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We consider a class of B-manifolds M2n ,which besides the metric g and the complex 
structure J admit a covector field f such that: ∇ = +i j ij ijf g Jα β , α,β∈FM2n. We state 

that such a manifold admits a non-trivial HP-transformation in some manifold of the same 
class. 

 

We note by B the class of the complex Riemannian manifolds Mn such that 

(1)   λµµλ φ AG
c

=∇  , 

where Gλµ  is the metric of the manifold, A is non-zero function, φµ is a covector field on Mn 

such that  Gλµ φµφλ ≠ 0 and 
c

∇  is the connection of Gλµ. The above geometric objects are 
analytic with respect to some local coordinate system 

}n,...2,1{,1i},ixxz{ 2n ∈λ−=+= +λλλ  

 Using the ideas and literally calculations from [1], where similar real differentiable objects 
are considered we can find the corresponding similar assertion, as follows: 

Theorem 1.  Let Mn be in B. Then Mn admits a non-trivial projective transformation with an 

analytic vector in some M n  in B. 

Now we consider a class HB of real differentiable Riemannian manifolds  Mzn . So M2n is 

in HB, if  M2n  is a B-manifold [2], i.e. M2n admits a complex structure Ji
S, a B-metric gis and 

Ji
S is covariantly constant with respect to the connection ∇ of gsi . That means: 

(2)  J Ji
S

s
p

i
p= −δ ;  J J g gi

p
j
S

ps ij= − ; ∇ =k i
SJ 0. 

Moreover the manifold M2n also satisfies the condition 

(3)  ∇ = +i j ij ijf g Jα β , 

where n2tj
t
iij FM,gJJ ∈βα= and , and if  is a covector field on M2n , such that 

gis
if sf ≠ 0; g f fis

i s

~
≠ 0  here  

~
.f J fs s

i
i=  From (3) taking account of (2) we get. 

(4)  ∇ = − +i j ij ijf g J
~

β α  . 
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All Latin indices run over the rang {1,2,.......2n}. On due to (2) we have Jis = Jsi, consequently 

(3) and (4) shows there exist two functions f , 
~
f  in FM2n , such that f

f

xi i=
∂
∂

 , 
~

~
f

f

xi i=
∂
∂

 

, with respect to a local coordinate system {xi} . By virtue of (2) the following is valid 

(5)  J
E

E
g

A B
J

B A

A Bi
s

is is=
−







 =









 =

−









0

0   
    

   

 -
    

  

   
; ;

Β Α
, 

where E is the unit matrix, A, B are symmetric matrices all of type (n,n). 

Let R jki
s  and isR  be the curvature tensor and the Ricci tensor of ∇ respectively. We put 

α
∂α
∂

β
∂β
∂i i ix x

= =, .   i   From (3) we find 

(6)  f R g g J Js jki
s

k ij i kj k ij i kj= − + −α α β β  . 

Contracting (6) by gij  and )gJ(J tji
t

ij =  respectively and using (2) we get 

(7)  ( )− = − −R f n Jk
s

s k k
s

s2 1α β  

(8)  ks
s
ks

s
k )1n2(JfR

~
β−−α−=  . 

From (7) and (8) it follows 

(9)  Jk
s

s k s kα β β α= − =;        Jk
s . 

Now we contract (6) with ( )f g fj js
s=  and using (9) we obtain (10)  

(10)  α α β βk i i k k i i kf f f f− + − =
~ ~

0 . 

From (10) we get immediately 

(11)  α β β αk i i k k i i kf f f f
~ ~
+ − − = 0 

The equations (10), (11) show the following 

(12)  ( )α α= f f,
~

;   ( )β β= f f,
~

; 
∂α

∂

∂β
∂~

f f
= ; 

∂β

∂

∂α
∂~

f f
= −  . 

Let’s accept the family ( )f x x x cn1 2 2
1, ,.... =  for new coordinate hypersurfaces 

y1=const and their orthogonal pats for coordinate lines y1. So we have [1]  

(13)   f i i= δ1 . 

From (5) and (13) we get 

(14)   1n
iif

~ +δ=  . 

That’s why we accept ( )~
, , ,....f x x x x cn1 2 1 2

2=  for another new coordinate hypersurfaces 

and their orthogonal pats for coordinate lines y n+1. Further the Greek indices will run over the 
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rang {2,3,....n}. We put also y xδ δ= ; y xn nδ δ+ +=  . In the new coordinate system {yi} we 
have [1] 

(15)  g Jn1 1 0δ δ= =+ ; g Jn+ = =1 1 0δ δ . 

