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Abstract

The curvature tensor in the basic classes of the real time-like hypersurfaces of a
Kahler manifold with B-metric is given. The essential components of these curva-
ture tensors with respect to the standard complex coordinates are obtained. The case
of a Kéhler manifold with B-metric and constant totally real sectional curvatures is
considered. These hypersurfaces are characterized in terms of the curvature tensor.
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1 Preliminaries

In [5] two types of real hypersurfaces of a complex manifold with B-metric are introduced.
The obtained submanifolds are almost contact B-metric manifolds. The real time-like hyper-
surface of an almost complex manifold with B-metric is determined by the condition the
normal unit to be time-like. The class of such hypersurfaces of a Kahler manifold with
B-metric as almost contact B-metric manifolds is determined in [7].

In this paper we study the curvature tensor of the real time-like hypersurfaces of a Kahler
manifold with B-metric and constant totally real sectional curvatures. We give the essential
components and the complex equalities for the curvature tensor and we characterize these
hypersurfaces by their curvature tensor according to the decomposition from [9].

Let (M’,J,¢’) be a (2n + 2)-dimensional almost complex manifold with B-metric, i.e. J
is an almost complex structure and ¢’ is a metric on M’ such that: J? = —Id, ¢'(J-,J-) =
—9¢'(+,-). The associated metric §' of ¢’ is given by §'(-,-) = ¢'(-,J-). Both metrics are
necessarily of signature (n 4 1,n + 1) [2].

The class Wy of the Kéhler manifolds with B-metric is determined by the condition
V'J =0, where V' is the Levi-Civita connection of ¢’.

Let (M, ,&,1n,9) be a (2n + 1)-dimensional almost contact manifold with B-metric, i.e.
(p,&,m) is an almost contact structure and g is a metric on M such that: p? = —id +n ®
&) =15 g(p o) = —g(-,+) + n(-)n(). Both metrics ¢ and its associated g : §(,-) =
g(-, ) +n(-)n(-) are indefinite metrics of signature (n + 1,n) [3].



Further, X,Y, Z will stand for arbitrary differentiable vector fields on M and z,y,z —
arbitrary vectors in the tangential space T,,M to M at some point p in M.

A decomposition of the class of the almost contact manifolds with B-metric with respect
to the tensor F': F(X,Y,Z) = g((Vxp)Y,Z) is given in [3], where are defined eleven basic
classes F; (i = 1,...,11). The Levi-Civita connection of g is denoted by V. The special
class Fy: F = 0 is contained in each of F;. The following 1-forms are associated with F":
() = gijF(eiv €j, ), 07(:) = gijF(eiv PEj, ), w() = F(& &), where {e;,{} (i =1,...,2n) is
a basis of T, M, and (g*/) is the inverse matrix of (g;;).

Let M : ¢’(N,N) = —1 be a real time-like hypersurface of (M’,J,¢') and let M be

equipped with the almost contact B-metric structure as in [5]
p:=J+cost.g'(-,JN){cost.N —sint.JN}, £:=sint.N + cost.JN,
n:=cost.g'(-,JN), g:=g'|m, t:=arctan{g'(N,JN)}, t€(-%5;5).

In [7] it is determined the class of real time-like hypersurfaces of a Wy-manifold in terms

of Flas Fu @ Fs ® Fe ® Fi1.

If h(X,Y) = g(AX,Y) is the second fundamental form of the hypersurface M, then the
formulas of Gauss and Weingarten in this case are:

(1) VY =VxY — h(X,Y)N, VN = —AX.

In [9] it is obtained an orthogonal and invariant decomposition of the space of the (0, 2)-
tensors over a vector space with (¢, &, n, g)-structure to nine subspaces L1, ...,L9. Using
this decomposition and the results for h from [5] and [7], we obtain the following

Theorem 1.1 The basic classes of real time-like hypersurfaces of a Wy-manifold are char-
acterized in terms of their second fundamental form h as follows:

Fo: h=hg; Fi: h=ho+ h; (i:4,5,6,11),

where hy € Cg; hya, hs € L1 @EQ; hg € £3; h11 € L7 and

ho(X,Y) = =& p(X)n(y),  ha(X,Y) = L& {cost.g(pX, oY) —sint.g(X, oY)},
hs(X,Y) = Z8 fsint.g(pX, oY) + cost.g(X, oY)},
he(X,Y) = —3[sint.(Leg)(X,Y) — cost.(Leg) (X, Y],

(Leg)(X,Y) = (Vxn)Y + (Vyn)X,

hi1(X,Y) = =sint[n(X)w(eY) + n(Y)w(pX)] — cos t{n(X)w(Y) +n(¥Y)w(X)].

