, and g% be the components of the inverse matrix of
(94j) with respect to {e;,{}. The following 1-forms are associated with F'

(1.4)

Q(IE) = gijF(eiaeﬁx)’ 0*(:E) = gijF(ei’906j3$)a
w(x) = F(§,& ), wr=wop.

We denote by Q the vector field corresponding to w, i.e. w(z) = g(z, Q).
The Nijenhuis tensor N of the almost contact structure (¢, &, n) is defined

by [6] N(z,y) = ¢, ¢l(z,y) + dn(z,y)E, i.e.

N(z,y) = @z, y] + [z, oy] — ploz,y] — olz, oy] + (Van)y.£ — (Vyn)z.£.

(1.5)

In terms of the covariant derivatives of ¢ and 7 the tensor N is expressed
as follows

N(z,y) = (Veep)y — (Voyp)z — o(Vap)y + o(Vyp)z
+ (Van)y-& — (Vyn)z.&,

where (Van)y = F(z, ¢y, ).
The almost contact structure in said to be integrable if N = 0. In this

case the almost contact manifold is called normal [6].

A classification of the almost contact manifolds with Norden metric is
introduced in [1]. This classification consists of eleven basic classes F; (i =
1,2, ..., 11) characterized according to the properties of . The special class Fy
of the p-Kahler-type almost contact manifolds with Norden metric is given by
the condition F = 0 (Vp = V& = Vi = 0). The classes for which F' is
expressed explicitly by the other structural tensors are called main classes.

(1.6)
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In the present work we focus our attention on one of the main classes of
these manifolds, namely the class Fj1, which is defined by the characteristic
condition [1]

(1.7) F(z,y,z) = n(z){n(y)w(z) + n(z)w(y)}.

By (1.5) and (1.7) we get that on a Fjj-manifold § = w, 6* = 0. We also

have

(1.8) (Vew )y = (Vaow)oy + n(z)n(y)w ().

The 1-forms w and w* are said to be closed if dw = dw* = 0. Since V is
symmetric, necessary and sufficient conditions for w and w* to be closed are

(1.9) (Vaw)y = (Vyw)z, (Vaw)py = (Vyw)pz.
The curvature tensor R of V is defined as usually by
(1.10) R(z,y)z = VyVyz = VyVez — Vi 12,

and its corresponding tensor of type (0,4) is given by
R(z,y, z,u) = g(R(z,y)z,u).
The Ricci tensor p and the scalar curvatures 7 and 7* are defined by, respec-
tively
(L11)  p(y,2) = g7 R(ei,y. 2 ¢), 7= g"pleiej), 7= g”plei, pej).
The tensor R is said to be of ¢-Kahler-type if
(1.12) R(z,y, pz,ou) = —R(x,y, z,u).

Let a = {z,y} be a non-degenerate 2-section spanned by the vectors
z, y € T,M, p € M. The sectional curvature of « is defined by

R(z,y,y, )
1 (l‘a Y9, .T) ’
where ™ (.fL', Y, z, U) = g(ya Z)g(l‘, U) - g(:E, Z)g(yv ’LL)

In [5] there are introduced the following special sections in T, M: a {-sec-
tion if « = {x, £}, a ¢-holomorphic section if pa = a and a totally real section
if pa L o with respect to g.

The square norms of Vi, Vi and V¢ are defined by, respectively [3]:

IVel? = g9 g% g (Ve,p)er, Ve, p)es) |
[Vl = | VEI]2 = g g% (Ve,n)er(Ve,n)es.

We introduce the notion of an isotropic Kahler-type almost contact ma-
nifold with Norden metric analogously to [2].

(1.13) k(a;p) =

(1.14)

Definition 1.1. An almost contact manifold with Norden metric is called
isotropic Kahlerian if [|[Ve||2 = [|[Vn[]2 = 0 ([|[Vel||? = ||VE|]? = 0).



220 Anniversary International Conference REMIA2010

2. Curvature properties of Fj;-manifolds

In this section we obtain relations between certain scalar invariants on
Fi1-manifolds with Norden metric and give necessary and sufficient conditions
for such manifolds to be isotropic Kéaherian.

First, by help of (1.3), (1.4), (1.6), (1.7), (1.14) and direct computation
we obtain

Proposition 2.1. On a Fi1-manifold it is valid
(2.1) IVl = =[N = =2[|Vn||* = 2w(Q).
Then, (2.1) and Definition 1.1 yield

Corollary 2.1. On a Fi1-manifold the following conditions are equiva-
lent:

(i) the manifold is isotropic Kdhlerian;
(ii) the vector Q is isotopic, i.e. w(Q2) =0;
(iii) the Nijenhuis tensor N is isotropic.

It is known that the almost contact structure satisfies the Ricci identity,
i.e.
(VaVyp)z = (VyVap)z = R(z,y)pz — ¢R(z,y)z,
(VaVyn)z = (VyVan)z = —n(R(z, y)2).

Then, taking into account the definitions of ¢, F', and Vg = 0, the equali-
ties (2.2) imply

(VIF)(yv Zy <pu) - (va)(l" 2y Qou) = R(‘T7 Y, z, u) + R(.T, Y, pz, cpu)
- R(l‘7 Y, =, 5)77(“),
(24) (VIF)(y7 Pz, 6) - (va)(xa Pz, 5) = —R(LL‘, Y, z, é‘)
By (1.3), (2.3) and (2.4) we get
(2.5) R(z,y, pz,ou) = —R(x,y, z,u) + ¥4(5)(x,y, z,u),
where the tensor 14(S) is defined by [4]
Va(S)(@,y, z,u) = n(y)n(2)S(z, u) — n(x)n(2)S(y, )

(2.2)

(2.3)

(2.6)

+n(@)n(u)S(y, 2) — n(y)n(u)S(z, 2).
and
(2.7) S(x,y) = (Vow)py — w(pz)w(py).

