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METHOD OF PERTURBING FAMILIES OF LYAPUNOV
FUNCTIONS FOR INVESTIGATION OF THE STABILITY
IN TERMS OF TWO MEASURES

Ivan Russinov

Abstract

The stability in terms of two measures is studied by the help with the method
of perturbing families of Lyapunov functions.

1. INTRODUCTION

It has been demonstrated [3], [5] that using technique of perturbing Lyapunov func-
tions and employing a family of Lyapunov functions are helpful in discussing nonuniform
properties of solutions of differential systems under weaker assumptions.

In [1], the authors discuss nonuniform stability properties in terms of two measures
employing perturbing families of Lyapunov functions.

Lakshmikantham V. and his followers fully develop [2] the method of vector Lyapunov
functions by combining the ideas involved in the foregoing techniques and this helps in
distributing the burden between groups of components of the vector Lyapunov functions
and the comparison systems.

2. PRELIMINARY RESULTS

We consider the initial value problem for the system of differential equations

(1) &= f(t )

x(ty) = zo, where x € R™, f € C[R" x R", R"] and f(¢,0) = 0.

We will assume that there exists a solution x(t), t > to of the initial value problem
(1) for every point (tg,zg) € RT x R™.

We consider the initial value problem of the following comparison system

(2) = g(t u)
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u(ty) = up > 0, where u € RN, N <n, g € C[RT x RN, RM] and ¢(¢,0) = 0.
Let p and ¢ are fixed natural numbers such that p+ ¢ = N. We deduce the following
notation
U= (Up, Uqg) = (U1, U2, .-+, Up, Upt1, .-, UN ).

According to the notation mentioned above, the group of components u, of a vector
u € RN contain the first p element of u, and the group of components uq — the last
N — p = q elements of a vector u. We note that not regarding the restriction, we can
assume that wu, contain any p elements of a vector u, and u, — the rest N —p = ¢
elements of a vector u.

We will define the following classes of functions:

K* = [o0€C[RY,R"]:o(u) is strictly increasing and ¢(0) = 0]
CK* = [0eC[R" xR",R"|:0(t,u) € K* for each t € R"]
I' = [heC[R"xR"RT]: in}% h(t,z) = 0 for each t € RT]
TER™

Definition 1 [1]. Let hg,h € I'. Then we say that hg is finer that h if there exist a
number p > 0 and a function ® € K* such that ho(t,z) < p implies h(t, z) < ®(ho(t,z)).
Definition 2 [1]. The system (1) is said to be (hg, h)-equistable, if given ¢ > 0 and ¢y €
R* there exists a § = §(tg,¢€) that is continuous in tq for each e such that ho(tg, z) < &
implies h(t, z(t)) < e, t > to.
Definition 3 [2]. Let @ € C[RY, R™| with Q(0) = 0 and Q(u) is nondecreasing in w.
Then we say that Q € K[RY, R1].
Definition 4 [2]. Let V € C[RT x R", R™], ho, h € T and a function Q € K[Rf, RT].
Then V is said to be:

1) h-positive definite if there exist a number p > 0 and a function b € K* such that
h(t,z) < p implies b(h(t,z)) < Q(V(t,x));

2) ho-decrescent if there exist a number py > 0 and a function ag € K* such that
ho(t,z) < po implies Q(V (¢, x)) < ag(ho(t, z));

3) weakly ho-decrescent if there exist a number pg > 0 and a function a € CK* such
that ho(t,z) < po implies Q(V (¢, x)) < a(t, ho(t, x)).
Definition 5 [2]. Let Q1 € K[R},R*], Q2 € K[R%, R*] and u(t; to, ug) be any solu-
tion of the system (2) existing for all ¢ > ¢3. Then the zero solution of the system (2)
is said to be equi-uniform stable if for given €1 > 0, e > 0 and tg € RT there exist
0 = 51(t0,61) > 0, Oy = 52(52) such that

Q1(uop) < 61 implies Q1 (up(t;to,u0)) < €1, t>to

and
QQ(UOq) < 52 implies Qg(uq(t; to,Uo)) < €9, t > tp.
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We assume that the right parts of the system (2) are defined and continuous in the
open domain G C RN*! = {t,uy,...,ux} and in this domain satisfy the Wazewski’s
condition.

Wazewski’s condition [6]. Each of the function g¢,(¢,u) (s = 1, N) is nondecreas-

Vo < gl =l <

A . /
ing in wy,...,Us—1,Usq1,...,un, Le. uf < uf,...,u (NPT
" !/ s 4 / "
uy iy, .. uy < ufy implies go(t,2') < gs(t, 2”).

3. MAIN RESULTS

We will give some sufficient conditions for stability in terms of two measures.