2 Curvature tensors

In this section we express the curvature tensor in the basic classes of the real time-like
hypersurfaces of a Kahler manifold with B-metric.

The curvature tensor R for V is defined as ordinary by R = [V, V] — V[ ;. The tensor
R’ is corresponding curvature tensor for V’.



It is known [1], that a Wy-manifold (dim M’ > 4) is of constant sectional curvatures v/
and 7/ for nondegenerate totally real sections o’ (i.e. Jo/ L o) if and only if

(2) R =V'[r] — m) + V7.
Both functions v/ and 7’ are constant if M’ is connected and dim M’ > 6.

We use the following curvature-like tensors of type (0, 4), which are invariant with respect
to the structural group. The tensor S is a symmetric and p-antiinvariant tensor of type (0, 2).

V1(S)(z,y, 2, u) = g(y, 2)S(z,u) — g(z,2)S(y, u) + gz, u)S(y, 2) — g(y,u)S(x, 2),
P2 (S)(2,y, 2,u) = ¥1(S) (2, y, p2, pu),

P3(9)(z,y, 2,u) = —1(9)(z,y, pz,u) —1(S)(z, ¥, 2, pu),

Va(S) (@, y, 2,u) = Y1(9) (2, ¥, & un(2) + 1 (S) (2, y, 2, En(u),

V5 (S)(,y, 2,u) = Y1(S) (2,9, &, pu)n(2) + ¥1(S)(2, y, 92, )n(u).

We denote tensors m; = 34;(g) (i = 1,2,3),m = 1;(g) (i = 4,5). The tensor m(S) is m;
with the substitution S for g, and «} is m; with respect to ¢’ (i = 1,2, 3, respectively).

—_— ==

Having in mind the equations (1), (2), Theorem 1.1, the Gauss equation and the Codazzi-
Mainardi equation, we obtain the following

Theorem 2.1 Let M be a real time-like hypersurface of a Wy-manifold with constant totally
real sectional curvatures v’ and '. Then
R(z,y,z,u) = {V' [m — my — tant.ms] + ' [r3 — tant.my)} (2, y, 2, u)
—T (Ax7 Ay7 2, U),

(Vah)(y, 2) = (Vyh)(@,2) = — 5z {V/m5 + V'ma} (2, 9)2

cost

and the tensor m (Ax, Ay, z,u) takes the following form in the basic classes:

T (AI, Ay7 2, u) =
Fo|=0
7, | = g

~ 4ncost

{sint.75 + cost.my}

+% {cos?t[m — m4] + sin® t.my — sint cost [r3 + 73] }

Fs | = —% {cost.my — sint.my}
+0;2n(§) {sin®t [m — ma] + cos® t.my + sint cost [m3 + 5] }

Fs | = 345 [sint.apy (Leg) — cost.abs (Leg)]
+1 [sin® t.my (Leg) + cos® t.my (Leg) + sint cost.ms (Leg)]
Fi1 | = — cos? t.1/)4(w ®w) — sin? t.1/14((:) ®L~u)

—sintcost.u(w @@ + @ Qw), O=wop

Having in mind the Kéhler property of R in the class Fy [4], we obtain the following

Corollary 2.2 Let M be a time-like hypersurface of a Wo-manifold M’ with constant totally
real sectional curvatures. If M belongs to the class Fy then M is a hyperplane of the flat
manifold M'.



3 The essential components of the curvature tensor

In this section we get the essential (which may be nonzero) components of the curvature
tensors in the basic classes of the real time-like hypersurfaces of a Kéahler manifold with
B-metric.

Let (V2n+1 . € 1, g) be an almost contact vector space with B-metric and vC=pCqg
{€}, where DT is the complexification of D = kern and {¢} = (imn)¢. It is valid the
decomposition D€ = D0 @ D%, where D0 and D%! are the i-eigenspace and the (—i)-
eigenspace of ¢, respectively. Moreover, we have DY'0 = span{Z, = e, — ipe,}, DV =
span{Zs = e, +ipeq }, Zo = £ for an orthonormal basis {e,, peq,£}2_ of V.

