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CONFORMALLY INVARIANT TENSORS
ON ALMOST CONTACT MANIFOLDS WITH B-METRIC

Mancho Manev and Kostadin Gribachev

Abstract. In this paper, we study the main classes of almost contact manifolds with

B-metric. A canonical connection on these classes is introduced with respect to which the structure

tensors are covariantly constant. Conformally invariant tensors with respect to groups of contactly

conformal transformations of the considered classes are found. The zero Bochner curvature tensor of

the canonical connection is proved to be an integrability condition of a geometrical system of partial

differential equations and a characterization condition of a contactly conformally flat manifold.

1.Almost contact manifolds with B-metric.

Let (M, ϕ, ξ, η, g) be a (2n + 1)-dimentional almost contact manifold with B-
metric, i.e. (ϕ, ξ, η) is the almost contact structure [2] and g is a metric on M so
that :

(1.1) ϕ2 = −id + η ⊗ ξ ; η(ξ) = 1 ; g(ϕX, ϕY ) = −g(X,Y ) + η(X)η(Y )

for all vector fields X,Y on M . The associated metric g̃ of the manifold is given by
g̃(X,Y ) = g(X, ϕY ) + η(X)η(Y ). Both metrics are necessarily of signature (n + 1, n)
[4].

Further, X, Y, Z, W will stand for arbitrary differentiable vector fields on M
and x, y, z, w— arbitrary vectors in the tangential space TpM to M at an arbitrary
point p in M . The Levi-Civita connection of g will be denoted by ∇. The tensor field
F of type (0,3) on the manifold is defined by F (X, Y, Z) = g((∇X ϕ)Y, Z) and it has
the following properties :

(1.2)
F (X, Y, Z) = F (X, Z, Y ) ;

F (X, ϕY, ϕZ) = F (X, Y, Z)− η(Y )F (X, ξ, Z)− η(Z)F (X, Y, ξ) .

If {ei, ξ} (i = 1, 2, . . . , 2n) is an arbitrary basis of TpM , gij are the components of
the inverse matrix of g, then the 1- forms θ, θ∗ and ω associated with F are defined
by

(1.3) θ(x) = gijF (ei, ej , x) , θ∗(x) = gijF (ei, ϕej , x) , ω(x) = F (ξ, ξ, x) .

Let Q be the corresponding vector to θ by g, i.e. θ(x) = g(x, Q).
A classification of the almost contact manifolds with B-metric with respect to

the tensor F is given in [4], where the basic classes Fi (i = 1, 2, . . . , 11) of almost



2

contact manifolds with B-metric are defined. In this paper we consider the following
classes arised from the main components of F :

F1 : F (X,Y, Z) =
1
2n
{g(X, ϕY )θ(ϕZ) + g(X, ϕZ)θ(ϕY )(1.4)

+ g(ϕX, ϕY )θ(ϕ2Z) + g(ϕX, ϕZ)θ(ϕ2Y )} ,

F4 : F (X,Y, Z) = −θ(ξ)
2n

{g(ϕX, ϕY )η(Z) + g(ϕX, ϕZ)η(Y )} ,(1.5)

F5 : F (X,Y, Z) = −θ∗(ξ)
2n

{g(X, ϕY )η(Z) + g(X,ϕZ)η(Y )} .(1.6)

The class F0 is defined by the condition F (X,Y, Z) = 0. This special class
belongs to each of the basic classes. The 1-form ω is zero on Fi (i = 0, 1, 4, 5). An
almost contact manifold with B-metric in the class Fi, for the sake of brevity, we call
Fi-manifold (i = 0, 1, 4, 5) .

Let F0
i is subclass of Fi (i = 1, 4, 5) that is defined by the next conditions for

the 1-forms θ and θ∗ :

(1.7)

a) (M, ϕ, ξ, η, g) is an F0
1 -manifold iff θ and θ∗ are closed ;

b) (M, ϕ, ξ, η, g) is an F0
4 -manifold iff θ is closed ;

c) (M,ϕ, ξ, η, g) is an F0
5 -manifold iff θ∗ is closed .

The transformation

(1.8) c : ḡ(X, Y ) = e2u cos 2vg(X, Y )+e2u sin 2vg(X, ϕY )+(1−e2u cos 2v)η(X)η(Y )

is a contactly conformal transformation, where u and v are arbitrary differentiable
functions on M . The manifolds (M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ) are contactly con-
formally related by c . The group of the contactly conformal transformations on
(M, ϕ, ξ, η, g) will be denoted by C [5].

Further, we shall use the symbols α = du = g(·, p) and β = dv = g(·, q). The
following subgroups of the contactly conformal group C are introduced in [5] :

