CONTACTLY CONFORMAL TRANSFORMATIONS
OF GENERAL TYPE OF ALMOST CONTACT MANIFOLDS
WITH B-METRIC. APPLICATIONS
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Contactly conformal transformations of general type of almost contact manifolds with B-metric are
introduced. Some special subgroups of such transformations are given. Conformally invariant tensors with respect
to considered groups of transformations of some basic classes of manifolds are found. An example of a manifold,
belonging one of basic classes, is constructed.

1. Introduction

On an almost complex manifold (M,J) there can be considered a metric g,
compatible with the almost complex structure J, which indices an antiisometry in each
tangent fibre. Then (M,J,g) is said to have a structure of an almost complex Riemannian
manifold (almost complex manifold with B-metric). The conformal geometry of these
manifolds is studied in [2].

Geometry of almost contact manifolds with B-metric is a natural extension of
geometry of almost complex manifolds with B-metric to the odd dimensional case. The
almost contact manifolds with B-metric are considered in [3]. Contactly conformal
transformations and their invariants are found in [4,5]. Contactly conformally equivalent
classes to some basic classes are got there.

A group of contactly conformal transformations of more general type are introduced
in this paper, which allow us to study the conformal geometry of one of the other basic
classes. Contactly conformal equivalence of this class to the class of manifolds with
covariantly constant structure tensors gives us the possibility to construct an example of a
manifold of the considered class.

The conformal transformations introduced in this paper are an analogue of the
conformal transformations of almost contact metric manifolds, investigated in [6].

2. Preliminaries

Let (M, @, &n,g) be a (2n+1)-dimensional almost contact manifold with B-metric, i.e.
(@ &m,g) is an almost contact structure [1] determined by a tensor field ¢ of type (1,1), a
vector field £and 1-form n, and g is a metric on M so that:
@21)  @=-id+n®E ;n(&)=1; gpX,p))=-gX. )+ nX) n(Y),
where X, Y € 9X'M - the Lie algebra of differentiable vector fields on M.

The associated with g B-metric g on the manifold is given by

gXY) =g X )+ n(X) n(¥).
Both metrics are necessarily of signature (n+1,n) [3].

Further, capitals will stand for the elements of YX'M and small letters - for arbitrary



vectors in the tangential space 7,,M to M at an arbitrary point p in M.

The Levi-Civita connection of g will be denoted by V. The tensor F of type (0,3) on
T,M is defined by F(X,Y,Z) = g((Vx¢)Y,Z) and it has the following properties:

F(x.y,2) = F(x,2,);

(2.2)
F(x, v, ¢2) = F(x,y,2) - n(y) F(x,52) - 1(2) F(x.,0).
The following 1-forms are associated with F"
23) Q) =g Flee), 0x) =g Fle,ge,x), alx)=F(EEx),
where {e; &} (i=1,2,...,2n) is a basis of T,M, and (g") is the inverse matrix of (g;).

A classification of the almost contact manifolds with B-metric with respect to the
tensor F is given in [3], where the basic classes % (i = 1,2....,11) of almost contact manifolds
with B-metric are defined. The class %, is defined by the condition F=0. This special class
belongs to each of the basic classes.

Classes J, and J;; are subject of study in this paper. According to [3] the
characteristic conditions of these classes are:

24)  FpVe=VE=Vn=0;
2.5 Fir Fxyz) =n(x) M)+ nE@ )}

Let us point out that the 1-form @isn’t zero only on manifolds of the class J;; or its
direct sums with others classes.

We shall say that M is an 5, "-manifold if M belongs to F;; and the 1-form @ =,
is closed.

Since V is a symmetric linear connection, then @ is closed iff (V.@)y = (V,®)x.
Having in mind the condition (2.5), we obtain

Lemma 2.1 The 1-form a,¢is closed iff (V.@) @y = (V, @) g for arbitrary x,y € T,M.

