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ABSTRACT. The well-known Banach contraction principle has a plethora
of generalizations. In this paper we have focused our attention on three
of them: best proximity pairs of a noncyclic map in a complete metric
space with the UC property, the contraction condition holding for some
elements in a space with a relation introduced in it, formalized by a P set,
and the mapping being with a contractive iterate at a point. We prove a
theorem combining these three generalizations, providing sufficient condi-
tions for the existence and uniqueness of best proximity pairs of noncyclic
mappings with a contractive iterate on P sets. The paper concludes with
an illustrative example.

1. INTRODUCTION

Ever since the introduction of the Banach contraction principle, the theory of
fixed points has been ubiquitous in both theoretical and applied mathematics.
It has been used in the solution of a plethora of problems even in its unmodified
form. Such results have warranted the generalization of the Banach contraction
principle in a multitude of ways.

One way to weaken the principle is to look for a closest element in some
sense, instead of a fixed point [3]. If we have a mapping T: AUB — AUB

2020 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.

Key words and phrases. Best proximity pair, contractive iterate at a point, fixed point,
noncyclic mapping, P set, UC' property.

Submitted February 13, 2025. Revised Mart 21, 2025. Accepted April 4, 2025.

*Corresponding author.
1



2 V. GEORGIEV, V. ZHELINSKI, B. ZLATANOV

such that T : A — Band T : B — A and AN B = (), then clearly there
would not exist an element x € AU B such that Tx = z. Then we can seek
an element that is a best proximity point. Seeing as such objects are usually
discussed in Banach spaces, a best proximity point would be a point that
satisfies the optimization problem mingcayp [|[T2 — z||. This concept has not
only flourished in a theoretical environment but also has found applications,
some being in game theory [15] and differential equations [I6]. An offspring of
this idea is the concept of a best proximity pair when the mapping is such that
T:A— Aand T: B — B [0

A generalization that has been initiated by [25], but having received recog-
nition after the publication of [20], is the introduction of a partial ordering to
the metric space X and the restriction of the contractive condition to only a
subset of comparable elements. There are a multitude of results in partially
ordered metric spaces [1l 20]. Later such notions have been generalized by re-
placing the partial ordering with a general relation between the elements in X,
represented by a P set [17].

A way to relax the contractive condition is introduced in [2I], where the
methodology is to allow for the contractive condition to hold for some iteration
of the mapping T"*) that depends on the specific element = € X, instead of
for every iteration.

Recently, a result combining all three of these results has been proven [§],
looking at the case where n(z) is an odd natural number. The goal of this
paper is to continue research into unifying these ideas, focusing on mappings
that can lead to best proximity pairs.

2. PRELIMINARIES

In this paper, we use the following notation: R for the set of real numbers,
N for the set of the naturals (N = {1,2,3,...}), Ny for NU {0}, C for the set
of complex numbers, Z for the set of the integers, |-| for the floor function
('] R = Z, as |r] = max{n € Z : n < r}), (X,p) for the metric space X,
with metric p, B[z, r] for the closed ball in the metric space (X, p), with center
x € X, and radius r > 0 (that is, Blz,r] = {u € X : p(u,z) < r}), and B(x,r)
for the open ball in the metric space (X, p), with center z € X, and radius
r>0(B(x,r) ={ue X :plu,z)<r}).

The study of best proximity points obtained via a mapping of the form
T:AUB — AUB,T:A— B, T: B — A was pioneered in [3]. In that paper,
the authors use the notion of a cyclic contraction map.
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Definition 2.1 ([3]). Let A and B be nonempty subsets of a metric space X.
AmapT: AUB — AU B is a cyclic map if

T(A) C B and T(B) C A.

Definition 2.2 ([3]). Let A and B be nonempty subsets of a metric space X,

such that AN B = (). We say that x € AU B is a best proximity point if
d(xz,Tx) = dist(A, B).

Definition 2.3 ([3]). Let (X, p) be a metric space, A and B be subsets of X.

We say that the map T': AU B — AU B is a cyclic contraction map if it is a
cyclic map and satisfies the inequality

p(Tx, Ty) < ap(z,y) + (1 — a)dist(A, B)
for some « € (0,1) and every z € A, y € B.

For the purposes of getting an existence and uniqueness result, the uniform
convexity of the underlying Banach space is of paramount importance.

