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Abstract. A type of almost contact B-metric hypersurfaces of a Kaehle-
rian manifold with B-metric is considered. There are characrerized the cur-
vature tensors and the special sectional curvatures. There are considered
the corresponding curvature properties in the case of the main class of these
hypersurfaces.
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Introduction

The Kaehlerian manifolds with B-metric have been introduced in [?].
These manifolds form the special class Wy in the classification of the almost
complex manifolds with B-metric, given in [?]. This most important class
is contained in each of the basic classes in the mentioned classification.

The natural analogue of the almost complex manifolds with B-metric
in the odd dimensional case are the almost contact B-metric manifolds,
classified in [?].

In [?] we constructed two types of hypersurfaces of an almost complex
manifold with B-metric as almost contact B-metric manifolds, and there we
determined the class of these hypersurfaces of a WWy-manifold.
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An important problem in the differential geometry of the Kaehlerian
manifolds with B-metric is the studying of the manifolds with constant
totally real sectional curvatures [?].

In this paper we study some curvature properties of hypersurfaces of sec-
ond type of a Kaehlerian manifolds with B-metric and particularly curvature
properties of nondegenerate special sections.

1. Preliminaries

1.1. Notes on almost complex manifolds with B-metric.

Let (M',J,4¢") be a 2n’-dimensional almost complex manifold with B-
metric, i.e. J is an almost complex structure and ¢’ is a metric on M’ such
that:

(1.1) X =-X, ¢JUX,JY)=—-¢(X,Y)

for all vector fields X, Y on M’ . The associated metric 57/ of the manifold
is given by ¢’ (X,Y) = ¢/(X,JY). Both metrics are necessarily of signature
(n',n).

The tensor field F’ of type (0,3) on M’ is defined by F'(X)Y,Z) =
g (V' J)Y,Z), where V' is the Levi-Civita connection of ¢’, and X,Y,Z €
X(M’) (the Lie algebra of the differentiable vector fields on M’).

A classification with three basic classes of the almost complex manifolds
with B-metric with respect to F’ is given in [?]. In this paper, we shall
consider only the class Wy : F’ = 0 of the Kaehlerian manifolds with B-
metric belonging to each of the basic classes. The complex structure J is
parallel on every Wy-manifold, i.e. V'J = 0.

The curvature tensor field R’ defined by

R(X,Y)Z =VxVyZ - VyN\Z ~VxyZ

possess the property R'(X,Y, Z,U) = —R/(X,Y, JZ, JU) on a Wy-manifold.
Using the first Bianchi’s identity and the last property of R it follows
R(X,JY,JZ,U)=—-R(X,Y,Z,U).

Therefore, the tensor field R /]5:’(X, Y,Z,U) = R (X,Y, Z,JU) has the
properties of a Kaehlerian curvature tensor and it is called an associated

curvature tensor.
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For every nondegenerate section o’ in T,y M’, p’ € M’, with a basis {z, y}
there are known the following sectional curvatures with respect to g [?]:
/ Too I\ 1 _ Rl(x»yryvx) o ] 3 ]
E(o5p) =K (x,y) = 1 | the usual Riemannian sectional curva-
ture;

l?(o/;p’) = IZ’(x, y) = % — an associated sectional curvature,
where 7} (2,y,y,2) = ¢'(z,2)g'(y.y) — [¢'(z,y)]*.
The sectional curvatures of an arbitrary holomorphic section o’ (i.e.
Ja! =) is zero on a Kaehlerian manifold with B-metric [?].

For totally real sections o/(i.e. Jo/ L o) is proved the following

Theorem 1. [[?]]Let M’ (2n’ > 4) be a Kaehlerian manifold with B-
metric. M’ is of constant totally real sectional curvatures v’and v , l.e.
K(o5p) =V (p), l;’(o/;p') = Ij’(p') whenever o is a nondegenerate totally
real section in T,y M’, p" € M’, if and only if

R = [Tri - Wé] + 17’7r§

Both functions ’and /are constant if M'is connected and 2n’ > 6.

