IOBUJIENTHA HAYUYHA CECUS - 30 rogunun @MU,
ITY “Ilancuit Xunennapceku, [Lnosaus, 3—4.11.2000

MEASURABILITY OF SETS OF PAIRS OF INTERSECTING
STRAIGHT LINES IN THE GALILEAN PLANE
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The measurable sets of pairs of intersecting straight lines and the cor-
responding invariant densities with respect to the group of the general
similitudes and its subgroups are described.
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1. Introduction. In the affine version, the Galilean plane I's is an affine plane
with a special direction which may be taken coincident with the y-axis of the basic affine
coordinate system Ozy [7], [8], [10], [11]. The affine transformations leaving invariant
the special direction Oy can be written in the form

' =a; + asz,
(1)

Y = az + asx + asy,

where ay, ..., a5 € R and asas # 0.

It is easy to verify that the transformations (1) map a line segment and an angle
of 'y into a proportional line segment and a proportional angle with the coefficients
of proportionality |az| and |a; 'as|, respectively. Thus they form the group Hj of the
general similitudes of I';. The infinitesimal operators of Hy are

In [1], [2] we proved the following results:

I. The four—parametric subgroups of Hs can be reduced to one of the following
subgroups:

Hi = (Xla X27 X3a X4)7 HA% = (X17 X27 X37 X5)7 Hz‘f = (X27 X37 X47 X5)a
Hil = (Xl, Xg, X4, OéXQ +X5)

II. The three-parametric subgroups of Hs can be reduced to one of the following
subgroups:

H} = (X1, Xo, X3), Hi = (X1, X2, X5), HS = (X1, X3, X4), Hs = (Xo, X3, X4),
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H;? = (X27 X3a X5)7 HE? = (X27 X4a X5)7 Hg = (X17 X3,CkX2 +5X4 +X5)7
H§ = (Xg, Xv47 aX1 +X5), Hg = ()(3,7 X4,0éX2 +X5|C¥ 7é 0),
H3Y = (X3, X2 + 2X5, aX1 + Xyla #0).
III. The two—parametric subgroups of Hs can be reduced to one of the following
subgroups:
H} = (X1, X»), H} = (Xa, X3), H3 = (Xo, X4), HS = (X2, X5),
H25 = (Xl, aXs -|-X3), H26 = (Xl, aXy +X5), H27 = (X3, aXq +X4|Oé =+ 0),
H$ = (X3, aX1 + X5), HY = (X3, aXs + X4 + Xsla #0), H3® = (X4, aXo + X3),
H211 = ()(47 O[XQ —|—)(5)7 H212 = (X2 + 2)(57 OéXl +X4|CY 7é 0)
IV. The one-parametric subgroups of Hs can be reduced to one of the following
subgroups
Hi = (X1), H = (X2), H} = (X3), H{ = (X4), H} = (X5),
HY = (aX1 + Xula #0), H = (X1 4+ X5), H} = (aX2 + Xs|la #0),
H? = (O(XQ + X5|Oé 7& O)7 H110 = (OéXQ + ﬁX4 + X5|Oéﬁ 7& O)
Here and everywhere in the text a and 3 are real constants.
Using some basic concepts of the integral geometry in the sense of M. I. Stoka [9],

G. I. Drinfel’d and A. V. Lucenko [4], [5], [6], we find the measurable sets of pairs of
intersecting straight lines in I's with respect to Hs and its subgroups.

2. Measurability with respect Hs. Let G;: y = kijz +n;, i = 1,2, be
two intersecting straight lines in I's, i.e.

(2) kvka (ks — k) # 0.

Under the action of (1) the pair (G1, Ga)(k1, n1, k2, ne) is transformed into the pair
(Gh, Go) (K1, ni, kg, mp) as

k; = a;l(a4 + 045]%‘1'),
(3) n, = a;l(agag — ajaq — arask; + asasn;),
G205 ;é 0, 1= 17 2.