Then, the following holds
Proposition 2.2. On a Fi1-manifold we have
T+ 77 = 2div(pQ) = 2p(¢, €),

where T = gisgij(ez‘, €5, PEk, 8065)-
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Proof. The truthfulness of the statement follows from (1.11) and (2.5) by
straightforward computation.
O

Having in mind (1.12) and (2.5), we conclude that the curvature tensor on
a F11-manifold is of ¢-K&her-type if and only if 14(S) = 0. Because of (2.6) the
last condition holds true iff S = 0. Then, taking into account (1.8) and (2.7)
we prove

Proposition 2.3. The curvature tensor of a Fi1-manifold with Norden
metric is p-Kaherian iff

(2.8) (Vaw)y = n(z)n(y)w(§)) + w* (@)w” (y).

The condition (2.8) implies dw* = 0, i.e. w* is closed.

3. An example

In this section we present and study a (2n + 1)-dimensional example of a
Fi1-manifold constructed on a Lie group.

Let G be a (2n + 1)-dimensional real connected Lie group, and g be its
corresponding Lie algebra. If {xq, x1, ..., oy} is a basis of left-invariant vector
fields on G, we define a left-invariant almost contact structure (¢, &,n) by

PT; = Titn, PTifn = —T;4, pxg =0, 1=1,2,....n,
& = xg, n(zp) = 1, n(xzj) =0, j=1,2,...,2n.

We also define a left-invariant pseudo-Riemannian metric ¢ on G by

(3.1)

g($0’x0) = g(x%xl) = _g(xiJrnaxiJrn) = 17 1= 17 2> —eey I,

(3.2) | |
g(zj, ) =0, j#k, jk=01,..,2n.

Then, according to (1.1) and (1.2), (G, ¢,&,n, g) is an almost contact manifold
with Norden metric.
Let the Lie algebra g of G be given by the following non-zero commutators

(33) [xi,:lio] = )\Z‘Jjo, 1= 1, 2, veey 2n,

where \; € R. Equalities (3.3) determine a 2n-parametric family of solvable
Lie algebras.

Further, we study the manifold (G, ¢, &, n,g) with Lie algebra g defined
by (3.3). The well-known Koszul’s formula for the Levi-Civita connection
of g on G, i.e. the equality

29(Va,xj, a) = g([zi, z5], or) + 9([2e, zil 75) + g([zk, 5], 23),
implies the following components of the Levi-Civita connection:
inxj = szf = O, Vgxi = —)\ig, i, j = 1, 2, ey 2n,

3.4) "
( Vel = Zk:l()‘kxk — MetnThin)-
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Then, by (1.3) and (3.4) we obtain the essential non-zero components of F':

(35) F(£7£7$Z) = W(l’Z) = _>"i+n? F(f,£7$i+n) = w($i+n) =\,
fori=1, 2, ..., n. Hence, by (1.7) and (3.5) we have

Proposition 3.1. The almost contact manifold with Norden metric
(G,¢,&,m,9) defined by (3.1), (3.2) and (3.3) belongs to the class Fi1.

Moreover, by (1.9), (3.4) and (3.5) we establish that the considered ma-
nifold has closed 1-forms w and w*.

Taking into account (3.4) and (1.10) we obtain the essential non-zero
components of the curvature tensor as follows

(36) R(Sﬂi,f,f,ﬂjj) = _)\i)\ju i, ] = 1, 2, ceey 2n.

By (3.6) it follows that R(xz;, zj, pxy, pxs) = 0 for all 4, j, k, s = 0,1, ..., 2n.
Then, according to (2.5) and (2.7) we get

Proposition 3.2. The curvature tensor and the Ricci tensor of the Fi1-
manifold (G, p,&,n,9) defined by (3.1), (3.2) and (3.3) have the form, respec-
tively

R=14(5),  plz,y) = n(z)n(y)trS + S(z,y),
where S is defined by (2.7) and trS = div(p).

We compute the essential non-zero components of the Ricci tensor as
follows

p(a;i,xj) = —Ai)\j, 1= 1, 2, cery 277,,
p(&:€) = =2k ()‘% - )\ern) :

By (1.11) and (3.7) we obtain the curvatures of the considered manifold

(3.7)

(3.8) T==2) (M =Mp)s TT=-2) Medegn.
k=1 k=1

Let us consider the characteristic 2-sections «;; spanned by the vectors
{z;,x;}: &-sections ag,; (i = 1,2,...,2n), ¢-holomorphic sections ; jp (i =
1,2,...,n), and the rest are totally real sections. Then, by (1.13), (3.1) and (3.6)
it follows

Proposition 3.3. The Fi1-manifold with Norden metric (G, p,&,n,9) de-
fined by (3.1), (3.2) and (3.3) has zero totally real and p-holomorphic sectional
curvatures, and its -sectional curvatures are given by

A2

k )= ——"— =1, 2, ..., 2n.
(Oéo,z) g(ﬂfu%)’ 1 ) &y , all



10-12 December 2010, Plovdiv, Bulgaria 223

By (3.2) and (3.5) we obtain the corresponding vector € to w and its
square norm
n n
(3:9) Q==Y (Akpnk + MTrin), ==Y (A=) -
k=1 k=1
Then, by (3.9) and Corollary 2.1 we prove

Proposition 3.4. The Fi1-manifold with Norden metric (G, p,&,m,g) de-
fined by (3.1), (3.2) and (3.3) is isotropic Kdhlerian iff the condition
> (A= Aiyn) =0
k=1
holds.
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