C0={c ∈ C | α=β ◦ ϕ, β= −α ◦ ϕ}
C4={c ∈ C | α=β ◦ ϕ}

C45={c ∈ C | α ◦ ϕ=β ◦ ϕ2}
C15={c ∈ C | α(ξ)=0}
C14={c ∈ C | β(ξ)=0}

, C1={c ∈ C | α(ξ)=β(ξ)=0} ,

, C5={c ∈ C | β=− α ◦ ϕ} ,

, C∗45={c ∈ C45 | c /∈ C4, c /∈ C5} ,

, C∗15={c ∈ C15 | c /∈ C1, c /∈ C5} ,

, C∗14={c ∈ C14 | c /∈ C1, c /∈ C4} ,

(1.9) C0
1={c ∈ C1 | α(ξ)=d(α ◦ ϕ)=0 , β(ξ)=d(β ◦ ϕ)=0}, C0′

1 ={c ∈ C0
1 | β=0}

C0
4={c ∈ C4 | α(ξ)=d(α ◦ ϕ)=0}

C0
5={c ∈ C5 | β(ξ)=d(β ◦ ϕ)=0}

, C0′
4 ={c ∈ C0

4 | α=0} ,

, C0′
5 ={c ∈ C0

5 | β=0} ,

C∗045={c ∈ C∗45 | c=c2 ◦ c1, c1 ∈ C0
4 , c2 ∈ C0

5} ,

C∗015={c ∈ C∗15 | c=c2 ◦ c1, c1 ∈ C0
1 , c2 ∈ C0

5} ,

C∗014={c ∈ C∗14 | c=c2 ◦ c1, c1 ∈ C0
1 , c2 ∈ C0

4} .
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In this paper, we shall use the following propositions.

Theorem A. (Theorem 2.2 and Theorem 2.5 in [5] ) The classes F0 , F0
i are

closed with respect to the groups C0, C
0
i (i = 1, 4, 5), respectively.

Theorem B. (Theorems 2.6 — 2.8 in [5] ) The class F0
i is the class of the

manifolds, which are contactly conformally equivalent to the F0-manifolds with respect
to the group C0

i , i.e. F0
i = C0

i (F0)(i = 1, 4, 5).

Theorem C. (Theorem 2.9 in [5] ) The classes F0
i and F0

j are contactly

conformally equivalent with respect to the group C∗0ij , i.e. F0
j = C∗0ij (F0

i )(i, j =
1, 4, 5; i 6= j).

2. The Bochner curvature tensor of ϕ-holomorphic type in the class F0

Definition 2.1 [3] . A tensor T of type (0,4) on M is called a curvature-like
tensor if it satisfies the conditions :

T (X,Y, Z,W ) = −T (Y, X, Z,W ) ;(2.1)
T (X,Y, Z,W ) + T (Y, Z,X, W ) + T (Z, X, Y, W ) = 0 ;(2.2)
T (X,Y, Z,W ) = −T (X,Y, W,Z) .(2.3)

In analogy with the definition in [3] of Kaehler tensor on an almost complex
manifold with B-metric, we give the following

Definition 2.2. A curvature-like tensor T we call a Kaehler tensor if it satisfies
the condition

(2.4) T (X, Y, Z,W ) = −T (X, Y, ϕZ, ϕW ) .

Let S be a tensor of type (0,2). We consider the following fundamental tensors

(2.5)

Ψ1(S)(X,Y, Z,W ) = g(Y, Z)S(X,W )−g(X, Z)S(Y,W )

+ g(X, W )S(Y, Z)− g(Y, W )S(X, Z) ,

Ψ2(S)(X,Y, Z,W ) = g(Y, ϕZ)S(X, ϕW )− g(X, ϕZ)S(Y, ϕW )

+ g(X, ϕW )S(Y, ϕZ)− g(Y, ϕW )S(X, ϕZ) .

We have
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Lemma 2.1. A) Ψ1(S) is a curvature-like tensor iff S(X, Y ) = S(Y, X) ;
B) Ψ2(S) is a curvature-like tensor iff S(X, ϕY ) = S(Y, ϕX) .

The tensors πi (i = 1, 2, 3, 4, 5) are defined as follows :

(2.6)

π1(X, Y, Z, W ) = g(Y,Z)g(X, W )− g(X, Z)g(Y, W ) ;

π2(X, Y, Z, W ) = g(Y, ϕZ)g(X,ϕW )− g(X, ϕZ)g(Y, ϕW ) ;

π3(X, Y, Z, W ) = −g(Y, Z)g(X,ϕW ) + g(X,Z)g(Y, ϕW )

− g(X, W )g(Y, ϕZ) + g(Y, W )g(X, ϕZ) ;

π4(X, Y, Z, W ) = g(Y,Z)η(X)η(W )− g(X, Z)η(Y )η(W )

+ g(X, W )η(Y )η(Z)− g(Y, W )η(X)η(Z) ;

π5(X, Y, Z, W ) = g(Y, ϕZ)η(X)η(W )− g(X, ϕZ)η(Y )η(W )

+ g(X, ϕW )η(Y )η(Z)− g(Y, ϕW )η(X)η(Z) .

It is easy to verify that

(2.7) Ψ1(g) = 2π1 ; Ψ2(g) = 2π2 ; Ψ1(g̃) = −π3 + π4 ; Ψ2(g̃) = π3 + π5 .

Lemma 2.2. The tensors πi (i = 1, 2, 3, 4, 5) are curvature-like tensors and the
tensors (π1 − π2) ◦ ϕ and π3 ◦ ϕ are Kaehler tensors.

The proof is trivial.
Let R be the curvature tensor field of type (1,3) of ∇, i.e.

(2.8) R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z .

The corresponding tensor of type (0,4) is denoted by the same letter and is given by

(2.9) R(X, Y, X, W ) = g
(
R(X,Y )Z, W

)
.