3. Contactly conformal transformations of general type
Definition. Let (M, ¢ En,g) be an almost contact manifold with B-metric. The
transformation f: f{p,&n,g) = (@, £ , M, g ), such that
p=9¢;i=e"Sim=¢€"n;
(3.1)
sin 2v g +(e™"-e*'cos2v-e*sin2v) n®n, (u,v,w € FM),
will be called a contactly conformal transformation of general type of the structure (@, &n,2).
Let us note, that the contactly conformal transformation ¢, introduced in [4], where
c(@péng) = (@ EN,g), is of general type at w = 0.
Since g(&.¢) =1, 2(X, &) =n(X), and g(pX oY) =-Z(XY) + N(X) N (Y), then
the structure (¢, &, M, g) is an almost contact structure with B-metric on M, too.

g=c¢" cos2vg+e

Lemma 3.1. The contactly conformal transformations of general type on an almost
contact manifold with B-metric form a group.
This group will be denoted by G.



It’s clear that the group of the contactly conformal transformations C, considered in
[4], is a subgroup of G.

From [4] it is clear that there exists a subgroup of C whit respect to which the class
F.; is closed, but it is impossible to find such a subgroup of C, with respect to which the
classes , and F;; are conformally equivalent. The introduced group here gives us this
possibility. It allows us to construct an example of an f;;-manifold.

Lemma 3.2. Let (M, ¢,&En,g) and (M, ¢, Z , M, g ) be contactly conformally related by
a transformation of G, while 6 6, wand 8,0 *, @ are the corresponding 1-forms associated
with F and F . Then

2F (x,y,z) = 2e* cos 2v F(x,y,2)

+e® sin 2v [n(2) F(x, @0, &) + () F(x, 9z, &)

+ F(gzx) - F(y, 0z.x) + F(gz,x.p) - Flzx, ¢p)]

(32)  +(e™-e™ cos2v) { () [F(r.2,8) + F(ez. g, &) + F(z.y,) + F(gp, ¢2.9)]

) [Fnz o) + Flez g, O] +n(2) [Fxy, ) + Flgy, ex. o)}

- A2) glpx, p) - A) gl g2) - A(2) g(x, ) - A (¥) g(x, ¢2)

+2e™ n@)ME)dw(g2)+ n(2)dw(gp)],

(A =d(e™ cos 2v), + d(e™ sin 2v), 1= d(e* cos 2v) - d(¢* sin 2v), @);

0= 6+ 2n[du,p+ dv],

(33)  8'=6 +2n[du - dvygl,

o= o+ dw,p.

Proof. The equality (3.2) is obtained from the well known conditions [7] for the
Levi-Civita connections V and V , corresponding to g and g, using (3.1) and (2.2). By (3.2),
having in mind the definition equalities (2.3) for the associated 1-forms to F andF,
respectively, we get (3.3).

We define some subgroups of G using the following conditions for u, v, w € FM:

Go={f€ G| dugp = dvo@?, du(&) = dv(§) = dw, =0},
G4 Gu={feG|dup=dvg’, du($) = dv(&) =0},

Gy = /€ G | d(dw(§)p =0},

Gi;=1/€ Gy |du=0}.

From Theorem 3.2, taking into account the characteristic conditions (2.4) and (2.5)
for %, and F;;, Lemma 2.1, as well as the definition conditions (3.4) for G, and G,;, we
establish the truthfulness of the following

Proposition 3.3. The class % (respectively %,”) is closed with respect to the
transformations of the group G«(i = 0,11)(respectively G/oz), which is the maximal such
subgroup of G (respectively G;;) and for the corresponding 1-forms are valid the equalities:

a)§=9=0,§*=9*=0,5=a)=0, fori=0;

b)8=0=0,0" =0"=0,=w+dw,p, fori=11;

Since the class %, is contained in .F;,’, then Proposition 3.3 implies G?](fg)c F,°.



The inverse inclusion is also valid. Thus we obtain a characterization of the class .F;,” stated
in the next

Theorem 3.4. The class .%;,’ is the class of manifolds, which are equivalent by the
transformations of the group GV, to the F-manifolds, i.e. F,"=G?, (F)).

