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STUDING SPECIAL TRIANGLES BY SHAPES
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A shape of triangle is a complex number which is an equivalence class of triangles
with respect to the equivalence relation a direct similarity. In this paper we apply shapes
for examining equilateral and right triangles in several examples.
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It is well-knoun that the complex numbers can be used for studing of Euclidean plane.
There are books which consider applications of complex cross-ratio in plane geometry
(for example see [3] and [8]). A complex analytic formalism based on complex cross-ratio
is developed by June Lester in her triangle series ([4], [5] and [6]). The concept of shape
of triangle is a very useful tool in this formalism. Some applications of shapes of triangles
are given in [1] and [2]. In the paper, we apply shapes for establishment of the type of
triangle. Note that another interpretation of the shape of triangle is introduced by H.
Sato in [7].

In according to [4], if a, b, ¢ are three noncollinear points in the Gaussian plane, the
number o c

Aabc - a—b € C \ R
is called a shape of triangle Aabc. The ratio of the side lengths |a—c| and |a—b]| is equal
to |Aabe|. A positive oriented equilateral triangle Aabc has a shape Aape = w = %—H§

Similarly, a negative oriented equilateral triangle Aabc has a shape Agpe =0 = %—z@
A triangle Aabc is rightangled at a if and only if its shape Aape is pure imaginary. We
shall also apply the Second Shape Theorem and the angle-shape formula (see for details

[4])-

Proposition 1 Let Aabc be an isosceles and right triangle with a right angle at a. Let
L be a line passing through a and not intersecting the segment be. If p, q are distinct
points on the line L such that bp and cq are perpendicular to L and if m is the midpoint
of the segment bc, then the triangle Amqp is isosceles and right.
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Proof. The shape of Aabc is Aape = . From the similarity of the triangles Aqac and
Apba, it follows that Agac = Apba = A, A € C\ R. Since m is the midpoint of the
segment bc, [co,m;c, b] = —1. Using the Second Shape Theorem from [4] we have
—i— 1k (i —1)

A -
1 i —1

Amqp = THN,
-t

This means that /pmq = 7 : 2 and Amgqp is an isosceles with apex at m.
Proposition 2 On the sides ac and ab of Aabc, construct similar triangles Aqac and
Apba with the same orientation. Let m be the midpoint of the segment be and let m,

q and p be distinct. Then Amqp is similar to Aabc if and only if Aabc is isosceles
and right.

Proof. Let the shape of the triangle Aabc is A, i.e. A = Agpe, A € C\R. From the
similarity of the triangles Agac and Appa, it follows that Agac = Apba = A, A € C\R.
Using Second Shape Theorem from [4] and [co,m;c,b] = —1, we obtain the shape of
the triangle Amgqp, i.e.

A — 12

A . A—-15
map = Tix A
A -1

A necessary and sufficient condition for a similarity of the triangles Amqp and Aabc
is Amgp = Dabe = A, i.e.

S/ N €. 2.
1+>\A1_i = A
I

The last equality is equivalent to the equality A? + 1 = 0. Whence either A = i or
/A = —i and the proof is completed.

The advantage of the Second Shape Theorem is that it gives an equality for shapes of
five triangles. In the next three propositions, we establish equalities for shapes in some
other configurations of triangles. These equations can be consider as analogues of the
Second Shape Theorem. Moreover, we apply any obtained equality for configurations
with special triangles.
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Proposition 3 On the sides ac and ba of Aabc, construct triangles Aqac and Arba
with shapes p and v, respectively. If the points m, n and p are the midpoints of the
segments aq, ar and cb, respectively, then Apmn has a shape

(1) A . ﬁ + Aabe
pmn = T i A ﬁAabc.
C
A
m
a b
n
r
Proof. Solve the equations Agaec = g and Appa = v for q and r: q = cl%’f, r = arb

Then calculate
20l—-v)(p—n)=w—-2)a+b+(l-v)c=—(a—b)—(1—-v)(a—c) =
=—(a—Db)[1+ (1 —v)Aabels
20=p)(p-—m)=(2p—-1a+ (1 —-pb—pc=(u—-1)(a-b)+u@a-c)=
— (a—b)[u— 1+ pBanel.

By division we get

1+ (1 —v)Aape)(pp — 1)

(= 1+ plape)(1 —v) .

Apmn =

Corollary 3.1 On the sides ac and ba of Aabc, construct equilateral triangles Aqac
and Arba with the same orientation. If the points m, n and p are midpoints of the
segments aq, ar and cb, respectively, then the triangle Apmn is also equilateral.

