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1 Introduction

We shall consider almost complex manifolds (M, J) equipped with two different
kinds of metrics. When J acts as an isometry we receive the notion of almost
Hermitian manifold. But in the case when J acts as an antiisometry we have the
notion of almost complex manifold with B-metric.

It is well known how to extend J to an almost contact structure on an odd-
dimensional manifold. In the first case the Hermitian metric of (M,J) induces
an almost contact metric manifold. In the second — we receive an almost contact
manifold with B-metric.

We shall study the case of B-metric.

Let (M',J,¢') be a 2n’-dimensional almost complex manifold with B-metric,
i.e. J is an almost complex structure and ¢’ is a metric on M’ such that: [2]

X =-X, J(JX,JY)=—-¢(X,Y).

for all vector fields X,Y on M’. The associated metric §’ of the manifold is defined
as follows §'(X,Y) := ¢/(X, JY). Both metrics are necessarily of signature (n’,n’).

The class of the Kaehler manifolds with B-metric is determined by the condition
that J be parallel with respect to the Levi-Civita connection of ¢'.

Let (M,p,€,m,9,9) be a (2n + 1)-dimensional almost contact manifold with
B-metric [4], i.e. at first (¢,€,n) is an almost contact structure determined by a
tensor field ¢ of type (1, 1), by a vector field £ and by an 1-form 7 on M according
the conditions: [1]

PX =X +n(X)E =1

In addition this almost contact manifold (M, p, &, n) admits a metric g, called B-
metric, such that

where XY are arbitrary differentiable vector fields on M, i.e. XY € X(M).
The associated metric § given by §(X,Y) := g(X,9Y) + n(X)n(Y) (X,)Y €
X(M)) is a B-metric, too. Both metrics g and § are indefinite of signature (n,n+1).



We have in mind the following immediate consequences of the above conditions:
noyp =0, p§ =0, ranky = 2n, U(X) = g(X7£)7 9(675) =1, g((pX,Y) = g(XaSDY)~

Further, X, Y, Z will stand for arbitrary differentiable vector fields on M, and
x, y, z — for arbitrary vectors in the tangent space T, M to M at an arbitrary point
pin M.

Let V be the Levi-Civita connection of the metric g. The tensor F' of type (0, 3)
on M is defined by F(z,y,z) = g((V+9)y, 2). It has the following properties:

F(z,y,2) = F(x,2,y) = F(z, 0y, 02) + n(y) F(x, &, 2) + n(2) F (2, y,§).

Each fiber T,M of the tangent bundle TM is a (2n + 1)-dimensional vector
space with the structure (¢p,&p, 7p, gp)-

The decomposition T,M = {D, = ker(n,)} & span{&,} is orthogonal and in-
variant with respect to the structural group (GL(n,C) N O(n,n)) x I. The 2n-
dimensional vector space D), is equipped with a complex structure ¢, and B-metrics
9p> Gp-

Let {e;,&} (i =1,2,...,2n) be a basis of T, M, and (g*) be the inverse matrix
of the matrix (g;;) of g. Then the following 1-forms are associated with F:

(1) 0(:) = g7 F(ei,ej,0), 07(:) = g7 Flei,pe5,7), w(-)=F(&& ).

A classification of the almost contact manifolds with B-metric is given in [4].
It contains eleven basic classes F; defined with respect to the tensor F. We shall
use the following characteristic conditions of the considered classes:

Fa: Flay,2) = =452 {glez, oy)n(z) + g(ez, 02)n(y)}:
Fst F(z,y,2) = =5 gz, oy)n(2) + g(z, o2)n(y)}:
Fo: F(z,y n(z) + f(z, 2)n(y),
), flox,py) = —f(z,y), 0(§) =0"(§) =0;
Fs: F(z,y,2) = f(z,y)n(z) + f(z, 2)n(y),
f(xy) = fly,z),  floz,py) = f(z,y),

where f(z,y) = F(p?z,0%y, ), instead of the known ones of [4].

The classes F; ® Fj, etc., are defined in a natural way by the conditions of the
basic classes. There exist 2! classes of almost contact B-metric manifolds.

In [5] two types of real hypersurfaces of a complex manifold with B-metric were
introduced. The obtained submanifolds are almost contact B-metric manifolds.
Let us recall, the real isotropic hypersurface M of an almost complex manifold
with B-metric (M'*"*+2,J, ¢’,§') is determined by the condition the normal unit N
to be isotropic regarding the associated B-metric ¢’ of g’. Moreover, M is equipped
with the almost contact B-metric structure

(3) ¢:=J+g(.JN)N, &:=-JN, n:=—¢(,JN), g:=du-



Let V' and V be the Levi-Civita connections of ¢’ on M’ and g on M, respec-
tively. If h(X,Y) = g(AX,Y) is the second fundamental form of the hypersurface
M, then the formulas of Gauss and Weingarten seem as follows:

VY =VxY — h(X,Y)N, Vi N = —AX.

