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EXPONENTIAL POLYSTABILITY 
OF A FLAG OF INVARIANT SETS 

 
Ivan Russinov, Hristina Kilimova 

 
 We analyse exponential polystability of a flag of invariant sets using Lyapunov vector-
functions and comparison system. 

 
1. Introduction 

Corduneanu C.[3] proves exponential stability theorem on a part of the variables using 
Lyapunov function and comparison system. In his work [6] Martynyuk A. A. gives new 
method for the solution of exponential stability problem on a part ot the variables and in [2] 
and also in [5] considers exponential polystability  on a part of the variables. 

In this paper the authors use the idea for polystability of a flag of invariant sets propounded 
by Russinov I.K.[4] and analyses it through Lyapunov vector-function [7]. 
 

2. Preliminary results 

We consider the differential system 
 

(1) ( ),,xtXx =�  ( ) 00 xtx = , 

where nRx∈ , ( ) ( )nn RxRRCxtX ,, +∈  and ( ) 00, ≡tX  for each +∈Rt  ( )),0[ +∞=+R  

We decompose the vector nRx∈  into three subvectors ( ) ini Rx ∈ , i=1,2,3, ∑
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We write the system (1) in the form 

 

(2) ( ) ( ) ( ) ( )( )321 ,,, xxxtXx i
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We assume that: 
a) the right parts of the system(1) (respectively(2)) satisfy the condition for uniqueness 

of solution (for example the local condition of Lipschitz on x); 

b) the solutions of the system(2) are ( ) ( )( )31 , xx  - prolongable [1]. 
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Similary we assume that ( )( ) 0,0,0, 3
1 ≡xtX  and ( ) ( )( ) 0,0,, 31

2 ≡xxtX . Then the system(2) 

has a flag of invariant sets[4] ( ) ( ){ }22,1 ,MM , where ( )
( ){ }0: 2,1

2,1 == xxM  and 
( ){ }0: 2

2 == xxM . 

 
Definition 1. The flag of invariant sets ( ) ( ){ }22,1 ,MM  of the system(2) is exponentially 

polystable when: 
1) The invariant set ( )2,1M  of the system(2) is exponentially stable, i.e. if there exists 

a real number 0>λ  and for each 0>ε there exists a function ( )εδ  such that ( )2,1
0x < ( )εδ  

(0< ( )3
0x <+∞ ) implies ( )( )00

2,1 ,; xttx ≤  

≤ expε [- )]( 0tt −λ  for each  t 0t≥  [6]; 

2) The invariant set ( )2M  of the system(2) is globally exponentially stable, i.e. if 

there exists a real number 0. >α  and for each ∆  (0< )+∞<∆  there exists a function 

0)( >∆K  such that ( ) ∆<2
0x  (0 ( ) ( ) +∞<+≤ 2/123

0

21
0 )( xx  implies 

( ) ≤)00
2 ,;( xttx ( ) )(exp[ 0ttK −−∆ α ] for each 0tt ≥ [6]. 

 

Definition 2. [6]. The continuous function +→ Ra],0[:ϕ  (or ): ++ → RRϕ  is said to be 

a function of a class К, if and only if, when: 
1) 0)0( =ϕ ; 

2) ϕ  is strictly increasing in [0,a] (or +R )  

and is denoted as .К∈ϕ  

 
Definition 3. [6]. A function ϕ  belongs to KR class, if and only if, when: 

1) ++ → RR:ϕ ; 

2) ;K∈ϕ  

3) ( ) ∞=
∞→

y
y

ϕlim  

and is denoted as .KR∈ϕ  

 
Definition 4. [6]. The functions 1ϕ , 2ϕ ∈К(KR) have variablles of the same ordet, if and 

only if, when there exist real constants 2,1,, =iii βα  such that: 

( ) ( ) ( ) 2,1,,, =≠≤≤ jijiyyy iijii ϕβϕϕα . 