Let (M, ϕ, ξ, η, g) be an F0-manifold. Since ϕ, ξ, η are covariantly constant on M with
respect to ∇, then

R(X, Y, ϕZ, ϕW ) = R(X, ϕY, ϕZ,W ) = −R(X, Y, Z, W ) ;(2.10)
R(X,Y )ξ = 0 .(2.11)

From (2.10) it is seen, that R is a Kaehler tensor on M ∈ F0. This properties
of the curvature tensor R on an F0-manifold M gives us a reason for defining on M a
tensor field R̃ of type (0,4) by

(2.12) R̃(X, Y, Z,W ) = R(X,Y, Z, ϕW ) = R(X, Y, ϕZ, W ) .
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We verify immediately, that R̃ has the properties (2.1)—(2.4). Therefore R̃ is
a Kaehler tensor.We remark that if ρ (respectively ρ̃) is the Ricci tensor and τ
(respectively τ̃)—the scalar curvature of R (respectively R̃ ), then

(2.13)
ρ(R̃)(y, z) = ρ̃(R)(y, z) = ρ(R)(y, ϕz) ;

τ(R̃) = τ̃(R) ; τ̃(R̃) = −τ(R) .

The Bochner curvature tensor of B-manifold is introduced in [2] by

B(R) = R− 1
2(n− 2)

[
Ψ1(ρ)−Ψ2(ρ)

]
+

1
4(n− 1)(n− 2)

[
τ(π1 − π2) + τ̃π3

]
.

Now, for F0-manifold M(dimM ≥ 7) we define a tensor field B(R) of type (0,4) ,
corresponding to R whereby

B(R)(x, y, z, w)=R(x, y, z, w)(2.14)

− 1
2(n− 2)

[
Ψ1(ρ)(ϕx, ϕy, ϕz, ϕw)−Ψ2(ρ)(x, y, z, w)

]

+
1

4(n− 1)(n− 2)
[
τ
(
π1(ϕx, ϕy, ϕz, ϕw)−π2(x, y, z, w)

)

+τ̃π3(ϕx, ϕy, ϕz, ϕw)
]

,

that we call Bochner curvature tensor on M of ϕ-holomorphic type. From the
properties of R and πi (i = 1, 2, 3) it follows that the Bochner curvature tensor B(R)
is a Kaehler tensor.

3. The canonical connection on almost contact manifold with B-metric

Definition 3.1. A linear connection on an almost contact manifold with B-
metric we call canonical connection if the structure tensors ϕ, ξ, η and g on M are
covariantly constant with respect to this connection.

Let the linear connection D on (M, ϕ, ξ, η, g) if defined by

(3.1) DXY = ∇XY +
1
2
{
(∇Xϕ)ϕY + (∇Xη)Y.ξ

}− η(Y )∇Xξ .

Now, we verify immediately

(3.2) Dϕ = Dξ = Dη = Dg = 0 .

Consequently D is a canonical connection. We remark, that according to Defini-
tion 3.1 , the Levi-Civita connection ∇ on an F0-manifold is a canonical connection.
The equalities (3.1), (1.4), (1.5) and (1.6) give us a possibility to determine the par-
ticular kind of the canonical connection D in each of the considered classes F1, F4

and F5. We have got the validity of the next
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Lemma 3.1. a) If M ∈ F1, then

DXY =∇XY + 1
4n

[
−θ(ϕY )ϕ2X−θ(Y )ϕX+g(ϕX, ϕY )ϕQ+g(X,ϕY )Q

]
,

where θ=g(·, Q) ;

b) If M ∈ F4, then DXY = ∇XY + θ(ξ)
2n

[
g(X, ϕY )ξ − η(Y )ϕX

]
;

c) If M ∈ F5, then DXY = ∇XY − θ∗(ξ)
2n

[
g(ϕX,ϕY )ξ − η(Y )ϕ2X

]
.

We shall use the following proposition.

Lemma A. (Lemma 1.1 in [5]) a) If M ∈ F1, then θ (respectively θ∗) is closed
iff (∇Xθ)Y = (∇Y θ)X

(
respectively (∇Xθ)ϕY = (∇Y θ)ϕX

)
;

b) If M ∈ F4, then θ is closed iff Xθ(ξ) = η(X)ξθ(ξ) ;
c) If M ∈ F5, then θ∗ is closed iff Xθ∗(ξ) = η(X)ξθ∗(ξ) .

Further, K will stand for the curvature tensor field of type (1,3) of D, i.e.

(3.3) K(X, Y )Z = DXDY Z −DY DXZ −D[X,Y ]Z .

The corresponding tensor field K of type (0,4) is denoted by the same letter and is
given by

(3.4) K(X, Y, Z, W ) = g
(
K(X,Y )Z, W

)
.