In [5] we found out the classification tensor of the real isotropic hypersurface of
a Kaehler manifold with B-metric

(4) F(X,Y,Z) = f(X,Y)n(2) + (X, Z)n(Y) = h(X,Y)n(Z) + h(X, Z)n(Y).

In consequence it is obtained that every real isotropic hypersurface of a Kaehler
manifold with B-metric is an almost contact B-metric manifold belonging to the
class Fy ® F5 ® Fg ® Fg. In the same work are given the characteristic conditions in
terms of the second fundamental tensor A only for the basic classes Fy, F5, Fg, Fs
and for some of their direct sums.

The present paper continues the studies of the real isotropic hypersurfaces of a
Kaehler manifold with B-metric. Our aim is to describe all possible classes of the
considered hypersurfaces with respect to their second fundamental form. Using
an orthogonal and invariant with respect to the structural group decomposition
of h we get four basic components and we show that the four basic corresponding
classes generate all sixteen possible classes. Thereby we give conditions for i which
characterize when a real isotropic hypersurface belongs to everyone of the sixteen
classes.

2 The sixteen classes

It follows from (4) that the tensor f(X,Y) is symmetric on the considered hy-
persurface. On the other hand, f can be pure tensor with respect to ¢, i.e.
feX,9Y) = f(X,Y). The equivalent condition in terms of h is the following
h(¢2X,p?Y) — h(¢X,9Y) = 0. Another case is the case of hybrid tensor with
respect to ¢, i.e. f(pX,pY) = —f(X,Y). Equivalently, we have h(©?X, 0?Y) +
h(eX, YY) = 0. So we receive the following result.

Theorem 1 The class of the real isotropic hypersurfaces of a Kaehler manifold
with B-metric is the class Fy ® F5 ® Fg @ Fg. There are 16 classes of these
hypersurfaces in all.

Remark 2 When n = 1 the class Fg is restricted to Fo. Therefore, for 4-
dimensional Kaehler manifold with B-metric there are only 8 classes of considered
3-dimensional hypersurfaces.

Now we characterize these classes in terms of their second fundamental form h.
Since X = —¢?X +n(X)E, Y = —@?Y +n(Y)E, we have

hMX.Y) = h(¢’X,0°Y) = n(X)h(£,9*Y) = n(Y)h(¢* X, &) + n(X)n(Y)h(E,€).



Having in mind h(X, &) = h(£,Y) = 0, it follows h(X,Y) = h(p?X, ¢?Y), i.e. the
tensor h has components only over the complex B-metric vector space (D, @, g, g).

Let (V,J,g¢',3’) be a 2n-dimensional vector space with a complex structure .J
and B-metrics ¢’ and §’. Let V* denote the dual space of V. We consider the space
V* ® V*, i.e. the vector space of the tensors of type (0,2) over V. The metric ¢’
induces an inner product (, ) on V* ® V*, given by

(fi, f2) = 979" fi(es, ex) fa(ej, €5)

for f1, foin V*@V* and {e;} (1 = 1,2,...,2n) — a basis of V. With every f in
V* @ V* we associate the functions: trf = g% f(e;,e;), tr*f = g% f(ei, Je;). We
denote G = GL(n,C) N O(n,n). The standard representation of G on V induces a
natural representation A of G on V* ® V* and

((Aa)f1,(Aa)f2) = (f1, f2); a €G; fi,fa €V RV

Let us consider the vector subspace W of V* @ V* of the symmetric (0, 2)-
tensors over V. We remark that g and g are symmetric and hybrid tensors with
respect to the almost complex structure J and, besides, every symmetric J-pure
tensor is traceless. Then it is easy to check the truthfulness of the following

Lemma 3 Every symmetric (0,2)-tensor f(x,y) over (V,J,¢',§"), dimV = 2n,
has four orthogonal and invariant components with respect to the action of G on
wW:

fl(l‘,/y) =
f4($7y) =

[f(,y) + f(Jz, Jy)), f2(2,y) = ELg(z,y), f3(z,y) =
fz,y) — Tz, Jy)) — gz, y) + SLg(x, Jy).

Lg(x, Jy),

Nl= N

As h is a symmetric (0, 2)-tensor over (D,, ¢y, gp), we can apply the last lemma
for h . We denote the following symmetric tensors:

ha(X, Y) = -2 g(pX, oY), hs(X,Y) = -5 g(X, oY),
(5>h = % { (02X, 0%Y) — h(pX, pY) } + 0(5 g(pX,0Y) + 9*251)9()(, oY)
=%< e9) (X, 92Y) + G (X, V) + L g(X, oY),
h( = 5 {h(P*X, %) +h(sz,soY } = *fdn(<pX,<p Y),
where

dn(X,Y) = (Vxn)Y — (Vyn)X = h(X,pY) — h(Y, pX),
(Leg)(X,Y) = (Vxn)Y + (Vyn) X = WX, pY) — h(Y, pX).

