CONFORMALLY INVARIANT TENSORS
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Abstract. In this paper, we study the main classes of almost contact manifolds with
B-metric. A canonical connection on these classes is introduced with respect to which the structure
tensors are covariantly constant. Conformally invariant tensors with respect to groups of contactly
conformal transformations of the considered classes are found. The zero Bochner curvature tensor of
the canonical connection is proved to be an integrability condition of a geometrical system of partial

differential equations and a characterization condition of a contactly conformally flat manifold.

1.Almost contact manifolds with B-metric.

Let (M,¢,&,n,9) be a (2n + 1)-dimentional almost contact manifold with B-
metric, i.e. (p,&,n) is the almost contact structure [2] and ¢ is a metric on M so
that :

(1.1) P =—id+n®& ; n€)=1; geX,0Y)=—g(X,Y)+nX)nY)

for all vector fields X,Y on M. The associated metric g of the manifold is given by
(X, Y) =g(X,9Y)+n(X)n(Y). Both metrics are necessarily of signature (n + 1,n)
[4].

Further, X, Y, Z, W will stand for arbitrary differentiable vector fields on M
and z, y, z, w— arbitrary vectors in the tangential space 1, M to M at an arbitrary
point p in M. The Levi-Civita connection of g will be denoted by V. The tensor field
F of type (0,3) on the manifold is defined by F(X,Y,Z) = g((Vx ¢)Y, Z) and it has
the following properties :

F(X,Y,Z)=F(X,2,Y) ;

~—

(1.2)

If {e;,&} (i = 1,2,...,2n) is an arbitrary basis of T,M , g/ are the components of
the inverse matrix of g, then the 1- forms 6, 6* and w associated with F' are defined
by
(1.3) 0(z) = g F(ei,ej,x) , 0*(z) = g7 F(e;, pej,x) , w(w) = F(£,&,2) .
Let @ be the corresponding vector to 6 by g, i.e. 8(x) = g(x, Q).

A classification of the almost contact manifolds with B-metric with respect to
the tensor F is given in [4], where the basic classes F; (i = 1,2 11) of almost
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contact manifolds with B-metric are defined. In this paper we consider the following
classes arised from the main components of F :

(1.4) Fi o F(X)Y,2) = *{g( ,pY)0(9Z) + g(X, pZ)0(0Y)
+ 9(eX,Y)0(0°Z) + (X, 0 Z)0(%Y )}
(15 A PV 2) = -0 v nz) + gleX eam )

(16) 7 P2 = L o) + g ez}

The class Fy is defined by the condition F(X,Y,Z) = 0. This special class
belongs to each of the basic classes. The 1-form w is zero on F; (i = 0,1,4,5). An
almost contact manifold with B-metric in the class F;, for the sake of brevity, we call
Fi-manifold (i =0,1,4,5) .

Let F? is subclass of F; (i = 1,4,5) that is defined by the next conditions for
the 1-forms 6 and 6* :

a) (M,p,&,m,g) is an FP-manifold iff § and 6* are closed ;

(1.7) b) (M, ,&,m,9) is an F-manifold iff 0 is closed ;
c) (M,p,&,m,g) is an Fo-manifold iff 6* is closed .

The transformation
(1.8) ¢: g(X,Y) = e* cos 2vg(X,Y) +e**sin 2vg(X, pY) + (1 —e2* cos 2v)n(X)n(Y)

is a contactly conformal transformation, where u and v are arbitrary differentiable
functions on M. The manifolds (M, ¢, &, n,g) and (M, ¢,&,n,g) are contactly con-
formally related by ¢ . The group of the contactly conformal transformations on
(M, p,&,m,g) will be denoted by C' [5].

Further, we shall use the symbols o = du = ¢(-,p) and 8 = dv = g(-,q). The
following subgroups of the contactly conformal group C' are introduced in [5] :

Co={ceC|a=fop,f=—acp} , Cr={ce C | a(§)=p(£)=0},

Ci={ce C|a=foy} , Cs={ceC|f=—aoyp},
Cis={ce C|aop=Hoy’} ; Cis={c€Css | c¢ Csc ¢ Cs},
Ci5={ce C | a(§)=0} , Cls={ce Ci5 | c¢ Cr,c ¢ Cs}
Cry={c e C | B(&)=0} , Chy={ceCiy|c¢ Ci,c¢ Cy},

(1.9)  C{={ce C1 | a(§)=d(aop)=0, B(§)=d(B o ¢)=0}, CY={ce C} | f=0}

Cl={c e Cy | a(é)=d(a 0 p)=0} , CY={ce )| a=0},
Cy={c € Cs | B(&)=d(5 0 ¢)=0} , C3'={ce (7 | p=0} ,

CR={ce€ Cj5 | c=cyoci,c; €CY e € CY}
CiR={c € Cf5 | c=caoci,c; € CY co € CHY

CHl={ce O}, | c=caoci,c; €CY ey € CP} .