Proof. It is sufficient to prove that 5;,’cGY, (F). Let (M, p.En.g)e F/', ie. aypis
a closed 1-form on M. We consider the equation
3.5 dw'=me for w'e JM,
whence we have
3.6) dw' (H=0
and
(3.7 dw'.p=-a

Solving locally the equation (3.5), we find the function w’, satisfying the conditions
(3.6) and (3.7).

Let /7 € G, determined by the triad of functions (¢’ = const, v’ = const, w').
According to du "= dv’= 0, the equalities (3.6) and (3.7), the transformation f”belongs to G,()},
but /¢ Gy. From the inclusion G?}CGE)], the equality (3.7) and Proposition 3.3 it follows
that the manifold (M, ¢, &'M%g") =M, ¢, En,g) belongs to .

Let /7€ G, be determined by the triad of functions (u”,v”,w”). Proposition 3.3
implies that (M, &, M,g) = (M, ,&'m’g”) belongs to J;. Since G()CG;)I and ¢ G, then
the transformation /= £, /" belongs toG';, but f ¢ GV}, i.e. GV,(F,") < F,. Hence, having in
mind that G?; is a group, we conclude that %" = GV, ().

4. Contactly conformal invariants on an .5;,-manifold

Definition [5]. A linear connection on an almost contact manifold with B-metric is
said to be a canonical connection if the structure tensors ¢, £ 1 and g on M are covariantly
constant with respect to this connection.

A canonical connection on the considered manifolds is introduced in [5] by

@.1) zmevw+%«www+Wmﬁ@-mnw¢

If Me 5, then according to (2.5) we have
(42)  DxY=Vy¥ +nX)[aeY) ¢-n(Y).0L],
where (2 is the corresponding vector of the 1-form @ Let us remark the vector £2 is the im-
portant vector -gV £ on the manifold.
Let K be the curvature tensor field of type (1,3) of D, i.e.
(43)  K(X,Y)Z=DyDyZ - DyDyZ - Dy yZ,
and the corresponding tensor field of type (0,4) is given by
(44)  KXY,ZT)=g(KXNZT),
In [5] it is shown that K is a Kaehler tensor, i.e. K(X,Y,Z,T) = -K(X, Y, ¢oZ ¢T), in



some special subclasses of the basic classes. Then the tensor K XY,ZT) = KXY Zel) is
also a Kaehler tensor associated with K.

Let S be a tensor of type (0,2). We define the following fundamental tensor for S:
@5)  wOXY.ZT) =) n@DSK.T) - nOMDS(Y.T) +

+ nEON(DS(Y,2) - (VDS 2).
It is easy to ascertain that y;(S) is a curvature-like tensor [2] iff S is symmetric.

Let M be an %;,’- manifold. Then from (4.3) and (4.4), using (4.2), we obtain
(4.6) KXYZD=RXY.ZT) - yu(H(XY.ZT),
where S(Y,2) = (Vyw) ¢Z - a¢Y) a@Z). Lemma 2.1 and the equality (4.6) imply that K is a
curvature-like tensor. Since D is a cannonical connection, then K is a Kaehler tensor.

Lemma 4.1. Let (M, ¢, En,g) and (M, &, 7, Z) be contactly conformally related
F,,- manifolds by a transformation from the group G,;. Then
@7 DxY=DyY- dX)¢Y - ) @X - A pX) Y- oY) pX + (X, pY)p

tgX oV gp + fX)M(V)S,

where D and D are the corresponding canonical connections to (M, ¢, £n,g) and
M &, m,8) and a= du=g(*p), y=dw.

Proof. Let V (respectively V ) be the Levi-Civita connection of the metric g
(respectively g). Using the well known Levi-Civita condition for V and V, we get the
relation between them. Having in mind (4.2) for D and V, as well as the respective to (4.2)

equality for D and V , we obtain the equality (4.7).
Let (M, p,En,g) and (M, 0, &, 1, Z) be contactly conformally related ,’-manifolds

by a transformation of the group G;’]. Using the last proposition and Lemma 2.1, we get

(48) K =K- gyi(L)ep) + ya(L),
where

49) L2 = (Vyd)Z+ algY) alg?) - oY) alZ) - %a(p) (oY, 07)

- ) &Y, 92+ (N (D a9,

Let (M, p,£1.g) be an F-manifold and (M, ¢, & , 1, ) be an F;,’-manifold and both
are contactly conformally related by a transformation of the group G?,. Then Theorem 3.4

and the equality (4.8) imply immediately
(4.10)  K=R- pyi(L)op) + ya(L),

where L(Y,2) = (Vya)Z + a(9Y) oA 9Z) - AY) AZ) % a(p) g(pY, (DZ)-% a(gp) g(Y, ¢Z).