Theorem Let the following hypotheses be fulfilled:

(Ho) ho,h € T and hy is finer than h;

(Hy) V € C[S(h,p), RY], V(t,z) is locally Lipschitzian in z,

S(h,p) ={(t,x): t € R*,h(t,x) < p}, V,(t,z) is weakly ho-decrescent and

b(h(t,x)) < Qa2(Vy(t, ) < ao(ho(t, x)) + ar(Q1(Vp(t, )))

for (t,x) € S(h,p) N S¢(ho,n) for every 0 < n < p and Q1(V,(t,0)) = 0 where Q1 €
K[RY,R"], Q2 € K[R%,R"] and b,ap,a; € K*[RT,R"] withp+q = N;
(Hz) Each of the functions g (t, V) (s = 1, N) is nondecreasing in Vi, ..., Vi_1,Vii1,..., Vn
i.e. fulfils the Wazewski’s condition;

1) Dy (t2) < go(t Vy(2),0), () € S(hp)

2) D*Vy(t,x) < gq(t, V(t,2)), (t.x) € S(h, p) N S°(ho,n)
for every 0 < n < p, where S¢(hg,n) is the complement of S(hg,n);
(H3) the zero solution of the system (2) is equi-uniform stable.

Then, the differential system (1) is (hg, h)-equistable.
Proof: Since V,(t,x) is weakly ho-decrescent, there exists a p1 (0 < p1 < p) and a
&y € CK* such that

(3) Q1(V,(t,2)) < ®o(t, ho(t,x)) if ho(t,z) < py

Also, hg is finer than h implies that there exists a pg (0 < pg < p1) and a ®; € K*
such that

(4) h(t,x) < ®1(ho(t,z)) provided ho(t,z) < po

where pg is such that ®1(pg) < p1.

Let 0O<e<p and to € RT begiven. By hypothesis (H3) given & > 0,
g > Oandtyg € RT, there exist d10 = d10(to,€1) > 0 and 0 = d20(g2) > 0 such
that

Ql(qu) < 610 implies Ql(up(t;tm’U,Q)) < e, t>ty
(5) and
Q2(uog) < 0d20 implies Qa(uq(t;to,u0)) < €2, t=>to
Since ag, ®; € K*, we can find a §; = §1(¢) such that

(6) a0(§1) < %520 and (131(51) < eE.
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Let o = b(e) and g1 = (11_1(%(520). Choose ugp, = Vp(to, o). Since &g € CK*, Q1(V,(¢,0))
=0 and (3), it follows that there exists a do = da2(tg,€) > 0, d2 < min(dy, p1) and
(7) ho(to,x()) < (52 implies Ql(‘/;,(to,l‘o)) S q)o(to, ho(to,x())) < (510.

We set 0 = min(dy,02) and suppose that ho(to,zo) < 6. We note that because of (4)
and (6), we have

(8) h(to, z0) < ®1(ho(to, z0)) < @1(5) < @1(01) <€

We claim that ho(to, o) < ¢ implies h(t,x(t)) < €, t > tg. Assume the contrary, i.e.
according (8), there exists a solution z(t) of the system (1) with hg(tg,z9) < ¢ and
to > t1 > tg such that

h(ta, z(t2)) =€ < p, ho(t1,z(t1)) = d1(¢)
(9) and
x(t) € S(h,e) N S(ho,n) with n = d1(¢) for t € [t1, ta].
It then follows from (Hs) that
Dtmy(t) < gp(t,my(t),0), to <t <ty

DFmy(t) < gglt,m(t)), t <t<ty

(10)
where m(t) = V(t,2(t)). Hence by the comparison theorem [4] we have for t; <t <t

(11) my(t) < up(ttr,m(tn)),  mg(t) < ug(t;ty, m(tn))

Let u*(t) = w(t;t1,m(t1)) > 0 be the extension of u(t) to the left of t; up to tg
and let u*(to) = ug. Choose uy(to) = V,(to,r0) and uy(to) = ug,. Consider now the
differential inequality which results from (10)

D+mp(t) < gp(t,mp(t),uj;(t)), up(to) = myp(to)
which by comparison theorem [4] yields
(12) mp(t) S Up(t; to, UO), to S t S tl, Ug = (Up(to),ugq).

Then it is clear that u(t)=(uy(t;to, uo), u;(t)) is a solution of the system (2) on [to, t;].
Using (9), (11) and (H;), we obtain

(13) b(e) = b(h(ta, z(t2)) < Qa(Vy(te, x(t2))) < Qa(ug(ta;ty, m(tr)))
But from (5) and (12), we get
Q1(Vy(t1, 2(t1))) < Qu(up(tisto, uo)) < a7 (5020(€))
provided Q1 (uop) < d10. From (H;), (6) and (9) we have now
<
<

Q2(Vy(t1,z(t1))) ho(t1, z(t1))) + a1 (Q1(Vp(t1, z(t1))) <

ao(
a0(51(€)) + al(afl(%égo)) < (520

and therefore from (5) we get

Q2(ug(tas ty, m(t1))) < b(e)

which contradicts (13). Hence the proof is complete.
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