Theorem 3.1. Let M be an F0
i -manifold (i = 1, 4, 5) . Then K is a Kaehler

tensor and it is determined respectively by

K = R +
1
4n

{
ϕ
(
Ψ1(S) ◦ ϕ

)
+ Ψ2(S) +

1
2n

ϕ
(
Ψ1(L) ◦ ϕ

)}
(3.5)

− 1
16n2

{
θ(t)

[
3ϕ(π1 ◦ ϕ) + π2

]− θ(ϕt)ϕ(π3 ◦ ϕ)
}

for i = 1 ,

where S(Y,Z)=S(Z, Y )= −S(ϕY, ϕZ)= −(∇Y θ)ϕZ− 1
4n [θ(Y )θ(Z)−θ(ϕY )θ(ϕZ)] ,

L(Y, Z)=L(Z, Y )=L(ϕY, ϕZ)=θ(Y )θ(Z)+θ(ϕY )θ(ϕZ) ;

K = R +
ξθ(ξ)
2n

π5 +
θ2(ξ)
4n2 [π2 − π4] for i = 4 ;(3.6)

K = R +
ξθ∗(ξ)

2n
π4 +

θ∗2(ξ)
4n2 π1 for i = 5 .(3.7)

Proof. Using Lemma 3.1 and Lemma A, from the equalities (3.3), (3.4) and
(1.7) , we get the equalities (3.5), (3.6) and (3.7), respectively. Hence according to
Lemma 2.1 and Lemma 2.2, it follows that K is a curvature-like tensor . From the
conditions Dϕ = Dξ = 0, it is clear, that K is a Kaehler tensor on an F0

i -manifold
(i = 1, 4, 5) .

This proposition gives us a reason to define an associated tensor K̃ of K on an
F0

i -manifold (i = 1, 4, 5) by

(3.8) K̃(X, Y, Z, W ) = K(X, Y, Z, ϕW ) .

We remark that K̃ satisfies the conditions (2.1)—(2.4), hence K̃ is a Kaehler tensor .
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Theorem 3.2. Let (M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ) be contactly conformally
related Fi-manifolds by transformations of the groups Ci (i = 0, 1, 4, 5) . Then

∇̄XY =∇XY−α(X)ϕ2Y−α(Y )ϕ2X−α(ϕX)ϕY−α(ϕY )ϕX(3.9)
+ g(ϕX, ϕY )p+g(X, ϕY )ϕp for i = 0 ;

D̄XY =DXY−α(X)ϕ2Y−1
2
[α(Y )+β(ϕY )]ϕ2X(3.10)

+β(X)ϕY−1
2
[α(ϕY )−β(Y )]

+
1
2
(p+ϕq)(g(ϕX, ϕY )+

1
2
(ϕp− q)g(X, ϕY ) for i = 1 ;

D̄XY =DXY−β(ϕX)ϕ2Y−β(ϕY )ϕ2X+β(X)ϕY−β(ϕ2Y )ϕX(3.11)
+g(ϕX,ϕY )ϕq+g(X, ϕY )ϕ2q for i = 4 ;

D̄XY =DXY−α(X)ϕ2Y−α(ϕ2Y )ϕ2X−α(ϕX)ϕY−α(ϕY )ϕX(3.12)
−g(ϕX,ϕY )ϕ2p+g(X,ϕY )ϕp for i = 5 .

Proof. Let ∇̄ (respectively ∇) be the Levi-Civita connection of the metric ḡ
(respectively g) on (M, ϕ, ξ, η, ḡ) (respectively (M, ϕ, ξ, η, g)). Then using for ḡ and
∇̄ the well known equality

2ḡ(∇̄XY, Z)=Xḡ(Y, Z)+Y ḡ(X, Z)−Zḡ(X, Y )

+ḡ([X, Y ], Z)+ḡ([Z, X], Y )+ḡ([Z, Y ], X)

and the analogical equality for g and ∇, we obtain [1]:

for i = 0 ;(3.9)
∇̄XY =∇XY−α(X)ϕ2Y−α(Y )ϕ2X+β(X)ϕY +β(Y )ϕX(3.13)

+
[
cos2 2v p+sin2 2v

(ϕQ

2n
+ϕq

)
− sin 2v cos 2v

( Q

2n
+ϕp+q

)]
g(ϕX, ϕY )

−
[
cos2 2v q− sin2 2v

( Q

2n
+ϕp

)

− sin 2v cos 2v
(ϕQ

2n
−p+ϕq

)]
g(X,ϕY ) for i = 1 ;

∇̄XY = ∇XY − β(ϕX)ϕ2Y − β(ϕY )ϕ2X + β(X)ϕY + β(Y )ϕX(3.14)

+
[
ϕq − e2u sin 2v

(θ(ξ)
2n

+ β(ξ)
)
ξ
]
g(ϕX,ϕY )

+
[
ϕ2q − e2u cos 2v

(θ(ξ)
2n

+ β(ξ)
)
ξ +

θ(ξ)
2n

ξ
]
g(X, ϕY ) for i = 4 ;

∇̄XY = ∇XY − α(X)ϕ2Y − α(Y )ϕ2X − α(ϕX)ϕY − α(ϕY )ϕX(3.15)

−
[
ϕ2p− e2u cos 2v

(θ∗(ξ)
2n

+ α(ξ)
)
ξ +

θ∗(ξ)
2n

ξ
]
g(ϕX,ϕY )

+
[
ϕp− e2u sin 2v

(θ∗(ξ)
2n

+ α(ξ)
)
ξ
]
g(X, ϕY ) for i = 5 ;



8

By means of Lemma 3.1, from the equalities (3.13), (3.14) and (3.15), we find the
equalities (3.10), (3.11) and (3.12), respectively .