In this paper, we shall use the following propositions.

Theorem A. (Theorem 2.2 and Theorem 2.5 in [5] ) The classes Fo , F? are
closed with respect to the groups Cy,C? (i = 1,4,5), respectively.
Theorem B. (Theorems 2.6 — 2.8 in [5] ) The class F? is the class of the

manifolds, which are contactly conformally equivalent to the Fy-manifolds with respect
to the group C?, i.e. F? = C?(Fo)(i = 1,4,5).

K3

Theorem C. (Theorem 2.9 in [5] ) The classes F{ and F are contactly
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conformally equivalent with respect to the group CF°, i.e. .7-"]Q = C;jo(f?)(i,j =

ij
1,4,5;1 # j).

2. The Bochner curvature tensor of y-holomorphic type in the class 7

Definition 2.1 [3] . A tensor T of type (0,4) on M is called a curvature-like
tensor if it satisfies the conditions :

(21) T(X7KZ7 W) = _T(Y7Xa Z, W) 5
T(X, Y, ZW)+TY,Z, X, W)+ T(Z,X,Y,W)=0;

In analogy with the definition in [3] of Kaehler tensor on an almost complex
manifold with B-metric, we give the following

Definition 2.2. A curvature-like tensor T' we call a Kaehler tensor if it satisfies
the condition

(2.4) T(X,Y,Z,W) = —T(X,Y,pZ,oW) .
Let S be a tensor of type (0,2). We consider the following fundamental tensors
U1 (S)(X,Y, Z,W) = g(Y, 2)S(X,W)—g(X, Z)S(Y, W)
+9(X, W)S(Y,Z) — g(Y,W)S(X, Z) ,
Uo(S)(X, Y, Z, W) = g(Y,0Z)S(X, W) — g(X, 9Z)S(Y, W)
+9(X, e W)S(Y,9Z) — g(Y, oW )S(X, 0Z) .

(2.5)

We have



Lemma 2.1. A) Uy(95) is a curvature-like tensor iff S(X,Y) = S(Y,X) ;
B) W5 (S) is a curvature-like tensor iff S(X,pY) = S(Y, pX) .

The tensors 7; (i =1,2,3,4,5) are defined as follows :
7T1(X>Y7 Za W) = g(Y7 Z)g(X7 W) _g(X7 Z)g(x W) ;
(X, Y, Z,W) = g(Y,0Z)g(X,oW) — g(X,0Z)g(Y, oW) ;
m3(X, Y, Z,W) = —g(Y, Z)g(X, W) + g(X, Z)g(Y, W)
—9(X,W)g(Y,0Z) + g(Y, W)g(X, ¢Z) ;

GO (XY, 2, W) = g, Z0n(X)n(W) - g(X, Z)n(¥ (V)
+9(X, W)n(Y)n(Z) — g(Y,W)n(X)n(Z) ;
(X, Y, Z,W) = g(Y, oZ)n(X)n(W) — g(X, 9Z)n(Y)n(W)
+9(X, e Wn(Y)n(Z) — (Y, oW )n(X)n(Z) .
It is easy to verify that
(2.7) Vy(g) = 2m 5 Wag) =2m2; Wi(g) = —m3 +ma 5 Wa(g) =73 + 75 .

Lemma 2.2. The tensors w; (i =1,2,3,4,5) are curvature-like tensors and the
tensors (w1 — ma) o ¢ and 73 o @ are Kaehler tensors.

The proof is trivial.
Let R be the curvature tensor field of type (1,3) of V, i.e.

(2.8) R(X,Y)Z =VxVyZ —NyVxZ -V xy|Z
The corresponding tensor of type (0,4) is denoted by the same letter and is given by
(2.9) R(X,Y,X,W) =g(R(X,Y)Z,W) .