The essential curvature-like tensors are defined by:

T2y, 2,u) = ¢'(y,2)9 (v, u) = ¢ (2, 2)g'(y, w),
my(@,y, 2, u) = g'(y, J2)g (w, Ju) — ¢'(x, J2)g'(y, Ju),
my(2,y,2,u) = =4 (y,2)g'(x, Ju) + g'(, 2)g'(y, Ju)
— ' (y, J2)g (x,u) + g'(z, J2)g (y, ),
1.2. Notes on almost contact manifolds with B-metric
Let (M, p,&,1m,g) be a (2n+1)-dimensional almost contact manifold with
B-metric, i.e. (¢,&,n) is an almost contact structure determined by a tensor

field ¢ of type (1,1) , a vector field £ and a 1-form n on M satisfying the
conditions:

(1.2) P’X =—X +n(X)¢, 0 =1,

and in addition the almost contact manifold (M, ¢, &,n) admits a metric g
such that

(1.3) 9(PX,Y) = —g(X,Y) +n(X)n(Y),
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where X,Y are arbitrary differentiable vector fields on M, ie. X,Y €
There are valid the following immediate corollaries:

(1.4) now=0, € =0, n(X) = g(X,§), g(pX.,Y) = g(X,pY).

and ¢ is an endomorphism with rank 2n.

The associated metric g given by g(X,Y) = g(X,oY) + n(X)n(Y) is a
B-metric, too. Both metrics g and g are indefinite of signature (n,n + 1).

Further, XY, Z, U will stand for arbitrary differentiable vector fields on
M and z,y,z,u — arbitrary vectors in tangential space T,M to M at an
arbitrary point p in M. The Levi-Civita connection of g will be denoted
by V. The tensor field F' of type (0,3) on M is defined by F(X,Y,Z) =
9(Vx @)Y ,Z). )

If {e;, €} (1 =1,2,...,2n) is a basis of T, M and (g*) is the inverse matrix
of (gi;), then the following 1-forms are associated with F

0() = gijF(eiyeja ')7 0*() = gijF(eia(pej’ ')7 w() = F(&aé?)

A classification of the almost contact manifolds with B-metric is given
in [?], where eleven basic classes F; are defined. In the present paper we
consider the following classes:

Fi: F(zy,2) = —92(2){g(w’«py)n@)+g(90w,s02)77(y)};
Fo ) =~ fgle opn(:) taleo2mw):

6: Fz,y,2) = F(z,y,)n(2) + F(z, &, 2)n(y),
F(zy,8)=F(yx.£), Flezpy)=—F(zys)
0(¢) = 0%(§) = 0;
Fg: F(xy,z) = F(z,y,8)n(z)+F(x,€,2)n(y),
F(zy8)=F(yx.£), Flezpy)=F(zy.5).
The classes F; ® Fj, etc., are defined in a natural way by the conditions

of the basic classes. The special class Fy : F' = 0 is contained in each of
the defined classes. The FP-manifold is an F;-manifold (i = 1,4,5,11) with

closed associated 1-forms.
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The following tensors are essential curvature tensors on M:

T (@, y, 2, u) = g(y, 2)g (2, u) — g(x, 2)g(y, ),
ma(,y, 2, u) = g(y, p2)g(x, pu) — g(z, 92)g(y, pu),
m3(x,y, 2,u) = —g(y, 2)g(x, pu) + g(z, 2)g(y, pu)
—9(y, p2)g(x,u) + g(z, 902) (y, u),
ma(z,y, z,u) = n(y)n(z)g(z,w) —n(z)n(z)g(y, v)
+n(@)n(w)g(y, 2) — n(y)n(u)g(z, z),
5 (2, y, 2, u) = 1(y)n(2)g(z, eu) —n(z)n(2)g(y, pu)
n(@)n(u)g(y, pz) —n(y)n(u)g(z, ¢2).
In [?] it is established that the tensors m3 — w9 — w4 and 73 + 75 are
Kaehlerian, i.e. they have the condition of a curvature-like tensor L:

(1.7) L(X,Y,Z,U) = —L(X,Y,pZ,oU)

Let R be the curvature tensor of V. The tensors R and R : E(x, Y, z,u) =
R(z,y, z, pu) are Kaehlerian on every Fy-manifold.