Definition 2.4 ([2,[B]). Let (X, | -||) be a Banach space. For every ¢ € (0, 2]
we define the modulus of convexity of || - || by

3y (e) = inf{l -

The norm is called uniformly convex if dx(¢) > 0 for all € € (0,2]. The space
(X, ]| - ]|) is then called a uniformly convex Banach space.

Tty
2

:J;,yEBX,HJ;—yHZE}.

Whenever the space under consideration is a Banach space (X, || - ||), we will
use the metric induced by the norm, i.e., p(z,y) = ||z — y|.

Theorem 2.5 ([3]). Let A and B be nonempty closed and convex subsets of
a uniformly convexr Banach space (X, ] -||). Suppose T: AUB — AUB is a
cyclic contraction map. Then there exists a unique best prozimity point x of T
in A.

However, requiring the Banach space to be uniformly convex is far too re-
stricting. A replacement for the uniform convexity in metric spaces has been
introduced in [24].

Definition 2.6 ([24]). Let (X, p) be a metric space and A, B C X. Let for
any three sequences {z, 521, {zn}52; C A, {yn}>2, C B, so that

o lim p(x,,yn) = dist(4, B),
n—oo

o lim p(z,,y,) = dist(4, B).
n—oo
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there hold lim p(2,,z,) = 0. Then, we say that the ordered pair (4, B)
n—oo
satisfies the property UC.

Theorem 2.7 ([24]). Let A and B be nonempty closed subsets of a complete
metric space (X, p), such that the ordered pairs (A, B) satisfy the property UC.
Let T : AUB — AU B be a cyclic map and there exist k € [0,1), so that the
inequality

p(Tx,Ty) < kmax{p(z,y), p(x, Tx), p(y, Ty)} + (1 — k)dist(A, B)

holds for allz € A and y € B.

Then there is a unique best proximity point x of T in A, the sequence of
successive iterations {T?"w}5 | converges to x for any initial guess xo € A.
There is at least one best proximity point y € B of T in B. Moreover, the
best proximity point y € B of T in B is unique, provided that the ordered pair
(B, A) has the UC property.

Since [24], different concepts have been considered in order to substitute
the uniform convexity [10, 22, 23, 24]. In particular, observations made in
[12] 13} 27] lead to the obtaining of results for fixed and best proximity points
in (R, [-).

Corollary 2.8 ([12 13 27]). Let A and B be real intervals. Then the ordered
pair (A, B) satisfies the property UC.

Lemma 2.9 ([]). Let A,B C X, where (X,p) is a metric space, and the
ordered pair (A, B) satisfies the property UC. Then, for every e > 0 there is
0 > 0 so that diam(A N By, dist(A, B) 4+ 0]) < ¢ for any y € B.

Further connections between these concepts have been established in [26].

One of the first results about fixed points in partially ordered metric spaces,
presented in a more sophisticated context, can be found in [25]. However, only
after the publication of [20] was interest by the scientific community piqued. In
that paper, the contractive condition p(Tx,Ty) < kp(z,y) is modified in such
a way as to be valid only for x < y.

Theorem 2.10 (|20]). Let (X,d,<) be a partially ordered complete metric
space and f: X — X be a continuous, monotone (i.e., either order preserving
or order reversing) map, such that there is k € [0,1) so that the inequality

d(Tz, Ty) < kd(z,y)
holds true for arbitrary x,y € X, satisfying x = y. A fized point £ € X of T
exists if there is xg € X such that either xg < fxog or xg = fxg.

The fized point & will be unique if each pair of elements x,y € X possesses
a lower bound or an upper bound.
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Introducing a partial order and restricting the contractive condition to com-
parable elements in some manner has been generalized by the introduction of P
sets (P C X x X)) in [I7]. In a short amount of time, a series of articles focuses
on coupled fixed points, where PP sets are subsets of X* [I7, [I8, [19]. Further
research into these ideas has been conducted in [7, [9].

An especially important concept for proving such results is stated in the
following definition.

Definition 2.11 ([19]). Let (X, d) be a metric space, PC X x X and F : X —
X be a mapping. P is called F-closed if

(z,y) € P = (F(x), F(y)) € P.
We will present some well-known examples [17].