Let (M, p,&,n,g) be an Fy-manifold. Since ¢, £, n are covariantly constant on M with
respect to V, then
(210) R(X7 Ya QDZ, <)0W) = R(X, SDY) SﬁZa W) = _R(Xv Ya Zv W) 5
(2.11) R(X,Y)¢=0.
From (2.10) it is seen, that R is a Kaehler tensor on M € Fy. This properties

of the curvature tensor R on an Fp-manifold M gives us a reason for defining on M a
tensor field R of type (0,4) by

(2.12) R(X,Y.Z,W) = R(X.Y.Z,oW) = R(X,Y,0Z.W) .
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We verify immediately, that R has the properties (2.1)-(2.4). Therefore R is
a Kaehler tensor.We remark that if p (respectively p) is the Ricci tensor and 7
(respectively 7)—the scalar curvature of R (respectively R ), then

p(R)(y,2) = p(R)(y,2) = p(R)(y, p2) ;
(2.13) ~ 3
7(R)=7(R) ; 7(R)=-71(R).

The Bochner curvature tensor of B-manifold is introduced in [2] by

1 1

B(R) = —m[ m[

U1(p) — Va(p)] + T(m — my) + 3]
Now, for Fyp-manifold M (dimM > 7) we define a tensor field B(R) of type (0,4) ,

corresponding to R whereby

(2.14) B(R)(z,y,2,w)=R(z,y, 2, w)
_ﬁ (U1 (p) (9, 0y, 9z, pw)—Ta2(p)(z,y, 2,w)]
1

*m [7(m1 (o, 0y, oz, pw)—m2(,y, 2, w))

+7m3( 0z, Qy, oz, pw)]

that we call Bochner curvature tensor on M of @-holomorphic type. From the
properties of R and 7; (i = 1,2, 3) it follows that the Bochner curvature tensor B(R)
is a Kaehler tensor.

3. The canonical connection on almost contact manifold with B-metric

Definition 3.1. A linear connection on an almost contact manifold with B-
metric we call canonical connection if the structure tensors p,£,m and g on M are
covariantly constant with respect to this connection.

Let the linear connection D on (M, p,&,n, g) if defined by

1
(3.1) DxY =VxY + 5{(VX50)<PY + (Vxn)Y&} —n(Y)VxE .
Now, we verify immediately
(3.2) Dp=D¢=Dn=Dg=0.

Consequently D is a canonical connection. We remark, that according to Defini-
tion 3.1 , the Levi-Civita connection V on an Fy-manifold is a canonical connection.
The equalities (3.1), (1.4), (1.5) and (1.6) give us a possibility to determine the par-
ticular kind of the canonical connection D in each of the considered classes Fi, Fu
and F5. We have got the validity of the next



Lemma 3.1. a) If M € Fy, then

DXY:VXYqzﬁ;*W¢YM¥X>HOU%X+M¢XwﬂU¢Q+mﬁlwYﬂﬂ7
where 6=g(-,Q) ;
b) If M € Fy, then DxY = VxY + % [g(X, VY )¢ — n(Y)goX] ;
c)HAIE?@ﬂwnDXYE:VXYU—Q%?[M@Xwﬂﬂg—nﬁﬂw%ﬂ.

We shall use the following proposition.

Lemma A. (Lemma 1.1 in [5]) a) If M € F1, then 0 (respectively 6*) is closed
iff (Vx0)Y = (Vy0)X (respectively (Vx0)pY = (Vy8)pX) ;
b) If M € Fy, then 0 is closed iff X0(§) = n(X)&0(E) ;
c) If M € Fs, then 6* is closed iff X0*(&) = n(X)&0*(§) .

Further, K will stand for the curvature tensor field of type (1,3) of D, i.e.
(3.3) K(X,Y)Z =DxDyZ — DyDxZ — Dixy|Z .

The corresponding tensor field K of type (0,4) is denoted by the same letter and is
given by

(3.4) K(X,Y,Z,W) = g(K(X,Y)Z,W) .

Theorem 3.1. Let M be an F?-manifold (i = 1,4,5) . Then K is a Kaehler
tensor and it is determined respectively by

(35)  K=R+ - {o(Wi(5)o0) + 1a(8) + 5 p(Wr(L) o)}

= o2 {00 Belm 0 9) + ] — U(t)p(m o 0)} fori=1,
where S(Y, 2)=S(Z,Y)= ~S(¢Y. 0Z)= ~(Vy0)pZ~ B(Y)0(2)-0(Y)0(e2)] |
LY, 2)=L(Z,Y ) =L (Y, $2) =00V J0(Z)+0(Y )0(7) :
(3.6) K=R+ %ﬁf)m + 9472? [re — m4] fori=4;
(3.7) K=R+ 592*1(15) Ty + 911”(25) m fori=5.