The transformations (3) form the so—called associated group Hs of Hs [9; p.34]. The
associated group Hj is isomorphic to Hs and the invariant density with respect to Hs of
the pairs (G1, G»), if it exists, coincides with the invariant density with respect to Hj of
the points (k1, 11, k2, na) in the set of parameters [9; p.33]. The infinitestimal operators
of H are

0 0 0

0
Y = —_ —_— Y = —_— —_
1=k o + ko Oy 12 k1 AT + ko oy

(0]



0 0 0 0
Vi= -t —\, YVi=— + —
3 3n1+8n2’ 4 8k1+3k2’

o o P 9
Ve = ky - A <
s= kg g TR gt g

From (2) it follows that the infinitesimal operators Y7, Ya, Y3 and Y, are arcwise
unconnected. On the other hand, we obtain

— k —k
Ny — Ny Y, — Y + 211 112 Ys

Y = —
> ko — Ky ko — Ky

and since

Ng — Ny koni — king
Yil — Yo(—1 ;| ————= 0
1< k:g—k:1>+ 2(—=1) + 3( — )?é )

we can state the following:

Theorem 1. The sets of pairs of intersecting straight lines are not measurable with

respect to the group H5 of the general similitudes and have not measurable subsets.

3. Measurability with the respect to the subgroups of Hs. The
group H} = (Y1, Ys, Y3, Yy), corresponding to the subgroup H} = (X1, Xo, X3, Xy), is
a simply transitive group and therefore it is measurable. The integral invariant function,
[9; p.9] f = f(k1, n1, ka2, na), satisfying the system of R. Deltheil [3; p.28], [9; p.11]

Yi(f) =0, Ya(f) +2f =0, Y3(f) =0, Ya(f)=0

has the form
¢
(k2 —k1)?”

where ¢ = const # 0. Thus we establish:

f=

Theorem 2. The pairs (G1, G2) of intersecting straight lines G; : y = kjxz + n;,
i =1, 2, have the invariant with respect to H} density
1
(k2 —k1)?
where dG; = dk; Ndn;, 1 =1, 2, denotes the metric density for the straight lines in I's.

(4) d(G1, G3) = dGy A dGs,

Remark 1. Note that the (unoriented) angle between G; and G is defined by the
quantity

Ak = |k — k|

and then (4) can be written in the form

1
d(Gl, GQ) = W dGl A\ dG2 .
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By arguments similar to the ones used above we examine the measurability of the set

of set of pairs of intersecting straight lines with respect to all the rest subgroups of Hs.

We collect the results in the following table:

subgroup measurable set/subset expression of the density
1 2 3
Hi (kg — k1)72dG1 A dGo
H3 it is not measurable and
has not measurable subsets
Hff Nno — Ny 750 (kQ—kl)iz(ng —n1)72dG1/\dG2
H (ks — k1) T dGy A dG
a#1
Hj it is not measurable and
a=1 has not measurable subsets
H% ko :Akl, )\7é 1, k1 7&0 |k1|*1dG1/\dn2
Hg ko = Mk1, AN#1, kl(ng—)\nl) #0 |k‘1|_1(n2—)\n1)_2dG1/\dng
Hg’ k2:k1+>\, )\#0 dGl/\dng
Hé ng =ni+ A (k‘g — ]4)1)_2dG1 A dko
Hg) ko :Akl, )\# 1, kl(ngf’ﬂl) 7£0 |k1|*1(n27n1)*2dG1/\dn2
Hg ng = Any, nq 7’5 0 |n1|_1(k2 - kl)_ZdGl A dko
HI ko = 2= {Al(1 — @)k + 8] — B}, ey |1~ dGy A dny
a#1 A£L k1 #£0
HY it is not measurable and
a=1 has not measurable subsets
6 — —2k
HI ko=ki+X\ A#0 e 7 dG1 A dns
a=1
B #0
H§ Nno :nl—l—ﬁﬁ-)\(k’g—kl) |k‘2—k‘1|_3dGl/\dk‘2
H?? Nng = N1 —l—(kg—]ﬁ)ﬁ |k‘2 —k‘1|21a:°3dG1 A dko
a#1
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1 2 3
HY ka=ki+ X Ana—nq1)#0 (ng —n1)~2dG1 A dnsy
a=1
2

H0 na=ny — L(ky — k1)?, A#£0 (a?,;iffk)) G A dks
H21 k1 # 0, ko= Mki, M\ # 1 |I€1|71dG1

