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Abstract. This paper considers the use of the computer adgedystem
Mathematica for teaching university-level mathegwmtsubjects. Outlined are
basic Mathematica concepts, connected with diftemeathematics areas: algebra,
linear algebra, geometry, calculus and analysismptex functions, numerical
analysis and scientific computing, probability arstatistics. The course
“Information technologies in mathematics”, which volves the use of
Mathematica, is also presented - discussed arsyhabus, aims, approaches and
outcomes.
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1. Introduction

A variety of mathematical software, such as dynagdgometry systems and
computer algebra systems, emerged during therkestdecades. Few examples are
Maple, Mathematica, Geometer Sketchpad, Matlab,Card/e. Many case studies
have been conducted in order to investigate theahotitcomes of employing these
tools in mathematics education. Extensive overviefssuch studies are presented
in [2], [9], [6], [7], [10], and [4]. Although ther are some problems, the common
understanding is that in a world with computer-loaseols, communications,
information, and work environment, education mud the new software tools
and computer technologies in both teaching andiilegrand incorporate them in
the corresponding subject’s curricula.

The recent paper considers the use of the compaligebra system
Mathematica [15], [5] for teaching university-levehathematics subjects. In
Section two are discussed basic Mathematica cosiaepinected with different
areas of mathematics. Section three presents tivsectinformation technologies
in mathematics”, which involves the use of Matheo@at Discussed are the
syllabus, aims, and outcomes.

2. Brief overview of basic Mathematica concepts

Mathematica is a program for doing, teaching, aatriing mathematics. It
provides advanced algorithms for performing bothmisglic and numerical
calculations. This section presents a brief overvid the main Mathematica
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concepts in different areas of mathematics that laaeic to the university
mathematics curricula.

= Algebra — use Mathematica to teach various algebraic tstres, such as
sets, groups, fields, spaces and other. Any algebraicture can be described as a
set or a collection of distinct objects and a @nitumber of operations that can act
on them. In Mathematica, a single concepistas defined, that is an ordered set of
objects, separated by commas and enclosed in bfadesment s}, or can be
defined with the functiorLi st [ el enent s] [12]. The list is a fundamental
concept in Mathematica and could be considereth@®dasic data type primitive.
Therefore Mathematica offers a large collectionlisf manipulation commands
[16]. Sets, and a variety of other concepts (mastitables, vectors, arrays, tensors,
etc.), are represented as lists. Next is discubaitiematica’s representation of
infinite sets:

- Natural, integer, and rational numbers: one of ithportant features of
symbolic mathematics is exact computations or cdatns with high (arbitrary)
precision. Mathematica provides exact results emahthmetical expressions with

integers and automatically simplifies rational nemsonmy n( m neZ) so that

numerator and denominator are relatively prime rensibi.e.gcd(m,n)= 1 (gcd

is the greatest common devisor) [12].

- lrrational and real numbers: if the result is amational number,
Mathematica represents it in an unevaluated forchtarobtain the value of such
numbers we have to approximate using floating-parithmetic [12]. Real
numbers are represented as floating-point numbdethematica can handle
approximate real numbers with any number of didite system distinguishes two
kinds of approximate real numbemtbitrary-precision numbers, andnachine-
precision numbers omachine number§l6]. Arbitrary precision numbers (also
called software-floats) can contain any numberigitsl and maintain information
on their precision. Machine numbers (also calledhware-floats) always contain
the same number of digits. For instardePi | gives 3. 14159 which is the
machine-number approximation to; N[ Pi , 15] gives3. 14159265358979
which is an arbitrary precision number. In Mathdo@the set of real numbers

R can be represented only as the subsets of finitert§ionR , (hardware-floats)
and Ry (software-floats). Therefore important differentetweenR ,, R4 and

the field of real number® are considered [12]. For instance, associative lang
not valid if we add long signed numbers that camezflow (or underflow), that is,
whose values are greater (or less) than the maxirfarmminimum) machine

numbers. Mathematica automatically converts themare floatsiR,, to software
floats R 4 in this case.

- Algebraic and complex numbers: for representingelalgic numbers
Mathematica can determine the roots B{X) € Q using the functionRoot
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(P(W=aX+ax--aX and Q is the field of rational numbers). In
Mathematica complex numbers are represented ifothe of ordered pairs of real
numbersC=RxR ={(a b |ae R, be R}, and the imaginary unit is denoted

by | . The complex numbex+ iy is entered ax+l *y or with the function
Compl ex[ x, y] .

Mathematica represents sets in the form of lisssdiscussed above. The
functionsUni on, | nt er secti on, andConpl enent give a list of the distinct
elements, common elements, and the eliminatiorhefelements of sets. More
functions of set theory are included in the packagebi nat ori ca.

