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EXPONENTIAL POLYSTABILITY
OF A FLAG OF INVARIANT SETS

Ivan Russinov, Hristina Kilimova

We analyse exponential polystability of a flagiobariant sets using Lyapunov vector-
functions and comparison system.

1. Introduction

Corduneanu C.[3] proves exponential stability teeoron a part of the variables using
Lyapunov function and comparison system. In hiskwfid] Martynyuk A. A. gives new
method for the solution of exponential stabilityoplem on a part ot the variables and in [2]
and also in [5] considers exponential polystability a part of the variables.

In this paper the authors use the idea for polyigtabf a flag of invariant sets propounded
by Russinov I.K.[4] and analyses it through Lyapumector-function [7].

2. Preliminary results
We consider the differential system
1) x=X(t,x), xty)=x,.
wherex e R, X(t,x)e C(R'xR",R") and X(t.0)= 0 for eacht e R* (R" = [0+0))
. 3
We decompose the vectare R" into three subvectors) e R, i=1,2,3, n= >n,
i=1

R"=R"®R*"®R"
We write the system (1) in the form

@ X=X, [6xx?,x@), x(t;) = %, i=1,2,3.

We make the following notations and norms:

() b= b
n 1/2 3 ) 1/2

=1,2,3, k;se {123}, k<s, || =(Z ng :(Z”X(i)" ]
7=1 i=1

We assume that:
a) the right parts of the system(1) (respectivglygatisfy the condition for uniqueness
of solution (for example the local condition of kighitz on x);

b) the solutions of the system(2) a(rsél), x(3)) - prolongable [1].
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Similary we assume thal(l(t 00, x(3))z 0 and Xz(t,x(l) 0, x(3))z 0. Then the system(2)
has a flag of invariant sets[4]{M, M|, where M, = {x: X2 — 0} and
M, = {x: x? :O}.

Definition 1. The flag of invariant setéM (12)M (2)} of the system(2) is exponentially

polystable when:
1) The invariant seM,, of the system(2) is exponentially stable, i.ehére exists

a real numberl >0 and for eachs > 0 there exists a functiod(s) such that||x((f*2)||<5(g)
(O<||x(()3)|| <+ ) implies ||x(l2)(t;to,xoj| <
< geeX[E[- A(t—t,)] for each Bt, [6];

2) The invariant setM, of the system(2) is globally exponentially stakile, if
there exists a real number.>0 and for eachA (0< A <+w) there exists a function

K@)>0  such  that [x7]<a (0< (||><£,1>||2 + ||x§f>||2)1’2 < +o0 implies

”X(z) (tite, X " < K(A)exp[-a(t —t,)] for eacht > t, [6].

Definition 2. [6]. The continuous functiow :[0,a] > R" (or ¢ : R" — R") is said to be
a function of a clask, if and only if, when:
1) ¢0)=0;
2) ¢ is strictly increasing in [0,a] (0R")
and is denoted ag € K.

Definition 3. [6]. A function ¢ belongs to KR class, if and only if, when:
1) ¢:R">R';
2) ¢peK;
3)  limply)=co
and is denoted ag € KR.

Definition 4. [6]. The functionse, , ¢, € K(KR) have variablles of the same ordet, if and
only if, when there exist real constants £, ,i = 12 such that:

0‘i(/’i(y)S (Pj()/)S :Bi(/’i(y)-i # J,0,)=12.
We consider the Lyapunov vector-function V(t,x)=
=(V4(t,x),Va(t,X)), where Vl(t, x¥, x), x(3)) € C(R* XG, R*) (G =

={ x:"x(lz)" < H,O<||x(3)|| <+0}) and Vz(t,x(l),x(z),x(3))e C(R*XR”, R*) are locally
Lipschitzian on x and/l(t 00, x(3)): 0 ,Vz(t, xY 0, x(3)): 0.
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3. Main results
Considering the results in [6,7] we formulate thiéofeing theorem:

Theorem: Let the right parts of the system(2) are contiraiouR* xR" and there exist:
1) Lyapunov vector-function

V(t, x, x?, x(3)): (\/L (t, x, x?, x(3>),v2(t, x®, x2), x(3))) of the type stated above;

2) Functionsg,,p, € K and ¢,,9, € KR, that have variables of the same order;
3) Real constanty,,y, ,N,M:

a) N|x®2" <V, X2, X(s))S ¢IQ|X(12)");

o) M| <v (t K 0) < ()

c)V(tx)x() Q| ||
d)V(tx()x()x < ¢4Q|x )foreacht>t

Then the flag of invariant setw (12) (2)} of the system (2) is exponentially polystable
in the sense of definition 1.