We remark, that the groups Ci (i = 0, 1, 4, 5) of Fi-manifolds (i = 0, 1, 4, 5)
give rise to contactly conformal groups of transformations of the canonical connection
D on the corresponding Fi-manifolds, respectively . Formulas (3.9), (3.10), (3.11)
and (3.12) express analitically contactly conformal transformations of the canonical
connection D on a manifold M in the classes F0, F1, F4 and F5, respectively. We
notice, that for i = 0 the Levi-Civita connection is a canonical connection .

Using Theorem 3.2 and Lemma A, we get the following

Theorem 3.3. Let (M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ) be contactly conformally
related F0

i -manifolds (i = 0, 1, 4, 5 ; as F0
0 ≡ F0) by transformations of the groups

C0
i (i = 0, 1, 4, 5 ; as C0

0 ≡ C0), respectively. Then

R̄ = R− ϕ
(
Ψ1(S) ◦ ϕ

)
+ Ψ2(S) for i = 0 ,(3.16)

where

S(Y,Z) = (∇Y α)Z + α(ϕY )α(ϕZ)− α(Y )α(Z)(3.17)

− 1
2
α(p)g(ϕY ϕZ)− 1

2
α(ϕp)g(Y, ϕZ) ;

K̄ = K − ϕ
(
Ψ1(S) ◦ ϕ

)
+ Ψ2(S) for i = 1, 4, 5 ,(3.18)

where

S(Y, Z) = (∇Y σ)Z + σ(ϕY )σ(ϕZ)− σ(Y )σ(Z)(3.19)

− 1
2
σ
(
s +

ϕQ

2n

)
g(ϕY ϕZ)− 1

2
σ
(
ϕs− ϕ2Q

2n

)
g(Y, ϕZ)

+
1
4n

{[
θ(Y ) + θ(ξ)η(Y )

]
σ(ϕZ) +

[
θ(Z) + θ(ξ)η(Z)

]
σ(ϕY )

+
[
θ∗(Y ) + θ∗(ξ)η(Y )

]
σ(Z) +

[
θ∗(Z) + θ∗(ξ)η(Z)

]
σ(Y )

}
,

as we specify σ = g(·, s) respectively : σ = 1
2 (α + β ◦ ϕ) for i = 1 ,

σ = β ◦ ϕ for i = 4 , σ = −α ◦ ϕ2 for i = 5 .

Theorem B and Theorem 3.3 imply

Corollary 3.3.1. Let (M, ϕ, ξ, η, g) be an F0- manifold and (M, ϕ, ξ, η, ḡ) be
the contactly conformally related F0

i -manifold to (M,ϕ, ξ, η, g) by a transformation
of the group C0

i (i = 1, 4, 5). Then

K̄ = R− ϕ
(
Ψ1(S) ◦ ϕ

)
+ Ψ2(S) for i = 1, 4, 5 ,(3.20)

where

S(Y, Z) = (∇Y σ)Z + σ(ϕY )σ(ϕZ)− σ(Y )σ(Z)(3.21)

− 1
2
σ(s)g(ϕY ϕZ)− 1

2
σ(ϕs)g(Y, ϕZ)

as we specify σ = g(·, s) respectively : σ = 1
2 (α + β ◦ ϕ) for i = 1 ,

σ = β ◦ ϕ for i = 4 , σ = −α ◦ ϕ2 for i = 5 .
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4. Contactly conformal invariants

Let (M, ϕ, ξ, η, g) be an arbitrary almost contact manifold with B-metric and
dimM ≥ 7 . If K is the Kaehler curvature tensor of the canonical connection D over
TpM, p ∈ M and {e1, . . . , e2n+1} is a basis of TpM then ρ(K) will stand for the Ricci
tensor of K and τ(K), τ̃(K) — curvatures of K. The Bochner curvature tensor of
ϕ-holomorphic type B(K) we define on the analogy of (2.14) by

B(K)(x, y, z, w)=K(x, y, z, w)(4.1)

− 1
2(n− 2)

[
Ψ1

(
ρ(K)

)
(ϕx, ϕy, ϕz, ϕw)−Ψ2

(
ρ(K)

)
(x, y, z, w)

]

+
1

4(n− 1)(n− 2)

{
τ(K)

[
π1(ϕx, ϕy, ϕz, ϕw)−π2(x, y, z, w)

]

+τ̃(K)π3(ϕx, ϕy, ϕz, ϕw)
}

Theorem 4.1. Let (M, ϕ, ξ, η, g) (dimM ≥ 7) be an F0
i -manifold . Then

the Bochner curvature tensor B(K) is a contactly conformal invariant of the group
C0

i (i = 1, 4, 5) .

Proof. Let (M, ϕ, ξ, η, ḡ) by the contactly conformally related F0
i -manifold to

(M, ϕ, ξ, η, g) by a transformation c of C0
i (i = 1, 4, 5), respectively. If D̄ and K̄ are

the canonical connection and its curvature tensor of (M,ϕ, ξ, η, ḡ), then (3.18) implies

S(y, z)=
1

2(n− 2)

[
ρ(y, z)−ρ̄(y, z)

]
(4.2)

+
1

8(n− 1)(n− 2)

[
τg(ϕy, ϕz)+τ̃ g(y, ϕz)−τ̄ ḡ(ϕy, ϕz)+˜̄τ ḡ(y, ϕz)

]
.

where ρ, τ, τ̃ ( respectively ρ̄, τ̄ , ˜̄τ) are the Ricci tensor and the scalar curvatures of K
(respectively K̄). Substituting S into (3.18) and taking into account (4.1) and (3.8) ,
we obtain

(4.3) B(K̄) = e2u
[
cos 2v B(K) + sin 2v B(K̃)

]
.