Example 2.12. Let (X,d,<) be a partially ordered metric space. Let F :
X — X be an increasing function, i.e., F(z) < F(y), provided that z < y.
Then the set P = {(z,y) € X x X : z < y} is F-closed.

Example 2.13. Let (X,d,<) be a partially ordered metric space. For F' :
X — X let F(x) be comparable with F(y), i.e., F(z) < F(y). Then the set
P={(z,y) € X x X : x <y} is F-closed.

In [2I] we observe a different relaxation of the Banach contraction principle.

Theorem 2.14 ([21]). Let X be a Banach space, and T : X — X a continuous
mapping satisfying the condition: there exists a constant « € (0,1) such that
for each x € X, there is a positive integer n(x) such that for ally € X

p(T™ )y, T z) < ap(y, z).

Then T has a unique fized point z and lim T°z = z for each x € X.
S5—00

Later, the maps introduced in [2I] have been named maps iterated at a
point. Further developments of this idea have been presented in [8], @] 1T}, [14].
All of these ideas have been unified in [§].

Definition 2.15 ([I7]). Let (X, d) be a metric space. We say that two se-
quences {z,}, {yn} C X are Cauchy equivalent if lim,_,oc d(2y, yn) = 0.

Definition 2.16 ([§]). Let (X, d) be a metric space, A,B C X and P C Ax B,
ANB=10. Let {z,}>, be a sequence such that zs, € A and xa,+1 € B. The
triple (AU B, d,P) is said to be:
e cyclically e-P-regular if for any sequence {z3,}, convergent to z*, such
that (xop, Tant1) € P for all n € N, there holds (x*,z9,41) € P for all
n e NU{0}
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e cyclically o-P-regular if for any sequence {za,41}, convergent to z*,
such that (x2n,xont1) € P for all n € N, there holds (xa,,x*) € P, for
all n € NU{0}.

Definition 2.17 ([8]). Let X be a non-empty set, A,B C X, P C A x B and
let T: AUB — AU B be a cyclic map. We say that P is cyclically T-closed if

(x,y) eP = (Ty,Tx) € P.

Definition 2.18 ([8]). We say that P has the cyclically transitive property if
from (z,v), (2,y), (z,u) € P it follows that (z,u) € P.

Theorem 2.19 ([8]). Let (X,d) be a complete metric space, A,B C X be
nonempty such that ANB = (), the pair (A, B) have the UC property, P C AxB,
T:AUB — AUB be a cyclic map and there hold
(i) P is cyclically T-closed and has the cyclically transitive property;
(i) the triple (AU B,d,P) is cyclically e-P-regular;
(iii) there exists xg € A such that (xo,Txo) € P;
(iv) there exists k € [0,1) such that for all x € AU B there is n(z) = 1
(mod 2) € N, such that for all y € AU B, where (z,y) or (y,x) € P,
we have

Then there exists a best proximity point x* in A and for any arbitrarily chosen
xo € A, such that (zg,Txo) € P the iterated sequence xa, = T?"x4 converges
to a best proximity point. Furthermore, x* is a fized point of T?. Moreover,
there hold

(a) for any x € A such that (xg,Tx) € P or (z,Txzo) € P, the sequences
Ton = T?xg and ug, = T?"x are Cauchy equivalent and hence usay,
converges to the same point x*;

(b) if y* € A is a best prozimity point and either

(20, Ty™) € P or (y*,Txg) € P,
or there exists z € A so that
(20, T2),(y*,Tz) €P or (z,Txp), (2, Ty") € P,

then y* = x*;
(c) if additionally we suppose that for every x,y € A such that neither
(x,Ty) € P or (y,Tx) € P there is z € A so that either

(x,Tz2),(y,Tz) € P or (z,Tx), (2, Ty) € P,

then x* is the unique proximity point.
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A very similar concept to best proximity points is a best proximity pair.

Definition 2.20 ([6]). Let A and B be nonempty subsets of a metric space
X, such that AN B =0. A mapping T : AU B — AU B is called noncylcic if

T(A) C A, T(B) C B.

Definition 2.21 ([6]). Let A and B be nonempty subsets of a metric space X,
such that ANB = (. We say that (z,y) € (A, B) is a best proximity pair for the
noncyclic mapping T : AUB - AUB if Te =z, Ty =y, d(z,y) = dist(A, B).