We consider the Lyapunov vector-function V(t,x)= 

=(V1(t,x),V2(t,x)), where ( ) ( ) ( )( )321
1 ,,, xxxtV  ∈  ( )++ RxGRC ,  (G = 

={ ( )2,1: xx ≤H,0< ( ) +∞<3x }) and ( ) ( ) ( )( ) ( )++∈ RxRRCxxxtV n ,,,, 321
2  are locally 

Lipschitzian on x and ( )( ) 0,0,0, 3
1 =xtV , ( ) ( )( ) 0,0,, 31

2 =xxtV . 
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3. Main results 

Considering the results in [6,7] we formulate the following theorem: 

Theorem: Let the right parts of the system(2) are continuous in nxRR+  and there exist:  
1) Lyapunov vector-function 

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( )321
2

321
,1

321 ,,,,,,,,,, xxxtVxxxtVxxxtV =  of the type stated above; 

2) Functions K∈21,ϕϕ  and KR∈43,ϕϕ , that have variables of the same order; 

3) Real constants 21,γγ ,N,M: 

a) N ( ) ( ) ( ) ( )( ) ( )( )2,1
1

321
1

2,1 ,,,
1

xxxxtVx ϕ
γ

≤≤ ; 

b) M ( ) ( ) ( ) ( )( ) ( )( )2
3

321
2

2 ,,,
2

xxxxtVx ϕ
γ

≤≤ ; 

c) ( ) ( ) ( )( ) ( )( )2,1
2

321
1 ,,, xxxxtV ϕ−≤� ; 

d) ( ) ( ) ( )( ) ( )( )2
4

321
2 ,,, xxxxtV ϕ−≤�  for each 0tt ≥ . 

Then the flag of invariant sets ( ) ( ){ }22,1 ,MM  of the system (2) is exponentially polystable 

in the sense of definition 1. 

Proof: For the functions 1ϕ  and 2ϕ , that have variables of the same order there exist real 

constants 1α  and 1β , the following is fulfilled 

(3) ( ) ( ) ( )yyy 11211 ϕβϕϕα ≤≤ , ( )],0[ ay∈ . 

From the condition 3c) of the theorem and the inequality(3) we have 

(4) ( ) ( ) ( )( ) ( )( ) ( )( ) ( ) ( ) ( )( )321
11

2,1
11

2,1
2

321
1 ,,,,,, xxxtVxxxxxtV αϕαϕ −≤−≤−≤� . 

The comparison equation corresponding to inequality(4) is 
(5) ναν 1−=�  

and the solution of this is given in the form of 
(6) ( ) ( )[ ]01000 exp,; tttt −−= αννν . 

We denote ( ) ( ) ( )( )3
0

2
0

1
0010 ,,, xxxtV=ν . 

From theorem 42.2[1] we have that 

(7) ( ) ( ) ( )( ) 0
3

0
2

0
1

001 ,,, ν≤xxxtV  

implies 
(8) ( )( ) ( )00001 ,;,;; νν ttxttxtV ≤  for each 0tt ≥ . 

From (6),(7) and (8)we have: 

(9) ( )( ) ( )( ) ( )( )( )00
3

00
2

00
1

1 ,;,,;,,;; xttxxttxxttxtV ≤ ( ) ( ) ( )( ) ( )[ ]01
3

0
2

0
1

001 exp,,, ttxxxtV −−α  

for each 0tt ≥ . 

Inequality (9) and condition 3а) of the theorem imply 
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We denote 
1

1

γ
α

λ =  and for each 0>ε  we choose 

(10) ( ) ( )11
1

γεϕεδ N−= . 

Then, according to (10) ( ) ( )εδ<2,1
0x  implies 

( )( ) ( )( )( ) ( ) ( )]exp[.]exp[,; 0
/1/1

0

/11
11

/1
00

2,1 11111 ttNNttNNxttx −−=−−≤ −−− λελεϕϕ γγγγγ ,  

i.e. ( )( ) ( )[ ]000
2,1 exp,; ttxttx −−≤ λε  for each 0tt ≥ . 