Thus, if B(K) and B(K̄) are the corresponding tensors of type (1,3), then (4.3) and
(1.8) imply B(K) = B(K̄), i.e. B(K) is a invariant tensor with respect to the contactly
conformal group C0

i (i = 1, 4, 5) .
Since the group C0 is a subgroup of each group C0

i (i = 1, 4, 5), then Theorem
4.1 implies, that the Bochner curvature tensor B(K) is contactly conformal invariant
of the group C0, too.

According to Theorem B and Theorem 4.1, we obtain

Corollary 4.1.1. Let (M, ϕ, ξ, η, ḡ) be an F0
i - manifold (i = 1, 4, 5) contactly

conformally equivalent to the F0- manifold (M, ϕ, ξ, η, g) by transformation of the
group C0

i (i = 1, 4, 5). If B(R) and B(K̄) are the Bochner curvature tensor of
(M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ), respectively, then B(R) = B(K̄).

Since the group C0 is a subgroup of C0
i (i = 1, 4, 5) and the class F0 is contained

in the class F0
i (i = 1, 4, 5), then from Theorem A and Corollary 4.1.1 we obtain
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Corollary 4.1.2. The Bochner curvature tensor B(R) on an F0-manifold is a
contactly conformal invariant of the group C0.

Theorem 4.2. Let (M, ϕ, ξ, η, g) be an F0
i -manifold with Bochner curvature

tensor B(K) of D. Then every almost contact manifold with B-metric (M, ϕ, ξ, η, ḡ)
contactly conformally equivalent to (M, ϕ, ξ, η, g) by a transformation of C∗0ij (i, j =
1, 4, 5; i 6= j) is an F0

j -manifold with the same Bochner curvature tensor B(K) of D̄ .

Proof. The statement follows from Corollary 4.1.1 .
Let (M,ϕ, ξ, η, g) and (M,ϕ, ξ, η, ḡ) be conformally related F0

i -manifolds by
transformation c ∈ C0′

i (i = 4, 5). According to the definition conditions of C0′
4

(respectively C0′
5 ), we have that σ = dv ◦ ϕ = 0 (respectively σ = −du ◦ ϕ2 = 0).

Therefore, from (3.19) we obtain S = 0 for i=4,5.Hence (3.18) takes the shape K̄ = K.
So we ascertain the truthfulness of the following important

Theorem 4.3. Let (M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ) be contactly conformally
related F0

i -manifolds by transformations of the group C0′
i (i = 4, 5). Then K is a

contactly conformal invariant of the group C0′
i (i = 4, 5) .

Having in mind Theorem B, we obtain

Theorem 4.4. Let (M, ϕ, ξ, η, ḡ) be an F0
i -manifold contactly conformally

equivalent to the F0-manifold (M, ϕ, ξ, η, g) by a transformation of the group C0′
i (i =

4, 5). If R and K̄ are the curvature tensors of (M,ϕ, ξ, η, g) and (M, ϕ, ξ, η, ḡ),
respectively, then R = K̄.

5. The geometric interpretation of the Bochner curvature tensor

A fundamental topic of the metric differential geometry is the geometric charac-
terization of the tensor invariants. In this chapter we consider the geometric interpre-
tation of the received contactly conformal tensor invariants in the previous chapter .

Now we prove the next

Theorem 5.1. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0-manifold with vanishing
Bochner tensor B(R). Then (M, ϕ, ξ, η, g) is contactly conformally related to an F0 -
manifold (M, ϕ, ξ, η, g) by a transformation of C0, so that the Levi-Civita connection
∇̄ of (M,ϕ, ξ, η, ḡ) is flat.

Proof. Let we have got the transformation
c : ḡ(X,Y )=e2u cos 2v g(X,Y )+e2u sin 2v g(X,ϕY )+(1−e2u cos 2v)η(X)η(Y ) of C0,
where the unknown functions u and v are a ϕ-holomorphic pair, i.e. du = dv ◦ ϕ and
dv = −du ◦ ϕ. According to Theorem A, as we take an account of (3.16) and (3.17),
we ascertain the connection ∇̄ on the F0-manifold (M, ϕ, ξ, η, ḡ) = c(M, ϕ, ξ, η, g) is
flat iff

(∇Y α)Z+α(ϕY )α(ϕZ)−α(Y )α(Z)−1
2
α(p)g(ϕY, ϕZ)−1

2
α(ϕp)g(Y, ϕZ)(5.1)

=
1

2(n− 2)
ρ(Y, Z)+

1
8(n− 1)(n− 2)

[
τg(ϕY, ϕZ)+τ̃(Y, ϕZ)

]
,
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where ρ, τ, τ̃ are the Ricci tensor and the scalar curvatures of the curvature tensor R.
Now, we will show B(R) = 0 is a integrability condition for the system (5.1). We
denote the right hand side of (5.1) by L(Y,Z). Since the curvature tensor R on an
F0-manifold is a Kaehler tensor, then we have ρ(ϕY, ϕZ) = −ρ(Y,Z). Therefore
L(Y, Z) = L(Z, Y ) = −L(ϕY, ϕZ). Applying the Ricci identity (∇X∇Y α)Z −
(∇Y∇Xα)Z = −α(R(X, Y )Z) for the 1-form α in the left hand side of (5.1) and
using B(R) = 0, we find that the system is integrable iff

(5.2) (∇XL)(Y, Z) = (∇Y L)(X, Z) .