Proof. Using Lemma 3.1 and Lemma A, from the equalities (3.3), (3.4) and
(1.7) , we get the equalities (3.5), (3.6) and (3.7), respectively. Hence according to
Lemma 2.1 and Lemma 2.2, it follows that K is a curvature-like tensor . From the
conditions Dy = DE = 0, it is clear, that K is a Kaehler tensor on an F?-manifold
(i=1,4,5) .

This proposition gives us a reason to define an associated tensor K of K on an
FP-manifold (i = 1,4,5) by

(3.8) K(X.Y,Z,W) = K(X,Y,Z,oW) .

We remark that K satisfies the conditions (2.1)—(2.4), hence K is a Kaehler tensor .
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Theorem 3.2. Let (M,p,€,n,9) and (M, ,&,n,3) be contactly conformally
related F;-manifolds by transformations of the groups C; (i = 0,1,4,5) . Then
(3.9) VxY=VxY—a(X)e’Y —a(Y)p?’ X —a(pX)pY —a(eY)pX
+9(pX, Y )p+g(X,0Y)pp  fori=0;
_ 1
(310) Dx¥=Dx¥ ~a(X)&Y —[a(Y 1+ 5(¢Y )¢ X

HB(X)pY 2 [aleY)~B(V)]

1 1 _
+§(p+soq)(9(<pX, soY)+5(s0p - q)9(X,pY) fori=1;
(3.11) DxY=DxY —B(¢X)@*Y —B(pY)* X +B(X)pY —B(*Y ) X
+9(0X, Y )pq+g(X,pY)p%q  fori=4;
(3.12) DxY=DxY —a(X)*Y —a(p?Y)p? X —a(0X) oY —a(pY)pX
—9(pX, oY)’ p+g(X, Y )pp  fori=5.

Proof. Let V (respectively V) be the Levi-Civita connection of the metric g

(respectively g) on (M, p,&,1n,g) (respectively (M, ¢,&,n,9)). Then using for g and
V the well known equality

25(VxY, 2)=Xg(Y, Z)+Y§(X,Z)-Z3(X,Y)
+9([X, Y], 2)+4(12, X],Y)+4([Z, Y], X)
and the analogical equality for g and V, we obtain [1]:
(3.9) fori=0;

(3.13)VxY=VxY—a(X)p?Y —a(Y)* X +B(X)pY +8(Y)pX

©Q

+ [0082 20 p+ sin? 2v(
2n

+<pq) — sin 2v cos 2v (%—Hﬂp-ﬁ-q) } 9(pX, ©Y)
— [cos2 20 ¢— sin® 2v <Q+<pp)
2n
: ©Q 1.
—51n2vcos2v(2——p+g0q)}g(X, pY) fori=1;
n

(B.1)VxY = VxY — B(pX)¢®Y — B(pY )¢’ X + B(X)pY + B(Y)pX

+ :wq — e*sin 2v(%§ + ﬂ(f))&}g(w)@ ©Y)

+ :<,02q —e?¥ cos 21}(% + /B(S))f + %i)f]g()(, pY) fori=4;
(3.15)VxY = VxY — a(X)p?Y — a(Y)p?X — a(pX)pY — a(pY)eX

- :<p2p — e*" cos QU(HTS) + a(é))é + 925? f]g(wX, eY)

+ |op — e** sin 2v (9 ©)
2n

+ Oz(f)){}g(X, oY) fori=5;



By means of Lemma 3.1, from the equalities (3.13), (3.14) and (3.15), we find the
equalities (3.10), (3.11) and (3.12), respectively .

We remark, that the groups C; (i = 0,1,4,5) of F;-manifolds (i = 0,1,4,5)
give rise to contactly conformal groups of transformations of the canonical connection
D on the corresponding F;-manifolds, respectively . Formulas (3.9), (3.10), (3.11)
and (3.12) express analitically contactly conformal transformations of the canonical
connection D on a manifold M in the classes Fy, Fi, F4 and F5, respectively. We
notice, that for ¢ = 0 the Levi-Civita connection is a canonical connection .