With the stated above we proved that the invariant set М ( )2,1  of the system(2) is 

exponentially stable. 
By analogy we get the estimate 

(11) ( )( ) ( )( ) ( )



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≤ −
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2

32
0

/1
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00

2 exp,; 22 ttxМxttx
γ
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ϕ γγ  for each 0tt ≥ . 

We denote 
2

3

γ
α

α =  and for each ∆  (0< +∞<∆ ) and ( ) ( )∆=∆ − 22 /1
3

/1 γγ ϕМК . 

Estimate (11) and ( ) ∆<2
0x  imply ( )( )00

2 ,; xttx  ≤  ( ) ( )[ ]0exp ttK −−∆ α  for each 0tt ≥ . 

With the stated above we prove that the invariant set ( )2М  of the system(2) is globally 

exponentially stable. 
Hence the flag of invariant sets ( ) ( ){ }22,1 ,ММ  of the system(2) is exponentially polystable. 

 
Example: Let the system 
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is given. 

We denote ( ) yx =1 , ( )
21

2 2zzx −= , ( )
1

3 zx =  and we get 
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The right parts of the system(13) are defined in the regions 

G= ( ) ( ) ( )( ) ( )( ) ( )( )( ) ( )







 +∞<≤≤+ 3

2/12221321 0,:,, xHxxxxx  

and ( ) ( ) ( )( ) ( ) ( )( ) ( )( )( )






 +∞<+≤≤=

2/123212321* 0,:,, xxHxxxxG  

It is obvious that ( )( ) 0,0,0, 3
1 ≡xtX , ( ) ( )( ) 0,0,, 31

2 ≡xxtX . 

Consequently the system(13) has a flag of invariant sets ( ) ( ){ }22,1 ,MM ,where 

( )
( ) ( ) ( )( ) ( ) ( ){ }0:,, 21321

2,1 === xxxxxM , 
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( )
( ) ( ) ( )( ) ( ){ }0:,, 2321

2 == xxxxM  

We shall show that the flag of invariant sets ( ) ( ){ }22,1 ,MM  is exponentially polystable in 

the sense of definition 1. 

We use ( )21,VVV = , where ( ) ( ) ( )( ) ( )( ) ( )( )2221321
1 ,,, xxxxxtV += , ( ) ( ) ( )( ) ( )( )22321

2 ,,, xxxxtV = . 
( )( ) 0,0,0, 3

1 =xtV , ( ) ( )( ) 0,0,, 31
2 =xxtV  and hence the chosen Lyapunov vector-function 

satisfies the conditions of the theorem. 

Let ( )( ) ( ) ( )( ) ( )( ) ( )( )2,1
2

222122,12,1
1 xxxxx ϕϕ =+==  

( )( ) ( ) ( )( )22222
3 xxx ==ϕ  

( )( ) ( ) ( )( )22222
4 22 xxx ==ϕ  

it is obvious that 1ϕ , 2ϕ ∈К and they have variables of the same order; 3ϕ , 4ϕ ∈KR and they 

have variables of the same order. 
Becouse 

( ) ( )( ) ( )( ) ( )( )( ) ( )( )2,1
2

2221221
1 xxxxxV ϕ−≤+−−−=� , 

( )( )2,1
11 xV ϕ= , 

( )( ) ( )( )2
4

22
2 2 xxV ϕ−=−=� , 

( )( ) ( )( )2
3

22
2 xxV ϕ== , 

for N=M=1, 221 == γγ  and for the chosen functions 4321 ,,, ϕϕϕϕ  the conditions of the 

theorem are satisfied. Consequently the flag of invariant sets ( ) ( ){ }22,1 ,MM  of sysrem(13) is 

exponentially polystable in the sense of definition 1. 
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