To prove (5.2), we have in mind the fact that if B(R) = 0, then R = ϕ(Ψ1(L) ◦ ϕ)−
Ψ2(L), where

(5.3) L(Y,Z) =
1

2(n− 2)
ρ(Y, Z) +

1
8(n− 1)(n− 2)

[
τg(ϕY, ϕZ) + τ̃(Y, ϕZ)

]
.

We enforce the second Bianchi identity for R. After a contraction we obtain

(2n− 5)
[
(∇XL)(Y,Z)− (∇Y L)(X, Z)

]
+

[
(∇ϕXL)(ϕY,Z)− (∇ϕY L)(ϕX, Z)

]
= 0

and by the substitution X → ϕX, Y → ϕY in the previous equality we have

(2n− 5)
[
(∇ϕXL)(ϕY,Z)− (∇ϕY L)(ϕX,Z)

]
+

[
(∇XL)(Y, Z)− (∇Y L)(X, Z)

]
= 0

From the last two equalities it follows that

(n− 2)(n− 3)
[
(∇XL)(Y, Z)− (∇Y L)(X, Z)

]
= 0 .

Hence (5.2) is a consequence of B(R) = 0 and the system (5.1) is integrable for
n > 3. Then the contactly conformal transformation c

(
u is a solution of (5.1) and

v — of dv = du ◦ ϕ
)

gives rise to an F0-manifold (M, ϕ, ξ, η, ḡ) with flat Levi-Civita
connection ∇̄ .

Thus, we establish, that if dimM ≥ 9 the connection ∇̄ is flat iff B(R) = 0. If
dimM = 7, then ∇̄ is a flat connection, when B(R) = 0 and (5.2) is satisfied, too.

Theorem 5.2. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0-manifold with vanishing
Bochner curvarure tensor B(R). Then (M,ϕ, ξ, η, g) is contactly conformally related
to an F0

1 -manifold (M,ϕ, ξ, η, ḡ) by a transformation c of C0′
1 , so that the canonical

connection D̄ of (M,ϕ, ξ, η, ḡ) is flat .

Proof. Let ḡ = e2ug + (1 − e2u)η ⊗ η be a transformation of C0′
1 , where u is

an unknown differentiable function on M . Using Theorem B, the equality (3.20) and
the equality (3.21) for i = 1 in the case v = 0, we obtain D̄ on the F0

i -manofold
(M, ϕ, ξ, η, ḡ) is a flat connection iff

(∇Y α)Z+
1
2
α(ϕY )α(ϕZ)−1

2
α(Y )α(Z)−1

4
α(p)g(ϕY, ϕZ)−1

4
α(ϕp)g(Y, ϕZ)(5.4)

=
1

n− 2
ρ(Y,Z)+

1
4(n− 1)(n− 2)

[
τg(ϕY, ϕZ)+τ̃(Y, ϕZ)

]
.
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On the analogy of the proof of Theorem 5.1, we assert B(R) = 0 is a integrability
condition of the system (5.4) for dimM ≥ 9. Then, according to Theorem B, the
contactly conformal transformation ḡ = e2ug+(1−e2u)η⊗η

(
u — a solution of (5.4)

)
gives rise to an F0

i -manifold (M, ϕ, ξ, η, ḡ) with flat canonical connection D̄ .
Thus, we ascertain the fact that if dimM ≥ 9 the canonical connection D̄ is flat

iff B(R) = 0. In case of dimM = 7 , D̄ is flat when B(R) = 0 and the condition
(∇XL)(Y, Z)− (∇Y L)(X, Z) = 0 is satisfied, too

(
L(Y,Z) denotes the right hand side

of (5.4)
)
.

Let c1 ∈ C0 and c2 ∈ C0′
1 be transformations, determined by the functions (u′, v)

and u′′, respectively. Then the transformation c = c2 ◦ c1 belongs to C0
1 and it is

determined by the functions (u = u′ + u′′, v). It is obvious c /∈ C0 and c /∈ C0′
1 .

Theorem 5.3. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0 -manifold with vanishing
Bochner curvature tensor B(R). Then (M,ϕ, ξ, η, g) is contactly conformally related
to an F0

1 -manifold (M, ϕ, ξ, η, ḡ) by transformation c of C0
1 (c /∈ C0′

1 and c /∈ C0 ) ,
so that the canonical connection D̄ of (M, ϕ, ξ, η, ḡ) is flat .

Proof. Let (M, ϕ, ξ, η, g) be an F0-manifold and
c1 : g′(X,Y ) = e2u′ cos 2v g(X, Y ) + e2u′ sin 2v g(X,ϕY ) + (1− e2u′ cos 2v)η(X)η(Y )
be a transformation of C0. Then Corollary 4.1.2 implies that the manifold
(M, ϕ, ξ, η, g′) = c1(M, ϕ, ξ, η, g) is an F0-manifold, so that B(R) = B(R′), where
R′ is the curvature tensor of ∇′ of g′.