Using Theorem 3.2 and Lemma A, we get the following

Theorem 3.3. Let (M,p,&,n,9) and (M, ,&,n,3) be contactly conformally
related F?-manifolds (i = 0,1,4,5 ; as F§ = Fo) by transformations of the groups
C? (i =0,1,4,5 ; as C§ = Cy), respectively. Then

(3.16) R=R—o(¥1(S)op) +Us(S) fori=0,
where
(3.17) S(Y,Z) = (Vya)Z + a(eY)a(eZ) — a(Y)a(Z)

- %a(p)g(staZ) - %a(wp)g(Y, 0Z) ;

(3.18) K=K —¢(Ui(S)op)+Ts(S) fori=1,4,5,

where
(3.19)S(Y, Z) = (Vyo)Z + o(¢Y)o(pZ) —o(Y)o(Z)
2
(s %)g(soYsoZ) - %U(sos - %)9(3/, ©Z)

[0(Y) +0(&)n(Y)]o(pZ) + [0(2) + 0(€)n(2)] o (#Y)
+ 05 (V) + 0 ()]0 (2) + [0°(2) + 0" (D))o (V) }
as we specify o = g(-, s) respectively : ¢ = %(a +pBoyp) fori=1,
oc=0Bo0p fori=4 , 0 =—aoy? fori=>5.
Theorem B and Theorem 3.3 imply

Corollary 3.3.1. Let (M,p,&,1n,9) be an Fo- manifold and (M, p,&,n,5) be
the contactly conformally related F?-manifold to (M, p,&,n,g) by a transformation
of the group C? (i = 1,4,5). Then

(3.20) K=R—o(U1(S)op)+Ty(S) for i=1,4,5,
where
(3.21) S(Y,Z) = (Vyo)Z +o(pY)o(pZ) — a(Y)o(2)

- %0(8)9(@1@02) - %U(@S)Q(K ©Z)

as we specify o = g(-, s) respectively : 0 = S(a+ o) fori=1,
oc=pogp fori=4 , o =—-aop? fori=>5.



4. Contactly conformal invariants

Let (M, p,€&,m,g) be an arbitrary almost contact manifold with B-metric and
dimM > 7 . If K is the Kaehler curvature tensor of the canonical connection D over
T,M, pe M and {e1,...,e+1} is a basis of T, M then p(K) will stand for the Ricci
tensor of K and 7(K), 7(K) — curvatures of K. The Bochner curvature tensor of
-holomorphic type B(K) we define on the analogy of (2.14) by

(4.1) B(K)(z,y, z,w)=K (z,y, z,w)

_2(%—2) [‘1’1 (p(E)) (g, ¢y, 0z, pw) =2 (p(K)) (2, y, z, w)}
+m{7<l{ ) [mi(em, 0y, 92, pw)—ma(x, y, 2, w)]

+F(K s, 9y, 92, pw) |

Theorem 4.1. Let (M,p,&,n,9) (dimM > 7) be an F?-manifold . Then
the Bochner curvature tensor B(K) is a contactly conformal invariant of the group
CY (i=1,4,5) .

Proof. Let (M,¢,&,n,g) by the contactly conformally related Fp-manifold to
(M, ¢,&,m,9) by a transformation ¢ of CY (i = 1,4,5), respectively. If D and K are
the canonical connection and its curvature tensor of (M, p, &, n, g), then (3.18) implies

(42) (1.9~ [p( 2y, 2)]

P
)] [ 9(py, 02)+79(y, p2)—T9(py, ¢2)+74(y, W)]
where p, 7, T (7respective1y p, 7, 7) are the Ricci tensor and the scalar curvatures of K
(respectively K). Substituting S into (3.18) and taking into account (4.1) and (3.8) ,
we obtain

(4.3) B(K) = e**[cos2v B(K) + sin 2v B(K')] .
Thus, if B(K) and B(K) are the corresponding tensors of type (1,3), then (4.3) and
(1.8) imply B(K) = B(K),i.e. B(K) is ainvariant tensor with respect to the contactly
conformal group C? (i = 1,4,5) .

Since the group Cp is a subgroup of each group C? (i = 1,4,5), then Theorem
4.1 implies, that the Bochner curvature tensor B(K) is contactly conformal invariant
of the group Cj, too.