There are known the following sectional curvatures with respect to g and
R for every nondegenerate section a in T, M with a basis {z,y}:

R(z,y,y,x)
™ (337 Yy, SU)

R(z,y,y,x)

, k(ogp) = k(z,y) =
771(0’5,9,?/,95) ( p) ( y)

k(a;p) = k(z,y) =

In [?] are introduced the special sections in T,M: a {-section (e.g.
{&,x}), a p-holomorphic section (i.e. a = pa) and a totally real section
(i.e. a L pa).

The canonical curvature tensor K is introduced in [?]. The tensor K is
a curvature tensor with respect to the canonical connection D defined by

(1) DxY =Y+ {(Vxg)oV + (VamV.E} — n(¥)Vx

The connection D is a natural connection, i.e. the structural tensors are
parallel with respect to D. Let us note that the tensor K out of Fy has the
properties of R in Fy.

We recall the following theorems:
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Theorem 2. [[?]] Let (M, ¢,&,7n,9) (dim M > 5) be an Fp-manifold. M
is of constant totally real sectional curvatures v and v, i.e. k(a;p) = v(p),

k(a;p) = v(p), whenever « is a nondegenerate totally real orthogonal to &
section in T,M, p € M, iff

R=v|m op—m)+ Um0
Both functions v and v are constant if M is connected and dim M > 7.

Theorem 3. [[?]] Let (M, ¢,&,7,9) (dim M > 5) be an FP-manifold (i =
1,4,5,11). The manifold M is of constant totally real sectional curvatures
v and 7 of the curvature tensor K, i.e. k(K)(o;p) = v(K)(p), k(K)(o;p) =
v(K)(p), whenever « is a nondegenerate totally real orthogonal to £ section
in T,M, pec M, iff

K =v(K)[r op—m]+V(K)rs0p.

If M is connected and dim M > 7 then functions v(K) and v(K) satisfy
the following conditions:

a) for i=1 dv =5 [v.0 0o —v.0], dv= 5 [v.0+1.6%0¢];
b) for i=4 dv = —20(&)vm, dv = 16(¢)vm;

c¢) for i=5 dv = —10%(&)vn, dv = —16*(&)om;

d) for 1=11 dv =0, dv =

2. Curvatures on W,’s hypersurfaces of second type

Let (M',J,¢"), dim M’ = 2n’ = 2n + 2, be an almost complex man-
ifold with B-metric. We determine a (2n + 1)-dimensional differentiable
hypersurface M embedded in M’ by the condition M : §'(Z,Z) = 0 for a
vector field Z on M’. Tt is clear that ¢'(Z, JZ) = 0. At every point we put
§(Z,7) = cosh®t, t > 0 for the sake of the impossibility Z to be a main
isotropic direction and in view of definiteness.

We choose the time-like unit normal N = —1—JZ, ie. ¢'(N,N) = —1.
Hence, JN is a space-like unit tangent vector field on M.

Let us recall the following

Definition 1. [[?]] The hypersurface M of an almost complex manifold
with B-metric (M’,J,¢'), determined by the condition the normal unit N
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to be isotropic regarding the associated B-metric 5’ of ¢, equipped with the

almost contact B-metric structure
¢:=J+g(JN)N, &:=-JN, n:=—¢(JN), g:=4dlu

will be called a hypersurface of second type of (M',J,g").

In the case when (M, J, ¢’) is a Kaehlerian manifold with B-metric (i.e.
a Wp-manifold), in [?] it is ascertained that every hypersurface of second
type belongs to the class Fy & F5 @ Fg & Fg and

F(X,)Y,Z) = g(AX,Y)n(Z) + g(AX, Z)n(Y),

(2.1) 0(Z) = tr An(Z), 6°(Z) = tr(Aoon(Z), w(Z)=0.