Let us consider an arbitrary almost contact manifold with B-metric (M, ¢,&n,g) with
dim M > 7 and let B(K) be the Bochner curvature tensor of g-holomorphic type introduced in
[5] by analogy of the Bochner curvature tensor B(R) known from [2], i.e.



(4.11) B(K)=K- [vi(2(K))og - ya(AK))]

1
2(n-2)
i m (1B mop- m] + T (K) mopp}-

Theorem 4.2. Let (M, ¢, En.g) (dim M > 7) be an F;,"-manifold. Then the Bochner
curvature tensor B(K) is a contactly conformal invariant of the group G?I.

Proof. Let (M, Z,M.,g) be the contactly conformally related %;,’-manifold to
(M, p,&n,g) by a transformation f of G?,. If D and K are the canonical connection and its
curvature tensor on (M, ¢, &, M, ), respectively, then (4.8) implies

@12) L2 = 3 02 - PO

" 8(n-1)1(n_2) [ta(gp.2) + T2(n2) - TZ (@99) - T T g,

where p, 1, T (respectively p, 7T, %) are the Ricci tensor and the scalar curvatures of K
(respectively K).

Substituting L into (4.8) and taking into account (4.11), we obtain
(4.13)  B(K) =e™[cos 2v B(K) + sin 2v B(K)].

Let B(K) and B(K) be the corresponding tensors of type (1,3). Then (4.13) and (3.1)
imply B(K) = B(K), i.e. B(K) is an invariant tensor with respect to the group G?,.

Since the group Gy is a subgroup of G?I,then from Theorem 4.2 follows that the
Bochner curvature tensor B(K) is a contactly conformal invariant of the group Gy, too.

According to Theorem 3.3 and Theorem 4.2 we get

Corollary 4.2.1. Let (M, p,£1,g) be an F-manifold and (M, ¢, &, M, ) be and
%,"-manifold, which are contactly conformally related by a transformation of the group G,O,.
If B(R) and B(K) are the Bochner curvature tensors on (M,¢,En,g) and (M, ,M, %),
respectively, then B(R)= B(K).

Since the group Gj is a subgroup of G?, and the class J; is contained in the class
%", then from Proposition 3.3 and Corollary 4.2.1 we obtain that the Bocher curvature
tensor B(R) on an F-manifold is a contactly conformal invariant of the group G,

Let (M, p,En,g) and (M, 0, Z, 1, T) be F,"-manifolds contactly conformally related
by a transformation of GY;. According to the definition conditions of GV, &= du = 0 from

(4.9) we get L=0. Hence (4.8) implies K =K. So we ascertain the truthfulness of the following
important
Theorem 4.3. Let (M, p,En,g) and (M, ¢, &, 1,2 ) be contactly conformally related

F,"-manifold by a transformation of the group G?, Then K is a contactly conformal invariant



of the group G?,

Having in mind Theorem 3.4, we obtain

Corollary 4.3.1. Let (M, ¢, &n,g) be an F-manifold and (M, 9, Z, 7, g) be an 7,
manifold, and both are contactly conformally related with respect to a transformation of the
group Gf)}, and R and K are the corresponding curvature tensors of V and D . Then R=K .

5. The geometric interpretation of the Bochner curvature tensor on an %-
manifold

Let us quote the familiar

Theorem A[5]. Let (M, ¢, En.g) (dim M > 9) be an Fy-manifold with vanishing
Bochner tensor B(R). Then (M, &En,g) is contactly conformally related to an f-manifold
(M, ,&En, g) by a transformation of Cy, so that the Levi-Civita connection V of (M, PENZ)
is flat.