The concept of a mathematical expression is reptedén Mathematica as a
symbolic mathematical expression a combination of constants, variables,
functions, etc., that can be evaluated accordingaticular predefined rules. In
general, Mathematica represents everything (formpulgaphics, data, programs,
etc.) as expressions and thus handles the diffefgjetts in a uniform way [16].
Mathematica provides an extensive set of functionsnathematical expressions,
such as simplification, factoring polynomials, comibg terms, evaluating,
extracting the numerator, denominator and otlsempl i fy, Ful | Si nplify,
Fact or, Expand, Toget her, Tri gkxpand, Tri gReduce, Tri gFact or,
etc.).

Defining functions and mappings to relate a seanother one is a frequent
task in mathematics. In Mathematica we can useegfireei and user-defined
functions, mathematical and procedural functionsepfunctions and functions
defined in terms of a variable, anonymous and nafuedtion. If we define a
function as a formalized, named transformation,rtile function name is also an
expression. Mathematica provides operations ontifumg such as composition,
defining a function that takes a function name mamument, applying functions
repeatedly Nest, NestList), applying functions to other expressions and
objects, e.g. lists, Appl y), applying functions to each element of other
expressions Nap), etc. The above listed features are examples ahgd
programming with Mathematica. An extensive discussdof Mathematica as a
programming environment is given in [13].

Polynomial algebra is the base of symbolic mathm®dtl2], the core of
computer algebra systems. Polynomials in Mathematre represented beginning
with the constant term. Univariate and multivariptdynomials and polynomials
over number rings can be defined in different ways.

Solving some problems on group theory in Matheraatimsed on the
functions in the packag€onbi nat ori ca. There also exist other various
functions and packages for operations on quotiergsr finite fields, integral
domains.

= Linear algebra — use Mathematica to teach the algebra of linpaces
and linear transformations between these spaceslrilMathematica vectors,
matrices, tensors are represented with lists. Aovas a simple list and a matrix is
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a list of vectors. The elements of a vector or &imaay be entered manually as a
list or, more conveniently, by the use of builtéommands. Since vectors and
matrices are stored as lists, all list operatigpglya In addition, there are many
specialized functions that are applicable spedifida vectors and matrices, such
as functions for computing the matrix product oftricas, dot and cross product of
vectors, determinant of matrix, inverse of matnianspose of matrix, etc. [3].

= Geometry — use Mathematica to teach the most important géwn

concepts in a Euclidean spa®", where R* represents the two dimensional
plane, andR®, the three dimensional space. Mathematica providestions for
defining and plotting points and curves in tRe¢ and R®, defining and plotting

surfaces inR*®, and specifying the coordinate system to be usedwall.
Considered also are parametrically defined curmessairfaces, implicitly defined
curves, functions for standard geometric shapestagidtransformations. For this
purpose a symbolic graphics language is providddthematica uses the powerful
idea of building up all 2D and 3D graphics from $gfic primitives - which can
be manipulated using all standard Mathematica fonst and seamlessly
integrated with text, math or tables. Symbolic ¢nap can also be used as input
and can be made dynamic and interactive [14].

= Calculus and Analysis — use Mathematica to teach real functions of real
variables, differential calculus, integral calculisgries, multivariate and vector
calculus, etc. Calculus is one of the examplessaigiMathematica for symbolic
mathematics. For instance, we can differentiatexganession symbolically, and get
a formula for the result. Getting formulas as thsutts of computations is usually
desirable when it is possible [16]. There are mitathematica packages which
implement symbolic mathematical operations. Ifiggtan explicit formula as the
result of the computation is impossible, we musbreto numerical methods and
approximations.

= Complex Functions — Mathematica performs complex arithmetic
automatically. All operations are performed by asisig that the basic number
system in Mathematica is the complex figld [12]. As already discussed above,
the imaginary unit of the complex numbek+ y* | is denoted by. In [12] are

presented examples of complex functions and déregt complex integration,
sequences and series, etc.

= Numerical analysis and scientific computing — teach how to use
Mathematica to construct numerical algorithms, bdam exact and numerical
solutions of problems and compare the resultsyétuate computational errors, to
simplify proofs and visualize the obtained solusipatc. Mathematica tries to find
exact, symbolic results for computations whenewssible. There are, however,
computations where this is impossible. Then we remort to numerical routines
such asNl nt egr at e, Fi ndRoot , and NDSol ve and obtain an approximate
numerical solution. The numerical routines havessghoptions with which we can
control and modify the routines. These options r&lated to round-off errors,
precision and accuracy [11].
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Approximation of functions and data is providedMiathematica by various
functions for performing interpolation, curve fiitj, least square approximations
(i,e. Interpol ation, Functionlnterpoaltion, Interpolating-

Pol ynom al , Fi t, Fi ndFi t), theFuncti onAppr oxi mat i on package with
various functions for interpolation and approxiroatiand theSpl i nes package
[12].