Proof: For the functionsp, and ¢,, that have variables of the same order there exist
constants, and g, , the following is fulfilled

3) al(pl(y) < (Pz(y) < ﬂl(ﬂl(y)’ (y €0, a])
From the condition 3c) of the theorem and the iadity(3) we have

(4) Vl(t, X, x2), x(3))£ —(pzmx(“)")s —algplmx(lz)")s —alvl(t, X, x@), x(a)) .
The comparison equation corresponding to inequélitg
(5) V=-qV
and the solution of this is given in the form of
(6) V(t; to Vo) =V eXF{_ al(t -1t )] :
We denotev, :Vl(to, X X2, x((f)).
From theorem 42.2[1] we have that
@) Vilto X2 5 < v
implies
8)  Vi(t;x(t;ty, %)) < vlt;ty,v,) for eacht >t,.
From (6),(7) and (8)we have:

O VUGt X Gt %)X 6101 %) £ Vil X, et

for eacht > t,.
Inequality (9) and conditiona} of the theorem imply

XéLZ)”)ex;{_—al(t ~t, )} for eacht > t,.
7

X420, )| < N7 |
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We denoteld = % and for eache > 0 we choose
71

10) 8(e)=gi(Ne").

Then, according to (qu»(((le)" < &(g) implies
||X(L2)(t;to,xoj| <NYn ((pl((p’l(Ng’l)))w1 expl-Alt —t,)] = N7 N gexpl-A(t —t, )] ,
ie. ||x(l2)(t;to,xoj| < gexpg- At -t,)] for eacht >t,.

With the stated above we proved that the invariseitM(lyz) of the system(2) is

exponentially stable.
By analogy we get the estimate

(11) ”X(z)(t;tm Xoj| <MYy q xéz)")ex;{ — % (t—t, )} for eacht >t,.
72

We denoter =22 and for eachA (0<A <+ ) and K(A)=M 729l (A).
72

Estimate (11) anc”x((f)" <A imply ||x(2)(t;t0,x01| < K(A)exd-af(t—t,)] for eacht > t,.
With the stated above we prove that the invariatt/d, of the system(2) is globally

exponentially stable.
Hence the flag of invariant se{M(LZ),M(Z)} of the system(2) is exponentially polystable.

Example: Let the system

y=-y+z-2z
(12) |a=4y+z

2,=2y+2 -2
is given.

We denotex =y, x? =z -2z,, x¥ =z and we get
UNINCINNCIS
13) [x?¥=-x?=x,
@ = axV 4 x4 = x
The right parts of the system(13) are defined enrgions
G:{(x(l),x(z),x(s)): ((x(l))2 + (X(Z))2 )uz <H0< "x(s)" < +oo}

and G’ = {(X(l), x?, x(3)): "x(z)” <HO< ((x(l))2 + (x(3))2 )1/2 < +oo}

It is obvious thatxl(t 00, x(3))z 0, Xz(t, xV 0, x(3))z 0.
Consequently the system(13) has a flag of invari@ets {M(lz),M(z)},Where

M) = {(Xa), x@ x<3)): 0 _ @ _ 0},
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My = {(x(l),x(z),x(3)): x@ — 0}

We shall show that the flag of invariant séM(LZ),M(Z)} is exponentially polystable in
the sense of definition 1.

We useV =(V,,V,), whereV, t, X%, x?, x(3))= (x(l))2 + (x(z))2 : Vz(t, x¥ x2), x(3))= (X(Z))Z.

Vl(t 00, x(3)): 0, Vz(t,x(l) 0, x(3)): 0 and hence the chosen Lyapunov vector-function
satisfies the conditions of the theorem.

Let g, (p2]) =[x = (F + (<) = g, x])
o))< = (cF

ol )4 -4}

it is obvious thatp, , @, € K and they have variables of the same orggr,;p, € KR and they
have variables of the same order.

Becouse
e A |
V= ¢1Q| X(lz)") ,

V2 = —Z(X(z))2 ==, Q|X(2)").

v, = (x@ = <”3Q|X(2)||)'

for N=M=1, y, =y, =2 and for the chosen functiong,,p,,p;,¢, the conditions of the
theorem are satisfied. Consequently the flag ofriana sets{M (lz),M(z)} of sysrem(13) is
exponentially polystable in the sense of definitlon
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