It is the aim of this paper to extend the results for mappings with a con-
tractive iterate at a point on P sets by considering such maps in the context of
best proximity pairs.

3. MAIN RESULTS

Definition 3.1. Let A and Bbesets, PCAxBandT: AUB — AU B. We
say that P is T-expansive if for every (z,y) € P, n € Ny and m € Ny, there
holds (T™z,T™y) € P.

Definition 3.2. Let (X,p) be a metric space, A and B be subsets of X,
PCAx B, T: AUB — AU B be a noncyclic map. Let there exist A € [0;1),
such that for every (a,b) € P, there is n4(a) € N, and np(b) € N, so that

p(T4 @ g, T4 Dp) < Ap(a,b) + (1 — N)dist(A, B)
and
p(T2 O, TEO)b) < Xp(a,b) + (1 — N)dist(A4, B).
Then, we say that T is a noncyclic map with a contractive iterate on P.

Let us first state a result that addresses the behavior of T on the subset A.

Theorem 3.3. Let (X, p) be a complete metric space, A and B be subsets of
X. Let T be a noncyclic map with a contractive iterate on P, P be T-expansive,
and the ordered pair (A, B) satisfy the property UC. Let there exist a € A and
b € B such that (a,b) € P. Then:
(i) The sequence T™a is Cauchy and lim,,_, o p(T™a, T™b) = dist(A, B). If
in addition hm T"a =z and (z,b) € P, then Tz = z.
(ii) Addztwnally, zf (c b) € P, then the sequences T"a and T"c are Cauchy
equivalent.
(iii) If o € A is such that To. = « there exists ¢ € B such that (a,(), (o, () €
P, then z = «.
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(iv) If additionally we suppose that for every ay,as € A there is ( € B such
that (a1,(), (az,) € P, then there exists a unique fized point z of T in
A such that lim,,_, o p(z,T"B) = dist(A, B) for (-, 8) € P.

As is shown below, (A, B) having the UC' property is paramount for es-
tablishing that T"a is Cauchy. However, the sequence T"b may not even be
convergent. If we introduce one more condition (mainly, the pair (B, A) having
the UC' property), we can prove the following result for best proximity pairs.

Theorem 3.4. Let (X, p) be a complete metric space, A and B be subsets of
X. Let T be a noncyclic map with a contractive iterate on P, P be T-expansive,
and the ordered pairs (A, B) and (B, A) satisfy the property UC. Let there
exist a € A and b € B such that (a,b) € P. Then:
(1) The sequences T"a, T™b are Cauchy. If in addition nh_}rrolo T"a =z and
(z,b) € P, then Tz = z. Similarly, if in addition nhﬁngo T"b = w and
(a,w) € P, then Tw = w. If both hold, then (z,w) is a best proximity
pair for T'.

(II) Additionally, if (c,b) € P, then the sequences T"a and T"c are Cauchy
equivalent. Similarly, if (a,d) € P, then the sequences T™b and T™d
are Cauchy equivalent.

(IT1) If we also have another best proxzimity pair (o, ) and either (z,5) or
(o, w) is in P, or there exists ( € AU B such that (a,(), (a,() € P or
(C.b). (¢, B) € P, then (2,w) = (v, B).

(IV) If additionally we suppose that for every ai,as € A,by,by € B there is
w € A, ¢ € B so that (a1,(), (az,¢) € P and (w,by), (w,b2) € P, then
the best proximity pair is unique.

4. AUXILIARY RESULTS

Lemma 4.1. Let (X,p) be a metric space, A and B be subsets of X, T :
AUB — AUB be a noncyclic map with a contractive iterate on P C Ax B, and
P be T-expansive. Then, the sequences {T™a}se, and {T™b}52, are bounded
for every (a,b) € P.

Proof. By assumption, T' is a noncyclic map with a contractive iterate on P,
and P is T-expansive. Thus, there is ng(b) € N, such that for every n > ng(b)

there holds
p(T"a, T2 ()b) Mp(Tm= 20 b) + (1 — \)dist(A, B)
Ap(Tr=mB®) g Tre®)p) 1 (1 — \)dist(A, B)

+Ap(T5 )b, b).