Let (M, ¢,£,7n,9) be a real time-like hypersurfaces of a Wy-manifold. Following [8] we
give the following

Lemma 3.1 The characteristic conditions for the basic classes of the considered hyper-
surfaces in terms of the essential components and the essential complex equalities for the
fundamental tensors are the following:

Fi: hap = —€"Fagy = —€"Fao = —€" %8 g 5 hoy = — 21,

Fs: hap = —€"Fogy = —€"Fgag = ie S8 g5 hgy = — 218

Fo: hag = —€"Fogo = —€'Fga0 = e (Leg)ag, trh = hoo = —deffs)t, tr*h = 0;
Fi1: hoa = —€wq = —ie™(Ln)ao = — 1€ (Lg)ac0, hoo = —Qdég?t.

The Codazzi-Mainardi equation implies the following

Lemma 3.2 The essential components of the covariant derivative of the second fundamental
form h of M satisfy the following equalities:

(vah)bc - (vbh)ac = 07 be {/6:7 B}a ce {77’_}/70%
(th)ab - (Vah)Ob =0, be {ﬂv O}§
(Voh)ag — (Vah)og = _colst(ﬁ/ + iV/)gag.

Having in mind the Gauss equation we get
Lemma 3.3 The essential components of the curvature tensor R of M are:

Raﬂw& = 21/(9679&6 - ga'ygﬂé) + Qiﬂl(ga'ygﬁé - gaégﬁ'y) - hﬁwhaé + ha'yhﬁéa

Ropys = —hpihas + Razyhss, Rapys = —hpyhas + hayhps,
Ragvg = —hgwhag + ha,yhgg, Rag.yo = —hﬁ,yhao + homhgo,
R&ﬂvo = —hﬁwhao + h&'yhﬁOa RaﬂZ/O = _hﬁ’?hao + hofyhﬂ07

Roapo = (V' — V' tant)gas — i(V tant + ') gag — hashoo + hoghao,
Roapo = —haghoo + hoghao-

A decomposition of the set R of all curvature-like tensors over (V, ¢, &, 7, g) into 20 mutually
orthogonal and invariant factors with respect to the structural group (GL(n,C)NO(n,n)) x I
is obtained in [9]. Each of these factors is described by the essential components and the



complex equalities for R with respect to the standard complex coordinates in [10]. Let us
recall, an almost contact manifold with B-metric is said to be in the class hAR;, hRiL, vR;,
U'R,L, wR, Wi, v, ws if R € ARy, AR, vR;, ’URJ-L, wR, wg, v, wg, respectively, where
1 =1,235j=1,2k=1,...,11; r =1,...,5; s = 1,...,4. Using the characterization
from [10] of the twenty factors of R, Lemma 3.1 and Lemma 3.3, we express the essential
components and the decomposition of R in the following

Theorem 3.4 Let M be a real time-like hypersurface of a Wy-manifold of constant totally
real sectional curvatures v' and U'. Then for the basic classes of the considered hypersurfaces
we have:

Fi: M€ w ®ws®ws ®w ® ws,

Ropys =2 {z[u’ - 0;%) cos Qt} — [l/ + 08755) sin Qt] } (98v9as — Jar9ss),

Ropns = 255 90 955,

Ronpo = {1/ — o' tant — %dt(f)} Gap — 1 [V’ tant + ' + %dt(ﬁ) tant} 9o
Fs: Mew @w2®w5€9w1€9w2,

Ropys =2 { v+ 2 (5) cos 2t} [u - Q;i(f) sin Zt} } (98+9as — Yar93s)s

*

Rogy5 = avg)gavgﬁs’
Roago = {1/ — 7 tant — ZE () tant} Gap — i [1/ tant 4 o' — %dt(g)] Gap;
Fo: M€ hRy ®hR O wy & wy D ws,
Ragys = 2[V' — i) (99+Gas — Garps) +
aﬁfyé i(ﬁ )av(ﬁﬁg)ﬁ& .
Roapo = [V — V' tant] gap — i [V tant + '] gap + i 757 dE(E) (Leg) ap;

(Leg)py  (Leg)ary
(Leg)ps  (Leg)as

b

Fii: M€ w ®wr dwR,
Raﬁ’yé =2 [V’ — ZI;/] (gl%/gaé — goz'ygﬁé)7 '
Roogo = 4 gy 415 ot 7)o+ i,
Roago = wawg.
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