The second fundamental form of the hypersurfaces in consideration is
AX = —pVx€&. The mentioned classes of hypersurfaces of second type are
characterized by A as follows [?]:

Fo: A=0; Fyp: A=-2802 7. 4=_CE,
Fe: Aop=poA, A =0, trA=tr(Aogy)=0;
Fg: Aop=—poA, AL =0.

For the curvature tensors R’ and R of the Kaehlerian manifold (M, J, ¢')
and of its hypersurface of second type (M, ¢, ,n,g), respectively, we have

R(z,y,z,u) = R(z,y, z,u)+m (Az, Ay, z,u), R'(z,y)N = — (V,A) y+(V,A)x.
Hence and because of Theorem 7?7 we obtain:
R(z,y,z,u) = {1/ [W’l — Wé] + Jwg} (x,y,z,u) — w1 (Ax, Ay, z,u),
R(z,y, oz, pou) = — {R — V' — V~’7T5} (x,y, z,u) — [m + m2] (Az, Ay, z,u),
R(z,y)§ = [1/774 - V~/7T5:| (z,9)¢, R'(z,y)N = [I/TFE, + 17’#4} (x,y)E.
Therefore
(2.2) (V2 A)y — (VyA) & = —v'ms5(2,y)€ — V'ma(z, y)€.

Having in mind that for hypersurfaces of second type are valid the equa-
tions: ¢'(y,Jz) = g(y,pz), 1y = m, m = m, w3 = 73, we obtain the
following
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Proposition 1. A hypersurface of second type of a Kaehlerian manifold
with B-metric has the following curvature properties:

R(z,y,z,u) = {I// [r1 — mo] + V~’71'3} (z,y,z,u) —m (Azx, Ay, z,u),
T=4n2/ — (trA)? +tr A2, ™ =2n(2n— 1)/ —trA.tr (Ao o) + tr (A%0 ),

for a &-section {&, x} the sectional curvature k doesn’t depend on A

o) =i g 9T
(&) g@2) - @)

for a p-holomorphic section {gox, g02:n} and for a totally real section {z,y},

orthogonal to £, respectively:

7T1(A$, AQO.’B, QO.%,.T)

’ Wl(AxaA%@/»ﬂU)
m1(px, p?x, 2, px)’ '

k(z,y)=v —
( y) wl(x,y,y,l‘)

k(o) =

When (M, ¢, £, n,g) is a hypersurface of second type of Wy-manifold, the
equations (??) and (??) imply

K(i‘, Y, z, U) = R(ZE, Y, QO2Z7 SOQU) + 771(‘4:1:’ Ay7 Pz, QOU)
If (M’,J,q") has constant totally real sectional curvatures in addition,
then for K we obtain the following

Proposition 2. Let (M,¢,&,1n,9) be a hypersurface of second type
of a Wy-manifold (M’, J, ¢’) with constant totally real sectional curvatures.
Then K of (M, ¢,&,n,9g) is Kaehlerian and

K(z,y,z,u) = {V’ [mr1—my—m4) + [7r3+7r5]} (x,y, z,u) — [m1—m2] (Az, Ay, z,u),
T(K) =4n(n— 1)V — [0%(§) — 0**(¢)] —tr(po Aopo A) +tr A%,
F(K) = —4n(n — )0 +20(€)8*(€) — tr (po A%) —tr (Ao po A).
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3. Curvatures on W,’s hypersurfaces of second type,
belonging to the main classes

Now, let (M, ¢, &, n,g) belong to the widest main class Fy @ F5 of hyper-
surfaces of second type. Let us recall that a class of almost contact B-metric
manifolds is said to be main if the tensor F' is expressed explicitly by the
structural tensors ¢, €, 1, g. So, in this class for the second fundamental ten-

sor we have

1 . %
(81)  A=-—o-[0Qe" +07()p], trA=0(), tr(doyp)=0"(9)
Having in mind Proposition 7?7, we obtain the next

Corollary 1. If a hypersurface of second type of a Kaehlerian mani-
fold with B-metric is F4 @ Fs-manifold, then it has the following curvature
properties:

R=1'[m — mo] + V'ms
— g (PO I — ) + 07 (E)ma + 6(O)F°(©) s + 5]}

T =4dn%/ — % [(2n —1)0%(¢) + 0*(9)]

=2 (2n— 1)1 — %9(5)9*(5),

0%(9) +6(8)

4n? ’

k (pz, p%z) = — where g*(-,-) = g(-, ).