= Probability and Statistics — as it is discussed in [11] Mathematica has a
wealth of information about most standard probapbitiistributions. For each
distribution, we can ask for cumulative distribuati€unction, probability density
function, quantiles, mean, variance, random numtserd so on. One very useful
property of Mathematica is the ease of random nurgbeeration; this makes it
very convenient to perform simulations. With Mattagita, we can do all kinds of
basic statistical analyses, from descriptive diatisto maximum likelihood,
frequencies, confidence intervals, hypothesis ngstianalysis of variance
(ANOVA), and linear and nonlinear regression. Adufial topics include finding
clusters of data, smoothing data, local regressimatysis, and Bayesian statistics.

3. Real use case example

This section presents the author's experience mchieg the course
“Information technologies in mathematics” for firgear bachelor students in
Business Information Technologies at the Facultivathematics and Informatics
of the University of Plovdiv “Paisii Hilendarski'The aim of this course is
studying the basic principles of computer algebystesns, as well as the basic
principles of creating and sharing (including ore ttveb) of documents with
mathematical content. The syllabus includes anodhiction into the system
Mathematica as an integrated interactive envirortrfancomputer aided solving
of mathematical problems. The lectures discuss nigaie and symbolic
computations, expressions, transformations, patdists, visualization of data and
graphics, programming, import and export to otlmemfts. Laboratory exercises
include solving problems mainly form the areas ioledr algebra, analytical
geometry, and secondary school analysis. A shatriion of the laboratory
syllabus, connected with using Mathematica, ismivellow:

1) Introduction to Mathematica. Solving problems fotime area of algebraic
calculations - numerical and symbolic calculatiammansforming algebraic
and logical expressions. Algebraic equations ardualities.

2) Solving linear algebra problems using Mathematiactors - entering,
affine and metric operations with vectors. Matrieeentering, submatrices
and elements of a matrix. Matrix manipulation aigjposing, multiplication,
elementary transformations.

3) Solving linear algebra problems using Mathemati€eterminants -
computation, minors and cofactors. Inverse matark and basis.

4) Solving linear algebra problems with Mathematicaystems of linear
equations.
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5) Solving analytical geometry problems using Mathéoaat Coordinate
systems. Equations of a line and a plane. Intémestdistances and angle.
Curves of the second order.

6) Solving analysis problems using Mathematica. Limaisd derivatives.
Function graph. Optimization problems — global &chl optimization in
Mathematica, classical optimization (using thei@aitpoints).

7) Two- and three-dimensional graphics in Mathematigaphics primitives
and directives. Parametric graphics. Animated gcaph

8) Files and external operations in Mathematica. Inipgrand exporting of
data and graphics in different formats.

The main goal of the laboratory syllabus is noteach the different areas of
mathematics included in the exercises (it is assuthat students have already
taken the considered courses), but rather to ievtie students in the computer-
aided way of doing mathematics and thus to pro@darerequisite for creating
Mathematica-based courses of the mathematics antk sof the economics
subjects that the students will be studying dutiregfollowing trimesters.

During the course, students have been providedawtady-to-use interactive
document, a Mathematica notebook, for each of #imrhtory exercises. The
notebooks have been designed to contain explan&aty illustrating examples
and a number of problems to be solved by the stad#remselves. A very
important feature of the teaching environment basedlathematica was that the
students were able to experiment with the preseswadchples on their own. In this
process, students were stimulated to actively uath&matica’s help information.
The Mathematica help browser provides the help rinddion as interactive
documents and thus it was also possible for thdestis to experiment with the
help examples. Other Mathematica features, whigiea@d as important teaching
features, were: the possibility to define formatest for the whole document or for
a single cell; the possibility to switch a notebdolpresentation mode and to use it
directly for a multimedia presentation of a highaliy; the technique to fold and
unfold the sections in a notebook in order to kitvepoverview.

Finally, the students have become familiar withngsspecialized functions
provided by additional packages that are not loadleeh Mathematica is initially
invoked. This was often needed during the laboyaéxercises in solving linear
algebra problems. In addition, some of the problemslved creation of user-
defined functions and application of proceduralndiional or rule-based
programming, as presented in [8].

4. Conclusions

Modern mathematics, respectively modern mathematiceation, is already
impossible without the involvement of technologyheTrecent paper provided a
brief description of basic Mathematica conceptdateel to different areas of
mathematics, in order to show the potential ofitiwtusion of a computer algebra
system like Mathematica into university-level mattaics courses. An example of
a teaching and learning process which is based atthdvhatica was discussed —
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the course “Information technologies in mathematidhe main conclusions of
this experience are connected with the enhancingtuafents’ understanding of
mathematics and their interest in mathematical esibjin general. The use of
computer algebra systems in finance, engineeringustry and commercial
enterprises makes this competence necessary andiggdurther motivation for

the use of these tools into the university mathemmaburses.
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