Proof. From Proposition 3, we have that y = v =worpu=v=w. lf p=v =w

. _ 1+(1_W)Aabc
we obtain that Apmn = T ol
2

—w+ 1 =0 we calculate

. Then using the relations ww =1, w +w =1 and
w
14+ @0labe W@+ @ Aabe)  ww+ @ —1)Aabe]  w(@ — wAabe)

A = = = = =
pmn W — wabe W — wabe W — wabe W — wabe

i.e. Apmn is equilateral. The same conclusion hold if 4 = v = @ (replace w by @).
Corollary 3.2 On the sides ac and ba of Aabc construct similar triangles Aqac
and Arba with corresponding vertices distinct. Let m, n and p be the midpoints of the

segments aq, ar and bc, respectively. Then Apmn is similar to Aqac if and only if
both triangles Aqac and Arba are equilateral.
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Proof. Let the shape of the triangle Aqac is A € C\ R. From the similarity of the
triangles Aqac and Arba, it follows that Agac = Arpa = A. From Proposition 3 we
have p =v = X and

1+ (1 — )\)Aabc

R N VAV

A necessary and sufficient condition for a similarity of the triangles Apmn and Aqab
is Apmn = Dgac = A, i.e.

A1:)mn =

1+ (1 — )\)Aabc
1—)X— X abe

From here, we obtain that A2 — A4+ 1 =0, i.e. either A = w or A\ = w.

=\

Proposition 4 On the sides ac and ba of Aabc construct triangles Aqac and Arba
with shapes p and v, respectively. If the points m and n are midpoints of the segments
bq and cr then ANanm has a shape

1+ ﬁAabc

2 A =
( ) anm *ﬁ*"Aabc

q

C
n
a\//b
r

Proof. We have that Agac = p and Appa = v, Le. q = % and r = al’_”yb. Then
calculate
21— p)(a—m) = (2— wa— (1 - )b —c = (1 - p)(a—b) +a—c=
=(a—b)(1—pu+ Labe),
20 —-v)(a—n)=(1-2v)a+vb+(1—-v)c=-v(@a-b)+(1—-v)(a—c) =

=(a—b)[-v+ (1 —v)Dabe-
Divide and rearrange to get

(1 —p+ Aape)(1 —v)

Banm = T ) Ape) 0 — 1)

Corollary 4.1 On the sides ac and ba of Aabc, construct equilateral triangles Aqac
and Arba with the same orientation. If the points m and n are midpoints on the
segments bq and cr, respectively, then Nanm is equilateral.
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Proof. We may assume that y = v = w in Proposition 4. Then

A o 1*W“i’Aabt:: o E+Aabc
M w4+ (1—w)labe —w+ 0 Aape
From the relations @> —w+1 =0 and w + @ = 1, it follows that @> = —w. Hence,
Aanm _ w(w2 J,-EAabc) —w,

—w+ EAabc
i.e. Aanm is equilateral.
Corollary 4.2 On the sides ac and ab of the triangle ANabc construct similar triangles

Aacq and Narb. Let m and n be the midpoint of the segments bq and cr, respectively.
Then the triangle Aanm is similar to the triangles Aacq and Aarb.

Proof. From the similarity of the triangles Agcq and Agpp, it follows that Apeq = Darb =
A. Using Proposition 4 we have that j = Agac = Dioq = A and v = Appa = AL, = N

acq
. . 1+—7 Aab
Replacing, we obtain Agnm = ————° From X = —~, \/ =1 — 1 we find that
P g, a B )
_I,A/"!‘Aabc =X A
Nanm = % = \. Consequently, the triangles Aanm, Aacq and Aarb are similar.
T +abe

Proposition 5 Let Noab, Nocd and Noef be triangles with shapes A\, p and v, re-
spectively. If m, n and p are midpoints of the segments be, de and fa, respectively, then
the triangle Apmn has a shape

(3) Apmn = 20s = Hoee £V~ 1

(]- - )\)Aoea - Aoec + 1/.

Proof. From A = Agap, pt = Docd, ¥V = Doer We have that

o—b=Xo—-a),o—d=p(o—c),o—f=v(o—e).
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= % we obtain

(f—-0o)—(d—o0)—(e—o0) _
(f—0)—(b—0)—(c—o0)
Aoea_,U/Aoec'i‘V_1
(17)\)A0987A0ec+1/-

) _
)

Corollary 5.1 Let Noab, Aocd and Aoef be equilateral triangles with the same
orientation. If m, n and p are midpoints of the segments be, de and fa, respectively,
then the triangle Amnp is equilateral.

Proof. Replacing A = 4 = v = w in Proposition 5, we obtain that

Ngea — WApec +w — 1
(1 - W)Aoea - Aoec + W.