Remark 1. We can obtain the corresponding properties for the classes
Fu, Fs and Fy, if we substitute 6*(¢) = 0, () = 0 and 6(¢) = 6*(&) = 0,
respectively.

Using the equations (?7) and (?7?), we express the canonical connection
explicitly for the class Fy & F5

0(§)

2n

0 (¢)

DxY =VxY + on

{9(z,09)€ — n(y)pz} — {9(pz, 0y)é — n(y)p°z}

It is clear that if the hypersurface in consideration belongs to Fy ® Fs,
then it is (.7:2 & fg)—manifold. Let (M, ¢,&,n,9) € FYFY ie. (M, p,£,n,9)
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is (F4 @ Fs)-manifold with closed 1-forms 6 and 6*. The canonical curva-
ture tensor K of every (7§ @ F?)-manifold is Kaehlerian and it has the
appearance

K—pry 08 8070

on 0 2n
62 6*2 0(£)0*
+ 4722) [ — ma] + 411(5)771 - (fin2(£) [3 — 5] .

Then, using Corollary ??, we ascertain the truthfulness of the following

Corollary 2. If the manifold is a hypersurface of second type of a
Kaehlerian manifold with B-metric and constant totally real sectional cur-
vatures, then K is expressed by the following way:

2 _ px2 * _ *
P (5)47120 3] n 5927(5)} (1 — ) + [V, _ 29(?7192 & fgf) s
- 592*725) (1 —mo —m4) + 592(5) (m3 + 5) .

We compute the expression (V,A)y — (V,A) z using (??) and we com-
pare the result with (??). Thus we get the relations

, R () PO 08 S £0(E) | 20(6)0%(€)
(3:2) YT T o + 4n? VT o * 4n2
Therefore K is Kaehlerian and
K= _éﬁ;}(f) [71'1 — Ty — 7r4] + EZS) [7‘(3 +7r5] ,
R = —5027(5) [7T1 — 7T2] + gz(ng)ﬂg
62 6*2 0(£)0*
_ 472? [y — m4] — 411(5)771 + (finZ(g) [r3 — 5] .

We solve the system (??7) with respect to the functions (§) and 6*(§)
and we get

(3.3) 0(¢) = j:2n\/§, 0*(&) = £2n v a=v +\v?2+ o

\/2a’

Since v/ and v/ are pointly constant for M (n = 1) and they are absolute
constants for M’?"*2 (n > 2) (Theorem ??), then the functions 6(¢) and
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0*(€), which determine the hypersurface of second type as an almost contact
B-metric manifold, are also pointly constant on M? and constants on M?.
Hence for n > 2 we have

Theorem 4. Every (F{ ® F?)-manifold of dimension at least 5, as
a hypersurface of second type with 1-forms 6§ = 0 (£)n and 6* = 6* (&) n
of a Kaehlerian manifold with B-metric and constant totally real sectional
curvatures v/and v/ has K = 0 and the following curvature properties for R:

62 6*2 0(&)6*
ne = el = G
. o
_—5[772—774]f%71'1+5[773*775]3
2 *2 ~/2
()= G = n ) 5 = )

T*(R) = 0(£)07 (&) = 2n*V/,
k(& x) = 0718 — 07(¢) + 20(€)6"() g(z,p2) _ + 59, p1)

4n? an2  g(pw, o) 9(pz, o)
~2
0%(£) + 6°2(€) v
2 . . ’ o
k (gpx,gp .1‘) - 42 -V — o const,
~2
9*2 ] -
k (:C’ ) - 411(25) = —1;7& = const, where a = y/ + v'2 + .
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