We note ∂
∂

∂i iy
= . Using (12) we conclude the following assertion is true . 

Theorem 2. The complex function  A i= −α β  is analytic with respect to argument 

z y iy n1 1 1= + + . 
Further from (5) and (15) we find  

(16)  g
g

g J
11 11

11
2

11
2=

+
;    J

J

g J
11 11

11
2

11
2=

+
;    

g J g Jn n1 1 1 1 1 1 0δ δ= = = =+ + . 

We know the coefficients Γ of ∇ are as follows )ggg(g
2

1
ijpipjjpi

sps
ij ∂−∂+∂=Γ . 

Using this formula, (2)-(4), (13)-(16) we get 

(17)  ijijijsisjjsi
s1 J2g2)ggg(g β−α−=∂−∂+∂  

( )g g g g g Jn s
i js j is s ij ij ij

+ + − = −1 2 2∂ ∂ ∂ β α  . 

Putting in (17)  i = 1,  j = λ ( or i = n+1; j = λ ) and using (15) and (16) we get 

(18)  ∂ ∂ ∂ ∂λ λ λ λg J J gn n11 11 11 11 0= = = =+ + . 

So ( )g g y yn
11 11

1 1= +,  and ),y(yJJ 1n1
1111

+=  

Now putting in (17)  i = j = 1 or i = 1, j = n+1; or j = n+1; i = λ respectively and 
comparing the obtained six equations we get 

(19)  ∂ ∂1 11 1 11g Jn= + ; 111111n Jg −∂=∂ + , 

as well as after some computations we find  

(20) ( ) ( ) ( )∂ α β ∂ β α1 11
2

11
2

11 11 1
11

11
11 114 2ln ,g J g J arctg

g

J
g J+ = − + = − −  

( ) ( ) ( )∂ β α ∂ α βn ng J g J arctg
g

J
g J+ ++ = − − == +1 11

2
11
2

11 11 1
11

11
11 114 2ln , . 

 If  i = λ , j = µ+n , then (17) implies  

(21)   ∂ ∂λµ λµ1 1g Jn= + ; ∂ ∂λµ λµn g J+ = −1 1   

as well as 

(22)  ( ) ( )∂ α βλµ λµ1
2 2

11 114ln g J g J+ = + ;  ( )∂ β α
λµ

λµ
1 11 112arcg

g

J
g J= −  
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)Jg(4)Jgln( 1111
22

1n α−β=+∂ λµλµ+ ;    )Jg(2
J

g
arctg 11111n β+α−=∂

λµ

λµ
+ ; 

From (18) and (19) there follows immediately  

Theorem 3. The complex function )y,y(Ji)y,y(g)z(G 1n1
11

1n1
11

1
11

++ +=  is analytic. 

Now comparing (20) and (22) after long computations we obtain 

(23)   g e
J g g q

g J
p

λµ
λµ λµ λµ

=
−

+











11 11

11
2

11
2

sin cos
; J e

J q g q

g J
p

λµ
λµ λµ λµ

=
+

+











11 11

11
2

11
2

cos sin
, 

where Pλµ  and qλµ  are arbitrary functions of ( )y y nδ δ, +  and we can choose them in the 

following way  

(24)  ∂ ∂δ λµ δ λµp qn= − +  ; ∂ ∂δ λµ δ λµ+ =np q  .  

Theorem 4. The complex functions G g iJλµ λµ λµ= +  are analytic with respect to 

z y iy nδ δ δ= + +  , here λ µ δ, ,  are in {1,2,...,n}. 
The proof  following from (15), Theorem 3, (23) and (24). 
The main purpose of the present paper is the following assertion. 

Theorem 5. Let Μ2n  be in HB. Then Μ2n  admits a non-trivial holomorphically-projective 

transformation in some  Μ2n in HB. 

Proof . Let  Μ2n  be in HB. Then we consider the complex Riemannian manifold Μn
∗  

with a metric  Gλµ  from Theorem 4. It is easily to verify that Μn
∗  satisfies (1), where A is 

the function from Theorem 2 and  
1n1 i +

µµµ δ+δ=φ . So  Μn
∗  is in B. On due to Theorem 1 

we have Μn
∗  admits a non-trivial projective transformation in some Μn

∗ in B. On the other 

hand following Norden [2] we obtain , that the real interpretation of  Μn
∗  is Μ2n  and the 

real interpretation of  Μn
∗  is some Μ2n  in HB. Finally the real interpretation of the 

projective transformation between Μn
∗  and Μn

∗  is a holomorphically-projective 

transformation between Μ2n  and Μ2n.  So the theorem is proved. 
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