Apmn =

Using the relations w? —w +1 =0, ww = 1 and w + @ = 1, we have that

A w(onea — Noec + 1 — w)
mn = — — = W
P WA oea — Noec +1 —W

Corollary 5.2 Let Noab, Nocd and Aoef be similar triangles. Let m, n and p be
the midpoints of the segments bc, de and fa , respectively. Then the triangle Apmn is
similar to the triangle Noab if and only if ANoab, Nocd and Noef are equilateral.

Proof. From similarity of the triangles Aoab, Aocd and Aoef, it follows that Agap =
Nocd = Doet- Hence, setting A = p = v into the formula of Proposition 5 we have that

A _ Aoea - )\Aoec + >\ - 1 _ Aoea - 1 - )\(Aoec - 1) _
pram B (1 - /\)Aoea - Aoec + /\ B Aoea - Aoec - /\(Aoea - 1) -
e—a—Ae—c) Aace — MDace — 1)

c—a—\Ne—a) 1= Aace

A necessary and suficient condition for a similarity of the triangles Apmn and Aoab is
Apmn = Agab = A, l.e.
Aace - )\(Aace - ]-)
1— Aace

:)\’

wich from Agee # 0 is equivalent to the equality A2 — A +1 = 0. From here either A = w
or A = w and the proof is completed.

Corollary 5.3 Let Noab, Nocd and Aoef be similar triangles. Let m, n and p be

the midpoints of the segments bc, de and fa, respectively. Then, the triangle Apmn is
similar to the triangle Nace if and only if Nace is equilateral.
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Proof. Using the proof of Corollary 5.2 we have that
Aace - )\(Aace - ]-)
1 — Mace ’

A necessary and sufficient condition for a similarity of the triangles Apmn and Aace
is Apmn = Aace, i-€.

Apmn =

Aace - A(Aace - 1)
1— Aace

Since A # 0 we obtain the equivalent equality A2, —Aace+1 = 0 with solutions w and @.

= Aace .

Now, we apply the same technique in some other examples.

Example 1 Let aa; and bby be the altitudes of Aabc through the vertices a and b.
Let points as and by lie on the lines aa; and bby, respectively, such that a is between
a; and ag, |ag — a] = |b — c|, b is between by and by , |bs — b| = |c — a|. Then the
triangle Acasbs is isosceles and right.

Proof. From asalbc and |a; — a| = |b — ¢, it follows that §2=2 = +i. Similarly, we

have that 22=2 = 4. Hence a, = a i(b — ¢) and by = b +i(c — a). Thus,

c—by (c—b)Fi(c—a) .
Acasby = = : = . .E.D.
T ¢ "a, (c—a)+ti(c—b) iQ
Example 2 Let Aabc be triangle with /bca = 2/cab and |a — c| = 2|b — c¢|. Then
Aabc is right.

Proof. Appling the angle-shape formula for the triangle Abca, we obtain its shape

1— 672i(1bca) 1 _ o—4iA 6741‘,4(642‘,4 —1) 1+ e2iA

(4) A =Alpea= | — o2i(Zeab) T _e2iA —(e2A 1) = odiA

From A’ = Acap = %ei(lbca) = %eQiA, it follows that >4 = 2/A\/. Replacing in (4),

we have A = —24AA,;’;1. But A’ = 2+ and then 4A = —2(1 — A) — (1 — A)%. Whence
A? = —3. Since the shape of the triangle Abca is pure imaginary, it is right.More

exactly, Zabc =7:2, /bca=7:3 and /Zcab =m:6.

Example 3 Let_}Aabc, Acde, Aehk be equilateral triangles with the same orientation
such that ad = dk. Then the triangle Abhd also is equilateral.

Proof. If the shapes of triangles Aabc, Acde and Aehk are w, then 2= = 2=5 =
ek — 4. From here b = St-la g — etle—lle  pq = kb@=le oy the other

hand d-a = k-d. Hence k = 2d —a = 2(“’71)2& Thus, we obtain

)

b-d (w-la+(2-w)c—e
b-h (v—lat+c—(w—1e—-k
wiw—1a+(2—-wc—e]  ww?a+ (2—w)c—e]

wla+ (2—w)c— (w2 —w+2)e wla+ (2—w)c—e

Apha =
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(w is the solution of the equation w? —w + 1 = 0), i.e. the triangle Abhd is equilateral.
We obtain the same conclusion if Aagpe = Acde = Denk = @ (replace w by ).

The Second Shape Theorem as well our formulas (1), (2) and (3) hold for arbitrary
triangles. This shows the meaning of the shape for studing of triangle geometry.
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