Let us consider the transformation c2 : ḡ = e2u′′g′ + (1 − e2u′′)η ⊗ η belonging
to C0′

1 . Then the transformation c = c2 ◦ c1, determinated by the functions (u =
u′+ u′′, v) , belongs to C0

1 and according to Theorem B this transformation generates
an F0

1 -manifold (M, ϕ, ξ, η, ḡ) contactly conformally related to (M,ϕ, ξ, η, g) . The
condition B(R) = 0 implies B(R′) = 0 and according to Theorem 5.2, we obtain
K̄ = 0 .

So we ascertain the existence of ϕ-pluriharmonic functions u and v determining
transformation c ∈ C0

1 , which arises an F0
1 - manifold with flat canonical connection

iff B(R) = 0, dimM ≥ 9 .

Theorem 5.4. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0-manifold with vanishing
Bochner curvature tensor B(R). Then (M,ϕ, ξ, η, g) is contactly conformally related
to an F0

i -manifold (M, ϕ, ξ, η, ḡ) by a transformation of C0
i (i = 4, 5), so that the

canonical connection D̄ of (M, ϕ, ξ, η, ḡ) is flat .

Proof. Let (M, ϕ, ξ, η, g) be an F0-manifold with B(R) = 0. According
to Theorem 5.1, we have the functions u′ and v′ such that the transformation
c1 : g′(X, Y )=e2u′ cos 2v′ g(X, Y )+e2u′ sin 2v′g(X, ϕY )+(1−e2u′ cos 2v′)η(X)η(Y )
of C0 , gives rise to an F0-manifold (M, ϕ, ξ, η, g′) with flat connection ∇′ of g′,
i.e. R′ = 0. Let us consider the transformation c2 : ḡ(X, Y ) = cos 2v′′ g′(X, Y ) +
sin 2v′′ g′(X, ϕY )+(1−cos 2v′′)η(X)η(Y ) of C0′

4 which according to Theorem 4.4 gives
rise to an F0

4 -manifold (M, ϕ, ξ, η, ḡ), so that R′ = K̄ = 0. Then the transformation
c = c2◦c1 belongs to C0

4 and it is determinated by the functions u = u′ and v = v′+v′′ .
Thus the transformation c gives rise an F0

4 -manifold (M, ϕ, ξ, η, ḡ) = c(M, ϕ, ξ, η, g)
with flat canonical connection D̄ for dimM ≥ 9 .
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In the similar way, if c2 : ḡ = e2u′′g′ + (1 − e2u′′)η ⊗ η is a transformation of
C0′

5 , then according to Theorem 4.4, c2 gives rise to an F0
5 -manifold (M, ϕ, ξ, η, ḡ), so

that R′ = K̄ = 0. Then the functions u = u′ + u′′ and v = v′ set the transformation
c = c2 ◦ c1 of C0

5 and c gives rise to an F0
5 -manifold (M,ϕ, ξ, η, ḡ) = c(M, ϕ, ξ, η, g)

with flat canonical connection D̄ .
Having in mind the invariability of the Bochner curvatures tensor B(K) on

an F0
i -manifold with respect to the group C0

i (i = 1, 4, 5) the contactly conformal
equivalence of F0 and F0

i (i = 1, 4, 5) and Theorems 4.1, 4.3, 4.4, 5.1, 5.2, 5.3, 5.4, we
get the following main

Theorem 5.5. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0
i -manifold (i = 1, 4, 5)

with vanishing Bochner curvature tensor B(K). Then (M, ϕ, ξ, η, g) is contactly
conformally related to an F0

i -manifold (M, ϕ, ξ, η, ḡ) by a transformation of C0
i (i =

1, 4, 5), so that the canonical connection D̄ of (M,ϕ, ξ, η, ḡ) is flat.

Theorem 5.6. Let (M, ϕ, ξ, η, g)(dimM ≥ 9) be an F0
i -manifold (i = 1, 4, 5)

with vanishing Bochner curvatures tensor B(K). Then (M,ϕ, ξ, η, g) is contactly
conformally related to an F0

j -manifold (M, ϕ, ξ, η, ḡ) by a transformation of C∗0ij (i, j =
1, 4, 5; i 6= j), so that the canonical connection D̄ of (M, ϕ, ξ, η, ḡ) is flat.

Proof. Since B(K) = 0 for the F0
i -manifold (M,ϕ, ξ, η, g), according to

Corollary 4.1.1, (M, ϕ, ξ, η, g) is contactly conformally equivalent to an F0-manifold
(M, ϕ, ξ, η, g′) with respect to c1 ∈ C0

i (i = 1, 4, 5) and B(R) = B(K) = 0. From
Theorem 5.3 (respectively Theorem 5.4 ) it follows that (M, ϕ, ξ, η, g′) is contactly
conformally related to an F0

j -manifold (M, ϕ, ξ, η, ḡ) with respect to c2 ∈ C0
j (j =

1, 4, 5; j 6= i) and the canonical connection D̄ on (M,ϕ, ξ, η, ḡ) is flat.
Since the transformation c = c2 ◦ c1 belongs to the group C∗0ij , then it follows D̄

on the F0
j -manifold (M, ϕ, ξ, η, ḡ) = c(M, ϕ, ξ, η, g) is flat iff B(K) = 0 for dimM ≥ 9 .
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