Therefore, h has the form
h = hy + hs + hg + hs.

Taking into account (2) and (4), we describe the mentioned sixteen classes in
terms of h. This is our main result.



Theorem 4 The sizteen classes of real isotropic hypersurfaces of a Kaehler man-
ifold with B-metric are characterized in terms of their second fundamental form h
as follows:
Fo: h=0; E@fj@fki h:h¢+hj+hk;
Fi®@F;: h=hi+h;; Fa@F:0Fs@Fg: h=hg+hs+he+hs,

where the components h; (i = 4,5,6,8) are given in (5).

3 An example

In this section we construct an example of a 3-dimensional real isotropic hypersur-
face of a holomorphic sphere. We show that it belongs to the basic class Fs.

A surface S?" of a Kaehler manifold with B-metric (R*"2 ], ), called h-
sphere, is defined by g(z,z) = a, g(z,x) = b, a,b € R, (a,b) # (0,0) in [3]. It is
shown there that the h-sphere is a Kaehler manifold with B-metric.

We propose the following explicit example of an h-sphere S* in R®:

2! = %cos(u’ — u?) cosh(u? — u*) + cos(u’ + u?) cosh(u? + u*)],

2? = ¢sin(u' 4 u?) cosh(u? + u*) — sin(u' — u?) cosh(u? — u)],
o 2% = asinu! cosh u?,

ot = —&[sin(u' + u?) sinh(u? + u*) + sin(u' — u?) sinh(u? — u*)],

2® = —%[cos(u! — u?) sinh(u? — u*) — cos(u! + u?) sinh(u? + u?)],

2% = a cosu! sinhu?,
omitting the set of points (u! = g,u2 = 0). The almost complex structure J is
defined by

B = B I =~ T = B T =

: /1 (Ox Oz
We find the non-zero components of the B-metric 9i; =9 (3uiv auf) for
9z dx?t 8z8 .
Our \ Out’ """ Out J°

911 = —99 = —a?, Ghs = —Ghy = —% (1 + cos 2u! cosh 2u2) ,

ghy = — % sin 2u’ sinh 2u?

and the non-zero components F;’; (i,5,k € {1,2,3,4}) of the Levi-Civita connec-
tion:

I =Dy = D = —T%) = — it 2,
Iy =T8 = T’ = 3 sin2u’ cosh 2u?,

D = —T% =~ = I}y = — gish2w_
g =-T4, =-T3 = %cos 2ul sinh 2u?.



We obtain the basis {e}, = %}7 k € {1,2,3,4} of the tangent space T,S5%.
Since g}, = g4, =0, k = 2,3,4, s = 3,4 we can substitute N = Lef and £ = —1é).
For the corresponding 1-form n of & we have n(z) = —az?, v = a'el, i = 2,3,4.
The action of ¢ on the orthogonal distribution of IV is determined by the following
way: peb =0, pelb = e}y, pey = —eh.

Hence we construct an isotropic hypersurface M? : §'(N, N) = 0 (alternatively
M3 : u! = 0) of the given h-sphere and we equip M? with the almost contact
B-metric structure (¢, &, 1, g, §) according to (3) .

We choose a basis {e1,es,e3} of the tangent space T,M?> by e; = e}, ea =
e}, e3 = e, and then we have to substitute u? for u? .

Therefore, the non-zero components g;; and I‘fj are:

2
_ _ 3 — 42
( ) 911—75]22—%(14’(?08}1211,), g3z = a
8 . 3
3 3 _ 1 3 1 _ 12 _ _sinh2u
Iy =15 = —gsinh2v”, 'y = 1% = 170590

According to (1) and the above results, we compute for z = x'e;, i = 1,2,3:

sinh 2u?

_ * _ 3
(9) O(z) =0, 0"(z)=2x T cosh 2B

w(x) =0.
It is known [5], that for an isotropic hypersurface of a Kaehler manifold with
B-metric h(z,y) = —g(V.&, ¢y). Then we obtain

sinh 2u?
h(zx,y) )g(:cwy)

B a(1 + cosh 2u?
by direct computation in the basis {e1, e2, e3} using (8).

Hence, according to (9) and (5), we get h(z,y) = hs(z,y). Having in mind The-
orem 4, we establish that the constructed manifold (M3, p, €&, 7, g,§) is an almost
contact B-metric manifold belonging to the basic class Fs.
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