ININ
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TLB(b)

Applying the last inequality, p = { J times consecutively, we get

p(T™a, T2 ()p)

< Ap(T @), T ®)h) 4 (1 — N)dist(A, B) + Ap(T"=®)b, b)

< Np(Tn2me®)g Tre®)p) 4 (1 — A2)dist(A, B) + A\p(T™2®)b, b)
+X2p(T5 ), b)

< Np(T3ns®)g TreO)p) 4 (1 — A3)dist(A, B) + A\p(T™2 )b, b)
+A2p(Tm2®)p, b) + N3 p(T™= )b, b)
. .

< Np(mrE g, T Bp) 4 (1 — AP)dist(A, B) + Y A p(T"7 )b, b).

k=1

Therefore, for every n € N, the inequality

A
p(T"a, T"2®p) < max  p(T*a, T"2®)b) 4 dist(A, B) + ——p(T"=®)b, b)
0<k<np(b) 11—\

is true. Thus, {T"a}22, is bounded. By a similar argument, we obtain that
{T"b}22, is also bounded. O

Lemma 4.2. Let (X, p) be a metric space, A, BC X, T: AUB - AUB
be a noncyclic map with a contractive iterate on P C A x B, and P be T-
expansive. Let (a,b) € P and the sequences {q2}3,,{q%}2>, C Ny be defined

n=0»

a b
as q¢ =g} =0, a1 =qn +na(Tha), qu_l = q2 + np(T%b). Then,

(i) lim sup p(T%a, T% b) = dist(A, B).
n—oo quZ
(i1) li_>m sup p(T% a, T'b) = dist(A, B).
n o0 ,LZq?L
(i4i) If the ordered pair (A, B) satisfies the property UC, then the sequence
{T"a}22, is Cauchy.

Proof. Using Lemma it follows that sup p(T"a,b) = M < co.
n€eNp
By assumption, 7" is a noncyclic map with a contractive iterate on P and P

is T-expansive. Therefore, for every n € Ny and k € Ny, the inequality

p(T9Eq, Tnb) < \p(T% 1+ kg, Tt-1p) + (1 — \)dist(A, B)
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is true. Thus, for any n € Ny, there holds
sup p(Tia,qub) < X sup p(Tia,quflb) + (1 — \)dist(A, B)

i>qb i2q)_

< A2 sup p(T'a, T92b) + (1 — \2)dist(A, B)

iqu’l_Q
e 4 . (41)
< N7lsup p(T'a, T9b) + (1 — A" dist(A, B)
i>qp
< A" sup p(T"a,b) + (1 — A")dist(A, B)
i<No
< A"M + (1 — A™)dist(4, B).

By assumption, T(A) C A, T(B) C B, a € A, and b € B. Consequently,
sup p(Ta, T b) > dist(A, B), for each n € N. Using the last inequality and
i>qb
(4.1), we can observe that

lim sup p(T'a, T™b) = dist(A, B). (4.2)

"0 i>gh
By similar arguments, we can see that lim sup p(T%a, T'b) = dist(A, B).
n— oo qu%

If the ordered pair (A, B) satisfies the property UC, from the limit (4.2))
and {T"a}>2, C A, it follows that for every 6 > 0 there is N € N, so that
{Tra}ee , € AN B[T9%b, dist(A, B) + 0], i.e.,

—HiN

diam({T"a}", ) < diam(A N BITb, dist(A, B) + 4]).

b

N
Using the last inequality and Lemma [2.9] we obtain that for every e there is
N € N, such that diam({T”a};’l":q}b\r) < e. Hence, the sequence {T"a}S2 , is
Cauchy. O

Lemma 4.3. Let (X, p) be a metric space, AABC X, T: AUB — AUB be a
noncyclic map with a contractive iterate on P C A x B and P be T-expansive.
Let (a,b) € P. Then, lim p(T"a,T"b) = dist(4, B).

n—oo

Proof. Let the sequence {g,}52, C Ny be defined recursively as gy = 0,
Int1 = qn +na(T7a).
By Lemma and it follows that
e For every € > 0, there is N € N such that if m > N and ¢ > g,,, then
dist(A, B) — e < p(T9a, T'b) < dist(A, B) + €.
e For any ¢ > 0, there exists N € N so that if m > N and ¢ > ¢,,, then
0<p(T%a,Ta) <e.
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Therefore, for every e, there is N € N, such that if m > N and ¢ > ¢,,, it holds
that

dist(A, B) — 2¢ < p(T9"a, T'b) — p(T%a, T a)
< p(T'a, T%) < p(T9"a, T'b) + p(T?a, T a)
< dist(A, B) + 2e.
Thus, nhﬁngo p(T"a, T"b) = dist(A, B). O