According to Theorem B and Theorem 4.1, we obtain

Corollary 4.1.1. Let (M,,&,n,G) be an F?P- manifold (i = 1,4,5) contactly
conformally equivalent to the Fo- manifold (M, p,&,n,g) by transformation of the
group C? (i = 1,4,5). If B(R) and B(K) are the Bochner curvature tensor of
(M, p,€&,m,9) and (M, p,€,n,§), respectively, then B(R) = B(K).

Since the group Cy is a subgroup of CY (i = 1,4, 5) and the class JF is contained
in the class F? (i = 1,4,5), then from Theorem A and Corollary 4.1.1 we obtain
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Corollary 4.1.2. The Bochner curvature tensor B(R) on an Fy-manifold is a
contactly conformal invariant of the group Cy.

Theorem 4.2. Let (M, p,€,1n,9) be an FP-manifold with Bochner curvature
tensor B(K) of D. Then every almost contact manifold with B-metric (M, ,£,1,3)
contactly conformally equivalent to (M, ¢,£,m,g) by a transformation of C;‘JQ (i,j =
1,4,5; i # j) is an f?—manjfo]d with the same Bochner curvature tensor B(K) of D .

Proof. The statement follows from Corollary 4.1.1 .

Let (M,p,&,n,9) and (M, p, &, n,g) be conformally related JFP-manifolds by
transformation ¢ € CY (i = 4,5). According to the definition conditions of CY’
(respectively CY'), we have that ¢ = dvop = 0 (respectively 0 = —du o p? = 0).
Therefore, from (3.19) we obtain S = 0 for i=4,5.Hence (3.18) takes the shape K = K.
So we ascertain the truthfulness of the following important

Theorem 4.3. Let (M, ¢,£,n,9) and (M, ¢,£,1n,g) be contactly conformally
related JF?-manifolds by transformations of the group CY (i = 4,5). Then K is a
contactly conformal invariant of the group CY (i = 4,5) .

Having in mind Theorem B, we obtain

Theorem 4.4. Let (M,p,&,n,g) be an FP-manifold contactly conformally
equivalent to the Fy-manifold (M, ¢,&,m,g) by a transformation of the group CY (i =
4,5). If R and K are the curvature tensors of (M,p,&,m,g) and (M,p,&,n,3),
respectively, then R = K.

5. The geometric interpretation of the Bochner curvature tensor

A fundamental topic of the metric differential geometry is the geometric charac-
terization of the tensor invariants. In this chapter we consider the geometric interpre-
tation of the received contactly conformal tensor invariants in the previous chapter .

Now we prove the next

Theorem 5.1. Let (M, p,&,n,g)(dimM > 9) be an Fy-manifold with vanishing
Bochner tensor B(R). Then (M, p,&,n,g) is contactly conformally related to an Fy -
manifold (M, p,€,m,g) by a transformation of Cy, so that the Levi-Civita connection

V of (M, ¢,§,1n,9) is flat.

Proof. Let we have got the transformation
c:g(X,Y)=e* cos2v g(X,Y)+e?*sin2v g(X, Y )+(1—e?* cos2v)n(X)n(Y) of Co,
where the unknown functions u and v are a p-holomorphic pair, i.e. du = dv o ¢ and
dv = —du o ¢. According to Theorem A, as we take an account of (3.16) and (3.17),
we ascertain the connection V on the Fp-manifold (M, p,&,n,g9) = ¢(M,p,&,n,9) is
flat iff
1 1
(5.1)  (Vya)Z+a(pY)a(pZ)-a(Y)a(Z)-5alp)g(pY, ¢Z) 5 alep)g(Y, v 2)
1 -
= (Y, 2)+ rg(pY, 0 2)+7(Y, 02)]

2(n—2) 8(n—1)(n—2)
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where p, 7,7 are the Ricci tensor and the scalar curvatures of the curvature tensor R.
Now, we will show B(R) = 0 is a integrability condition for the system (5.1). We
denote the right hand side of (5.1) by L(Y, Z). Since the curvature tensor R on an
Fo-manifold is a Kaehler tensor, then we have p(¢Y,9Z) = —p(Y,Z). Therefore
L(Y,Z) = L(Z)Y) = —L(pY,¢Z). Applying the Ricci identity (VxVya)Z —
(VyVxa)Z = —a(R(X,Y)Z) for the 1-form « in the left hand side of (5.1) and
using B(R) = 0, we find that the system is integrable iff

(5.2) (VxL)(Y,Z) = (VyL)(X. Z) .