The analogous theorem for contactly conformally related manifolds by a
transformation of the group G is valid, too, because the generalization of Cyto G, does not
essentially affect the proof, namely

Theorem A’.Let (M, En,g) (dim M > 9) be an Fyrmanifold with vanishing
Bochner curvature tensor B(R). Then (M, En,g) is contactly conformally related to an J;-

manifold (M,9&,7,g) by a transformation of Gy so that the Levi-Civita V on
(M g.Z,7,8) s flat

We will prove the following theorem, more general than Theorem A’.

Theorem 5.1. Let (M,p,En,g) (dim M > 9) be an Fy-manifold with vanishing
Bochner curvature tensor B(R). Then (M, ¢, &1,g) is contactly conformally related to an F;,’-
manifold (M, ¢ &, M, Z) by a transformation of G;),, so that the canonical connection D of
(M.p.&.m.g) is flat.

Proof. Let (M, ¢,En,g) be an Fy-manifold with B(R)=0. According to Theorem A’,
there exist functions u’,v',w’, such that transformation f; of G, gives rise to an J;-manifold
(M, p,&n’g’) with flat connection V ’ of g’, i.e. R'=0. Let us consider the transformation f; of
G;);, determined by the functions u’=0, v’, w”. According to Corollary 4.3.1 the
transformation f gives rise to an %,’-manifold (M, &, M, Z), so that R=K=0. Then the
transformation f'= f> , f; belongs to G?I and it is determined by the functions u = ’,y=v'+v”
and w=w+w”.Thus the transformation f gives rise to an %,’-manifold (M.p. &, 7M,g) =
M, ¢, En,g) with flat canonical connection D for dim M > 9.

Having in mind the invariance of the Bochner curvature tensor B(K) on an ;-
manifold with respect to the group G,O,, the contactly conformal equivalence of % and %,’, as
well as Theorems 4.2, 4.3, 5.1 and Corollary 4.3.1, we get the following main



Theorem 5.2. Let (M, ,En.g) (dim M > 9) be an .f;,"-manifold with vanishing
Bochner curvature tensor B(K). Then (M, ¢, &n,g) is contactly conformally related to an %;,’-
manifold (M, E,M,g) by a transformation of G,O,, so that the canonical connection D of
(M.p.& ., g)is flat.

6. An example of an .f;; -manifold

Some examples of almost contact manifolds with B-metric of the classes %, ;@ F;
and J; are known from [3], and examples of the manifolds of the classes J;, F;, J; - from
[4]. We are not familiar with the existence in the literature of examples of manifolds of the
class ;. Using the results of the previous sections, we shall give an example of an F;;-
manifold.

Let M be an Jymanifold. We consider the functions u,ve F M, which are a ¢-
holomorphic pair of functions, i.e. duyp = dve¢?, du(é) = dw(&) =0. In [4] is given the
following example of such functions:

n .\ 2 \2 n xi
(6.1) u:ln\/H[(x') +(y') } v=Yarcig -,
i=1 i=1 y
where (x'y';7) (i=1,...,n) are the local coordinates of a point p of M.
Let w)(x';y") e FM such that dw;,@ is not closed, i.e. it is not a ¢-pluriharmonic

function, and let wy(f) € FM satisfies the condition w;(t) # 0.

We consider the function w = w; + w,, obtaining dw(z) = dw,(z) +dw,(z) = dw,(z) +
wy'(2).n(2), where z (z,Z ' n(2)) € T,M. The last equality implies dw(¢z) = dw;(¢z) and dw(&)
= w,. It is obvios that d(dw(&))(z) = w,”.n(z), whence d(dw(&))(@z) = 0. Since dw,¢ is not
closed, then dw,p # 0. Acording to the definition conditions of the group G?, the
transformation f, determined by the triad of functions (u,v,w), belongs to G?], but does not
belong to G,.

The according to Theorem 3.4, from an J,-manifold the transformation f gives rise
to an 5;,’-manifold.
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