Lemma 4.4. Let (X, p) be a complete metric space, A,BC X, T: AUB —
A U B be a noncyclic map with a contractive iterate on P C A x B, and P
be T-expansive. Let (a,b),(c,b) € P. Then, the sequences T™a and T™c are

Cauchy equivalent and lim T"a = lim T"c = z.
n—oo n—oo

Proof. From Lemma and the assumption that (X, p) is complete, we
get
lim T"a=a € X and lim T"c=¢ € X. (4.3)

n—oo n—oo
Let the sequence {g,}>2, C Ny be defined as ¢o = 0, ¢nt+1 = qn +np(T"D).
Then, from Lemma |4 2| (i), we obtain that hm p(T%a, TIb) = dist(A, B) and
lim p(T9 ¢, T9b) = dist(A, B). Using the last two limits and the assumption
n—roo
that the ordered pair satisfies the property UC, it follows that

lim p(T%a, T c) =0,

n—oo

that is, the sequences T™a and T" ¢ are Cauchy equivalent. From (4.3) and the
continuity of the metric, we can conclude that

pld',d) = lim p(T"a,T"c) = lim p(T%a,T%c) =0,
n—oo

n— oo

ie.,d =c. O

Lemma 4.5. Let (X, p) be a complete metric space, A,BC X, T: AUB —
AU B be a noncyclic map with a contractive iterate on P C A x B, and P be
T-expansive. Let (a,b) € P, lim T"a = z, and (2,b) € P. Then Tz = z.

n—oo

n—oo

Proof. By Lemma the assumption that lim 7™a = z and the continuity

of the metric, we obtain
nh_{rgo p(z,T"b) = dist(A4, B). (4.4)
By assumption (z,b) € P, therefore z € A. T is a noncyclic map with a
contractive iterate on P and P is T-expansive. Consequently,
dist(A4, B) < p(T™3) 2, Tma@+kp) < X\(2, T*b) 4 (1 — N)dist(4, B)
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for any £ € N. From the last inequality and (4.4, we can observe that
lim p(T"43) 2z, T"b) = dist(A, B). By the last limit, 1p and the ordered
n—oo

pair satisfying the property UC, it follows that lim p(z,T"A(Z)z) = 0. Thus,
n— oo

7z =Ty,
Let us suppose that Tz = 2’ # z. Then TF*4()+1; = 2/ for every k € No.
Then, the equality
lim T"z =z (4.5)

n— oo

does not hold. Using (a,b), (z,b) € P, lim T"a = z and Lemma it follows
n—oo
that lim 7"z = lim T"a = z. The last limit contradicts 1| Therefore,

n— oo n—oo

Tz =z. O

5. PROOF OF THE MAIN RESULT

5.1. Proof of Theorem All of the conditions of Lemma are ful-
filled. Therefore, the sequence T"a is Cauchy. From Lemma we get that
lim,, o p(T™a, T™b) = dist(A, B). Additionally, due to (X, p) being a complete
metric space, if lim T"a = z and (z,b) € P, then from Lemma we get that
n— oo

Tz =z.

(i1)| This immediately follows from Lemma

Let a be such that Ta = « and there exists ( € B such that the
inclusion (a, (), (o, ¢) € P holds. Then from we can conclude that 7"z and
T™a are Cauchy equivalent, that is,

Jim p(T"2,T"a) = lim p(z,a) = p(z,a) =0,

or z = a.

[(iv)] Let a1,a2 € A and ¢ € B be such that (a1,¢), (az,¢) € P. From [[i)] we
get that T™a; — 21 and T™ay — 22, where 21, 20 € A such that p(T"a;, T"() =
dist(A4, B),Tz; = z;,i = 1,2. From |(ii)| we can conclude that z; = zs. O

5.2. Proof of Theorem Since the subsets A, B C X have symmetric
roles, we can use Theorem to make conclusions for elements from both
subsets.