To prove (5.2), we have in mind the fact that if B(R) = 0, then R = o(¥;1(L) o ¢) —
Wy (L), where

1

(53) L(Y,2)= 2n—-2)

p(Y,Z) + [T9(0Y,0Z) + 7(Y, pZ)].

.
8(n—1)(n—2)

We enforce the second Bianchi identity for R. After a contraction we obtain
(20— 5) [(VxL)(YV; Z) = (VY L)(X, 2)| + [(VoxD)(#Y, Z) = (Vv D)(9X, Z)] = 0
and by the substitution X — ¢ X, Y — ¢Y in the previous equality we have
(20 = 5)[(Vox L)Y, Z) = (Voy D(eX, 2)| + (VX D)(Y, 2) = (Vy L)(X, Z)| =0
From the last two equalities it follows that
(n—2)(n = 3) [(VxL)(Y, Z) - (V¥ L)(X,2)] = 0.

Hence (5.2) is a consequence of B(R) = 0 and the system (5.1) is integrable for
n > 3. Then the contactly conformal transformation c (u is a solution of (5.1) and
v—of dv=duo <p) gives rise to an Fy-manifold (M, ¢, &,n, g) with flat Levi-Civita
connection V .

Thus, we establish, that if dimM > 9 the connection V is flat iff B(R) = 0. If
dimM = 7, then V is a flat connection, when B(R) = 0 and (5.2) is satisfied, too.

Theorem 5.2. Let (M, p,&,n, g)(dimM > 9) be an Fy-manifold with vanishing
Bochner curvarure tensor B(R). Then (M, p,&,n,g) is contactly conformally related
to an F{-manifold (M, ,&,mn,§) by a transformation ¢ of CY’, so that the canonical
connection D of (M, ¢, &,n,g) is flat .

Proof. Let g = €?“g + (1 — ¢**)n ® n be a transformation of CY', where u is
an unknown differentiable function on M. Using Theorem B, the equality (3.20) and
the equality (3.21) for ¢ = 1 in the case v = 0, we obtain D on the F?-manofold
(M, p,&,m,g) is a flat connection iff

(54) (Vya)Z+3a(eY)a(eZ)—5a(Y)a(2)-alp)o(eY, 0 2)-1alen(Y, o7)

1
=— oV, Z
Y. 2)+

2 T~ Ty —g) [TV 9 2)H7(Y, @Z)} :
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On the analogy of the proof of Theorem 5.1, we assert B(R) = 0 is a integrability
condition of the system (5.4) for dimM > 9. Then, according to Theorem B, the
contactly conformal transformation g = e**g+ (1 —e**)n®n (u — a solution of (5.4))
gives rise to an FP-manifold (M, ¢, &, n, g) with flat canonical connection D .

Thus, we ascertain the fact that if dimM > 9 the canonical connection D is flat
iff B(R) = 0. In case of dimM = 7 , D is flat when B(R) = 0 and the condition
(VxL)(Y,Z)— (VyL)(X, Z) = 0 is satisfied, too (L(Y, Z) denotes the right hand side
of (5.4) ).

Let ¢; € Cy and ¢y € OV be transformations, determined by the functions (u’, v)
and u”, respectively. Then the transformation ¢ = ¢y o ¢; belongs to CY and it is
determined by the functions (u = v/ + u”,v). It is obvious ¢ ¢ Cy and ¢ ¢ CY’ .

Theorem 5.3. Let (M, p,&,n,g)(dimM > 9) be an Fy -manifold with vanishing
Bochner curvature tensor B(R). Then (M, p,&,n,g) is contactly conformally related
to an Fy-manifold (M, p,&,n,g) by transformation ¢ of CY (c ¢ CY and ¢ ¢ Cy ),
so that the canonical connection D of (M, ¢, &,m,g) is flat .

Proof. Let (M, p,&,n,g) be an Fp-manifold and
e g(X,Y) = e cos2v g(X,Y) + €2 sin 20 g(X, Y ) + (1 — €2 cos 20)n(X)n(Y)
be a transformation of Cy. Then Corollary 4.1.2 implies that the manifold
(M, p,&,m,9") = c1(M,p,&,m,9) is an Fp-manifold, so that B(R) = B(R'), where
R’ is the curvature tensor of V’ of ¢'.