Ng = )\17L1 — kil)\g
H22 k1 # 0, ko = Mk, M\ 7& 1 |I€1|71dG1

ng =ni + A2
HS ny = )\17 Ng = )\2 (kz — k1)72dk1 A dk’g
Hél kinq 75 0, ko = )\1](51, M 75 1 |k1n1\_1dG1

ng = Aany
Hg kl # 0, kQ = )\1]€1, )\1 74— ]., |I€1|71dG1
O[?éo n2:(Al—l)(éln|k1|+n1)+n1+)\2
H25 k1 =X, ko=MXa, A1 # X dnyi N\ dno
o=
HS ky #£0, ks =Mk, A #1, k| T dGy
« # 1 Ng = )\1n1 + )\2]611%&
Hg ki =M, ko=, A\ 75 Ao (/\1’112 — /\in)_zdnl A dna
a=1 )\1n2—)\2n17é0
H27 ko=ki+ X, M #0 dGq

No = N1 + Oz(>\1k‘1 + %)\%) + Ao
H28 Ak # 0, ko = )\1]431, A1 # 1, |/€1|72dG1

Ng = N —&—aklln‘()\l:ﬁ _)\le
H3 R T T e
a#1 /\751,n2:n1+/\2[(1—04)k1+ﬁ]m
H29 ki =M, ko= )\2, A1 7& )\2, (TLQ — nl)*anl A dng
a=1
6=0
HY ko =Fki+A A#0 e PR aG,
a=1 ng =Ny + )\ge%kl
540
H210 ny = —LIln |k2 - k1| + A1, (]{72 - kl)_Qdk‘l A dko
a#0 n2:—51n|k2—k1|+)\2,
H210 ko =ki+ A1, A\ #0 dG1
a=0 Ny =Ny + Ao,
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1 2 3
H n1 = Ai(ks — ki)Tw, (ks — k1)~ 2dky A dks
a;«él ’I’LQZ)\Q(k‘Q—k‘l)ﬁ
Hi' ko = ki + X\, A\ing #0, ny 2dGy
a=1 Ng = )\2711
H212 ny = A\ (kg — k1)2 — lak%, (]412 — ]411)_26”431 A dko

Nno = /\Q(kg — k1)2 — ;ak%,
Hll klz)\l, kQZ)\Q, /\1()\1—>\2)7é0 dn1
ng = %1()\3 + Aany)
H12 k1 7& 0, n1 =X, ko= Nk |]€1|71dk1
)\2 7’5 1, Nng = )\3
H% ]{31:)\1, kgi)\g, /\1%)\2 dn1
Nng = N1 + )\3
Hil ’17,1:/\17 k2:k1+/\2, /\2750 dk‘l
Nng = )\3
His k1 75 0, ng = Mk1, ko= k1 |]{71|_1dk‘1
/\2 75 1, Nng = )\3]61
H? ny :%ak%—k)\l, k2:k1+)\2, dkl
A2 # 0, ng = %Oé(lﬁ +X2)% + A3
Hf k1 750, ni :k1(>\1—1n“ﬁ|), |]{71|_1dk‘1
ka = Xak1, A #1, X #0,
No = /\2]61()\3 —In |/\2k1|)
H18 k1 #0, nq :7éln|k1|+)\1, |]€1|71dk1
ko = Aok1, Ao # 1,
Ng = —éh’l'kl‘ +>\3,
T
HY ki #0, ny=X\k{ ", k1|~ dky
1
0[#1 kgz)\gkh )\2#1, nnggkff“
H? k1 =X, ko= Mg, |n1|_1dn1
a=1 ()\1 — /\2)711 7é 0, No = /\3711
T
Hllo n1:/\1[(1—0¢)k1 —|—ﬂ]m,
a#1 ko = ﬁ{)\g[(l—a)kl —l—ﬁ] _6}17 |(1—Oé)k1 +ﬁ|_1dk1
)\2 7é ]., Ng = )\3[(1 — O[)kl +ﬂ]m,
(1-—a)ki +8#0
H110 klzﬂln|n1|+)\1,
a=1 ko = 51n|n1| + )\2, |n1|*1dn1
Ng = )\3’rL1, ()\1 - )\2)711 7& 0
Remark. In the table A, A1, A2, A3 € R.
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