From the sequences T"a, T™b are Cauchy. If lim T"a = z and

n—oo
(2,b) € P, then Tz = z. Similarly, if lim 7"b = w and (a,w) € P, then
n—oo

Tw = w. Having both of them hold leads to Tz = z, Tw = w and

p(z,w) = lim p(T"a,T"b) = dist(A, B).
n—oo

Thus, the pair (z,w) is a best proximity pair for 7.
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(I11)| This immediately follows from

(IIT)| Let (c, 8) be another best proximity pair. Without loss of generality,
let there exist ¢ € B such that (2,¢),(a,¢) € P. Then from z = a and
w = . Consequently, (z,w) = («, £).

(IV)| This follows immediately from O

6. ILLUSTRATIVE EXAMPLE

Example 6.1. Let us consider the metric space (R,|-|). Let A =[0,00),
B = (—00,—1] and P = A x B. Let 8(z) = [2] ( mod 2) and the mapping
T:AUB — AU B be defined as

[;111 .z € A\ {0} and B(z) = 0
% cx=0o0rz € Aand f(z)=1
Tx =
! -1 :zeB\{-1}and g(—z—1)=0
| -1
lefl cx=—lorxz € Band f(—z—1)=1.

Let us first note that dist(A4, B) = 1.

By Corollary we get that both ordered pairs (A, B) and (B, C) satisfy
the property UC.

It can be shown that T(A) C A and T'(B) C B. Additionally, P = A x B.
Thus, P is T-expansive.

It is the case that for each (z,y) € P there holds

T2x<£
-2

TQyET—l.

From the last system, T2z € A, T?y € B, x € A and y € B it follows that for

every (z,y) € P
x +1 1 1
<y1>‘§2|$y+

T?x — T?%y| < -
T x yl=13 5 5

i.e.,

1 1
|T?2 — T?y| < §|:v -yl + idist(A, B).
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Thus, T' is a noncyclic map with a contractive iterate on P with A\ = %, na(z) =
2 for each « € A and np(z) = 2 for each x € B. Thus, using the facts that the
ordered pairs (A4, B) and (B, C) satisfy the property UC, P being T-expansive
and (R, |- — - |) being complete, we can apply Theorem

Clearly, from P = A x B, the conditions of (ID)] and are
fulfilled. Therefore, there exists a unique best proximity pair. One can easily
confirm that 70 = 0,7(—1) = —1 and |0 — (—1)| = dist(A, B). Thus, (0,-1)
is the unique best proximity pair.

As a final remark, from it follows that 0 is the unique fixed point of T'
in A and —1 is the only fixed point of T in B.
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JBOVIKM TOYKU HA HAN-IOBPO IIPUBJIN>KEHUE 3A
HEIUKJINYHU N30BPAXKEHISI CbC CBUBAIIIA UTEPAIIUN
BbPXY P MHO>KECTBO

Basientun I'eoprues, Bacun 2Kenmuacku, Bosin 3aranos

Pesiome. obpe nosnaruaT npuHnun Ha Banax 3a cBuBammuTe n300paskeHUsT UMa
MHO>KeCTBO 00001eHusi. B Ta3u crarus cme HoKycrupad BHUMAHUETO CU BbPXY TPHU
OT TsIX: JBONKH TOYKM Ha Hal-I00pO MPHUOJIMKEHNE 33 HEIUKJINIHO M300pakeHue B
IIBJIHO METPUYIHO MPOCTPAHCTBO CbC cBoiicTBoTo UC, yCiioBUE 3a CBUBAHE, BAJUIHO
3a HSIKOM €JIEMEHTHU B IIPOCTPAHCTBOTO C BbBEJEHA B HEIO pesialivsi, (pOpMajn3upaHa
or P MHO>XKeCTBO, U M306parKEeHNETO Jla MMa CBUBAIIM UTepanuu B Touka. Jlokaspame
TeopeMa, KOMOMHUPAIA TE€3U TP ODOOIIEHNs, TPEAOCTABIHKN JTOCTATHIHN YCIOBUS
3a CbINECTBYBaHE M €JUHCTBEHOCT HA JIBOMKHU TOYKU Ha Haii-I100pO HpHOJINKEeHne 33
HEIWKJINYHI M300pazkeHusi ChC CBUBAINM UTeparuu Bbpxy P mHO)KecTBa. Crarusita
3aBBPINBA C WIIOCTPATUBEH MIPUMED.
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