Let us consider the transformation ¢y : g = e2u” Jg+(1- 62””)7) ® n belonging
to CY. Then the transformation ¢ = ¢z o ¢1, determinated by the functions (u =
u' +u”,v) , belongs to CY and according to Theorem B this transformation generates
an FY-manifold (M, p,&,n,g) contactly conformally related to (M, ¢,&,m,g) . The
condition B(R) = 0 implies B(R') = 0 and according to Theorem 5.2, we obtain
K=0.

So we ascertain the existence of p-pluriharmonic functions u and v determining
transformation ¢ € CY, which arises an F7- manifold with flat canonical connection
iff B(R) =0, dimM >9.

Theorem 5.4. Let (M, p,&,n, g)(dimM > 9) be an Fy-manifold with vanishing
Bochner curvature tensor B(R). Then (M, p,&,n,g) Is contactly conformally related
to an FP-manifold (M,¢,&,n,g) by a transformation of CY (i = 4,5), so that the
canonical connection D of (M, p,&,n,g) is flat .

Proof. Let (M,p,&,m,9) be an Fg-manifold with B(R) = 0. According
to Theorem 5.1, we have the functions u’ and v’ such that the transformation
e g (X, Y)=e* cos20 g(X,Y)+e? sin20'g(X, Y )+(1—e2* cos 20" )n(X)n(Y)
of Cp , gives rise to an Fy-manifold (M, ¢, &, n,g’) with flat connection V' of ¢/,
ie. R =0. Let us consider the transformation co : §(X,Y) = cos2v” ¢'(X,Y) +
sin 20" ¢ (X, pY )+ (1—cos 20" )n(X)n(Y) of CY which according to Theorem 4.4 gives
rise to an F{-manifold (M, ¢, £, n,§), so that R' = K = 0. Then the transformation
¢ = cpoc belongs to CF and it is determinated by the functions u = u’ and v = v/ +v" .
Thus the transformation ¢ gives rise an F§-manifold (M, p,&,n,9) = (M, ¢,£,1,9)
with flat canonical connection D for dimM > 9 .
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In the similar way, if co : g = 62“//9’ +(1- 62“”)77 ® 7 is a transformation of
CY', then according to Theorem 4.4, ¢y gives rise to an FY-manifold (M, ¢,£,1,5), so
that R’ = K = 0. Then the functions v = u’ 4+ u” and v = v’ set the transformation
¢ = cyocy of CY and c gives rise to an FP-manifold (M, p,&,n,g) = (M, ¢,£,1m,9)
with flat canonical connection D .

Having in mind the invariability of the Bochner curvatures tensor B(K) on
an FP-manifold with respect to the group C? (i = 1,4,5) the contactly conformal
equivalence of Fy and F? (i = 1,4,5) and Theorems 4.1, 4.3, 4.4, 5.1, 5.2, 5.3, 5.4, we
get the following main

Theorem 5.5. Let (M, ¢,£,m,9)(dimM > 9) be an F?-manifold (i = 1,4,5)
with vanishing Bochner curvature tensor B(K). Then (M,p,&,n,g) is contactly
conformally related to an F?-manifold (M, ¢,£,m,3) by a transformation of CY (i =
1,4,5), so that the canonical connection D of (M, @, &,n,g) is flat.

Theorem 5.6. Let (M, p,&,n,g)(dimM > 9) be an F? -manifold (i = 1,4,5)
with vanishing Bochner curvatures tensor B(K). Then (M,¢,£,n,g) is contactly
conformally related to an .7-'jo -manifold (M, ¢, &, n,g) by a transformation of ijo (i,j =

1,4,5;i # j), so that the canonical connection D of (M, p,&,n,g) is flat.

Proof. Since B(K) = 0 for the FP-manifold (M,p,&, n,g), according to
Corollary 4.1.1, (M, p,&,n,g) is contactly conformally equivalent to an Fy-manifold
(M, p, & n,g'") with respect to ¢; € C? (i = 1,4,5) and B(R) = B(K) = 0. From
Theorem 5.3 (respectively Theorem 5.4 ) it follows that (M, ¢, &, n,¢’) is contactly
conformally related to an f?—manifold (M, p,&,n,g) with respect to ¢y € C? (j =
1,4,5;7 # i) and the canonical connection D on (M, p,&,n, g) is flat.

Since the transformation ¢ = ¢4 0 ¢ belongs to the group C;;O, then it follows D

on the F}-manifold (M, ,&,1,3) = c(M, ¢, &,n,g) is flat iff B(K) = 0 for dimM > 9 .
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